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SUMMARY
The o b j e c t  o f  t h i s  s t u d y  i s  t o  o b t a i n  t h e  r e s p o n s e  s p e c t r a  
o f  t h e  D u f f i n g  sy s te m  e x c i t e d  by a  G a u s s i a n  b ro ad  band 
random p r o c e s s ,  t h r o u g h  t h e  u s e  o f  n u m e r i c a l  s i m u l a t i o n s  
and t o  i d e n t i f y  b e h a v i o u r a l  p a t t e r n s  o f  t h e s e  s p e c t r a .  The 
t a s k  was g r e a t l y  s i m p l i f i e d  by t h e  u s e  o f  d i m e n s i o n a l  
a n a l y s i s .  I n  C h a p te r  4 t h i s  method i s  a p p l i e d  to  t h e  
D u f f i n g  sys tem .
The p r o d u c t s  o f  t h i s  n o n - d i m e n s i o n a l i s a t i o n  o f  t h e  sy s te m  
u n d e r  G a u s s ia n  b ro a d  band random e x c i t a t i o n  a r e  t h e  non 
d i m e n s i o n a l  q u a n t i t i e s  k ' s ^ ( w ) / s ,  , pSxX w )/(k /m ) ,  
pS, / / m k ^ , 30^,  c / 2 \ / 5  ( t h e  f i r s t  t h r e e  were sym b o l iz ed  by 
t h e  c a p i t a l  Greek l e t t e r s  A,B,  r and Ç f o r  c /2  km ) where  S, 
i s  t h e  e x c i t a t i o n  s p e c t r u m  i n t e n s i t y ,  S^(w) t h e  d i s p l a c e m e n t  
r e s p o n s e  s p e c t ru m  and t h e  r e s p o n s e  d i s p l a c e m e n t  v a r i a n c e .  
Of t h e s e  q u a n t i t i e s  o n l y  two a r e  s u f f i c i e n t  to  d e s c r i b e  t h e  
s y s te m  c o m p l e t e ly  u n d e r  t h e  a f o r e m e n t io n e d  e x c i t a t i o n  namely  
r and  ^ . S im ple  e x a m i n a t i o n  o f  t h e  above q u a n t i t i e s  
r e v e a l e d  t h e  p o s s i b i l i t y  o f  d i r e c t  r e l a t i o n  of. t h e  q u a n t i t i e s  
r / Ç and 3o"x . A p a r a b o l i c  r e l a t i o n  was p roved  u s i n g  t h e  
e q u i v a l e n t  l i n e a r i z a t i o n  t e c h n i q u e  and was v e r i f i e d  by t h e  
f i n d i n g s  o f  t h e  s i m u l a t i o n  t e c h n i q u e  and t h e  p r o b a b i l i s t i c  
i n f o r m a t i o n  d e r i v e d  t h r o u g h  t h e  s o l u t i o n  o f  t h e  a p p r o p r i a t e  
F o k k e r  — P l a n c k  e q u a t i o n .  F u r t h e r  i t  was found  t h a t  t h e  
r e s p o n s e  s p e c t r a  o f  t h e  D u f f i n g  sy s te m  u n d e r  b ro ad  band 
e x c i t a t i o n  cou ld  be d e s c r i b e d  w i t h  r e a s o n a b l e  a c c u r a c y  as  
f u n c t i o n s  o f  one v a r i a b l e ,  t h e  r a t i o  T / ^ .
F i n a l l y  t h e  a p p l i c a b i l i t y  o f  t h e  above f i n d i n g s  and o f  t h e  
e q u i v a l e n t  l i n e a r i z a t i o n  t e c h n i q u e  f o r  th e  D u f f i n g  sy s te m  
u n d e r  band l i m i t e d  and h i g h  p a s s  f i l t e r e d  random p r o c e s s e s  
was i n v e s t i g a t e d .
I t  i s  w o r th  n o t i n g  t h a t  t h e  f i n d i n g s  o f  t h i s  s t u d y  a p p ly  
e q u a l l y  to  ’ l a r g e ’ and ’ s m a l l '  n o n l i n e a r i t i e s  and i t  i s  
hoped t h a t  i t  w i l l  p r o v i d e  a  b e t t e r  u n d e r s t a n d i n g  o f  t h e s e  
t e r m s  as  a p p l i e d  i n  d i f f e r e n t  a p p r o a c h e s  to  t h i s  p rob lem .
CHAPTER 1 INTRODUCTION
1 , 1  G e n e r a l
A l i n e a r  f o r m u l a t i o n  o r  m a t h e m a t i c a l  model  o f  a s t r u c t u r e  
i s  i n  g e n e r a l  t h e  l e a s t  p r e c i s e  model  and i s  n o r m a l l y  
r e g a r d e d  a s  a f i r s t  a p p r o x i m a t i o n  to  t h e  s o l u t i o n .  However 
i t  can  a lw ays  he r e f i n e d  by t h e  i n t r o d u c t i o n  o f  n o n l i n e a r i t y  
so t h a t  i t s  r a n g e  o f  a p p l i c a t i o n  ( i n  te rm s  o f  l a r g e  d e f l e c ­
t i o n s  f o r  i n s t a n c e  ) i s  e x te n d e d  and t h a t  t h e  p r e c i s i o n  o f  
i t s  p r e d i c t i o n s  even  w i t h i n  t h e  l e s s  e x te n d e d  r a n g e  i s  
i n c r e a s e d .  F u r t h e r ,  t h e  n o n l i n e a r  model may i n t r o d u c e  t h e  
means o f  e x p l a i n i n g  o r  p r e d i c t i n g  phenomena which  were o u t  
s i d e  t h e  l i m i t s  o f  t h e  l i n e a r  t h e o r y .  Thus t h e  q u e s t i o n  o f  
w h e th e r  a  l i n e a r  model i s  s a t i s f a c t o r y  d ep en d s  on t h e  s o r t  
o f  i n f o r m a t i o n  and t h e  p r e c i s i o n  t h a t  i s  b e in g  s o u g h t .  As 
modern s t r u c t u r e s  become more l i g h t w e i g h t , l i n e a r  m o d e l ing  
becomes l e s s  s a t i s f a c t o r y  b e c a u s e  o f  membrane s t r e s s e s  and 
l a r g e  d e f l e c t i o n s .  As a  c o n seq u e n ce  an i n c r e a s i n g  i n t e r e s t  
i s  b e in g  f o c u s e d  on n o n l i n e a r  v i b r a t i o n  p ro b le m s .
The f i e l d  o f  n o n l i n e a r  v i b r a t i o n  i s  i n  g e n e r a l  much more 
e x t e n s i v e  and c o m p l i c a t e d  t h a n  t h a t  o f  l i n e a r  v i b r a t i o n s .  
While  many b ro ad  c l a s s e s  w i t h i n  t h e  n o n l i n e a r  v i b r a t i o n  
f i e l d  have  b e e n  d e s c r i b e d  and i n  some c a s e s  i n v e s t i g a t e d  
i n  d e t a i l ,  much s t i l l  r e m a in s  t o  be d i s c o v e r e d .
I n  p a r t i c u l a r  t h e  p ro b lem  o f  n o n l i n e a r i t y  i n  t h e  random 
v i b r a t i o n  o f  s t r u c t u r e s  h a s  a t t r a c t e d  much a t t e n t i o n  i n  
r e c e n t  y e a r s .  Such p ro b le m s  can be r e c o g n i s e d  f o r  example  
i n  t h e  s t a t i s t i c a l  d e s c r i p t i o n  o f  m easu re m e n ts  o f  t h e  
m o t io n  o f  s h i p s  i n  a  c o n fu s e d  s e a  o r  a i r c r a f t  f l y i n g  t h r o u g h  
t u r b u l e n t  air*, i n  t h e  s e v e r e  v i b r a t i o n  o f  a i r c r a f t  o r  
m i s s i l e  s t r u c t u r e  due to  t h e  random f l u c t u a t i o n  o f  p r e s s u r e  
f i e l d s  g e n e r a t e d  by j e t  o r  r o c k e t  p ro pu ls io n * ,  i n  t h e  s e v e r e  
v i b r a t i o n  even  f a i l u r e  o f  b u i l d i n g s  and o t h e r  s t r u c t u r e s  
e x c i t e d  by s t r o n g  e a r t h q u a k e s .
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1 , 2  Q u e s t i o n s  o f  Random E x c i t a t i o n
The t h e o r y  o f  l i n e a r  sy s te m s  s u b j e c t e d  t o  random e x c i t a t i o n  
i s  w e l l  d e v e l o p e d ,  and ,  th o u g h  t h e r e  s t i l l  r e m a in  many 
u nansw ered  q u e s t i o n s ,  one c an  an sw er  most o f  t h e  q u e s t i o n s  
o f  p r a c t i c a l  i n t e r e s t  [ 1—7 ] , I n  t h e  c a s e  o f  n o n l i n e a r  
s y s t e m s ,  ho w ev er ,  where  t h e  s t a n d a r d  t e c h n i q u e s  o f  l i n e a r  
a n a l y s i s  c a n n o t  be a p p l i e d ,  t h e r e  i s  a l a c k  o f  knowledge  
which  i s  p a r t i a l l y  f i l l e d  t h r o u g h  m a in ly  a p p r o x im a te  m e t h o d s , 
w h ich  have  b e e n  d e v e lo p e d  t o  e x te n d  l i n e a r  a n a l y s i s  to  
c e r t a i n  s y s te m s  c o n t a i n i n g  s m a l l  n o n l i n e a r i t i e s .  The method 
a c t u a l l y  employed n o r m a l l y  d e p en d s  upon  t h e  d e s i r e d  i n f o r m a ­
t i o n  s i n c e  none can  p r o v i d e  a  com p le te  d e s c r i p t i o n  o f  t h e  
sys tem .  However when r e s p o n s e  s t a t i s t i c s  o f  a  p r o b a b i l i s t i c  
n a t u r e  a r e  r e q u i r e d , t h e  method o f  t h e  E okker  — P l a n c k  
e q u a t i o n  seems t o  be t h e  most  p r o m is in g  one.  ( T h i s  i s  n o t  
an  a p p ro x im a te  method and i t s  a p p l i c a t i o n  d e p e n d s  on a  
s p e c i a l  t y p e  o f  e x c i t a t i o n ) ,
There  a r e  a g r e a t  number o f  r e s p o n s e  c h a r a c t e r i s t i c s  which  
a r e  o f  i n t e r e s t  i n  t h e  s t u d y  o f  n o n l i n e a r  sy s te m s  w i t h  
random i n p u t s ,  su ch  a s  a m p l i t u d e  d i s t r i b u t i o n s ,  w a v e s h a p e s ,  
power s p e c t r e  and a v e r a g e  r e s o n a n c e  f r e q u e n c i e s ,  'mean clump 
s i z e s ’* e t c .  Most o f  t h e s e  q u a n t i t i e s  v a r y  w i t h  t h e  t y p e  o f  
e x c i t a t i o n ,  ( s h a p e  o f  e x c i t a t i o n  a c c e l e r a t i o n ,  v e l o c i t y  o r  
d i s p l a c e m e n t  sp e c t ru m )  and depend w h e th e r  i t  i s  t h e  r e s p o n s e  
a c c e l e r a t i o n ,  v e l o c i t y  o r  d i s p l a c e m e n t  t h a t  i s  b e in g  s t u d i e d .  
I t  i s  r e a d i l y  s e e n  t h a t  even  i n  t h e  s t u d y  o f  one p a r t i c u l a r  
n o n l i n e a r  s y s te m  t h e  amount o f  d a t a  n e c e s s a r y  t o  a d e q u a t e l y  
d e s c r i b e  t h e  v a r i o u s  r e s p o n s e  s t a t i s t i c s  i s  c o n s i d e r a b l e .
The e x p r e s s i o n  '^mean clump s i z e ’ was o r i g i n a l l y  i n t r o d u c e d  
by R.H.Lyon and d e s c r i b e s  t h e  a v e r a g e  number o f  c y c l e s  which  
exceed  a p r e d e t e r m i n e d  l e v e l  i n  one ’ c lum p’ , i . e .  where one 
c y c l e  i m m e d ia t e l y  s u c c e e d s  t h e  p r e v i o u s  one.
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1, 3 V a r io u s  A pp ro ach es  t o  t h e  R esponse  P ro b lem
1 . 3 . 1  The P o k k e r - P l a n c k  A pproach
T y p i c a l l y  i n  s e e k i n g  t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  o f  a  
M ark o v ian  d i f f u s i o n  p r o c e s s  r e p r e s e n t i n g  a s y s te m  r e s p o n s e ,  
t h e  a s s o c i a t e d  P o k k e r - P la n c k  e q u a t i o n  i s  c o n s i d e r e d  [ 8 —16] 
T h i s  e q u a t i o n  i s  a  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  g o v e r n i n g  
t h e  e v o l u t i o n  o f  t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  o f  t h e  
r e s p o n s e .  The b r o a d e s t  r e p o r t e d  o l a s s  o f  s i n g l e —d e g re e  o f  
f reed o m  n o n l i n e a r  sy s te m s  f o r  w hich  t h e  s t a t i o n a r y  o r  s t e a d y  
s t a t e  s o l u t i o n  o f  t h e  a s s o c i a t e d  P o k k e r - P la n c k  e q u a t i o n  can 
be d e te r m in e d  r e q u i r e s  t h a t  t h e  c o e f f i c i e n t  o f  v i s c o u s  
damping i s  a f u n c t i o n  o f  t h e  t o t a l  e n e rg y  o f  t h e  s t r u c t u r e .  
T h is  r e s t r i c t s  t h e  u s e  o f  t h e  method to  s y s te m s  w i t h  
s t i f f n e s s  n o n l i n e a r i t y  o n ly .  A n o th e r  r e s t r i c t i o n  c o n c e rn s  
t h e  t y p e  o f  e x c i t a t i o n .  I f  t h e  e x c i t i n g  f o r c e s  do n o t  
e x h i b i t  w h i t e  s p e c t r a ,  t h e  s o l u t i o n  i s  n o t  M ark o v ian  h e n ce  
t h e  P o k k e r - P la n c k  e q u a t i o n  i s  n o t  a p p l i c a b l e .  F u r t h e r ,  
a l t h o u g h  i t  i s  u s u a l l y  p o s s i b l e  t o  s o l v e  t h e  P o k k e r—P la n c k  
e q u a t i o n  t o  o b t a i n  t h e  s t a t i o n a r y  j o i n t  p r o b a b i l i t y  d e n s i t y  
f u n c t i o n  f o r  t h e  sy s te m  r e s p o n s e ,  t h e  s o l u t i o n  o f  t h e  
a s s o c i a t e d  non—homogenious  e q u a t i o n  to  o b t a i n  t h e  j o i n t  
t r a n s i t i o n  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  i s  i n  g e n e r a l  
e x t r e m e l y  s c a r c e .  W ith o u t  t h i s  t r a n s i t i o n  p r o b a b i l i t y  law  
i t  i s  g e n e r a l l y  i m p o s s i b l e  t o  o b t a i n  t h e  c o r r e l a t i o n  f u n c t i o n  
and s p e c t r a l  d e n s i t y  ( S e c t i o n  2 . 1 ) .  Caughey and D ie n es  [ l l ]  
how ever ,  have  managed to  s o l v e  a  r a t h e r  t r i v i a l  f i r s t  o r d e r  
p rob lem  i n  c o m p le te  d e t a i l  and o b t a i n  t h e  s p e c t r a l  d e n s i t y .
The t e c h n i q u e s  u se d  i n  t h e  s o l u t i o n  o f  t h a t  p ro b lem  do n o t  
a p p e a r  to  l e n d  t h e m s e l v e s  t o  t h e  s o l u t i o n  o f  o t h e r  n o n l i n e a r  
p ro b le m s ,  W olaver  [ 1 2 ]  was a b l e  to  o b t a i n  an a n a l y t i c a l  
c l o s e d  form e x p r e s s i o n  f o r  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  
f o r  t h e  n o n l i n e a r  s y s t e m ,
X + 2cx + sgn  (x)  = F( t )  where  F( t )  i s  w h i t e  n o i s e  ( 1 . 1 )
1 . 3 . 2  N um er ica l  S i m u l a t i o n
The i n c r e a s i n g  a v a i l a b i l i t y  o f  d i g i t a l  c o m p u te r s  h a s  p r e s e n t e d  
t h e  n u m e r i c a l  s i m u l a t i o n  t e c h n i q u e s  as  an a t t r a c t i v e  
a l t e r n a t i v e  method f o r  e s t i m a t i n g  w i t h i n  a lm o s t  any d e s i r e d  
c o n f i d e n c e  l e v e l ,  t h e  e x a c t  r e s p o n s e  s t a t i s t i c s  o f  random ly  
e x c i t e d  n o n l i n e a r  s t r u c t u r a l  s y s t e m s ,  and a l l o w s  one to  d rop
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common a r t i f i c i a l  s i m p l i f y i n g  a s s u m a t i o n s  and t o  c o n s i d e r  
e x c i t a t i o n s  t h a t  a r e  more r e a l i s t i c  t h a n  i d e a l  w h i t e  n o i s e .  
The t h e o r e t i c a l  f o u n d a t i o n  o f  n u m e r i c a l  s i m u l a t i o n  — b a sed  
s t u d i e s  i s  a s s o c i a t e d  w i t h  t h e  f a c t  t h a t  t h e  d i f f e r e n t i a l  
e q u a t i o n  g o v e r n i n g  t h e  m o t i o n  o f  t h e  sy s te m  u n d e r  random 
e x c i t a t i o n  can  be c o n s i d e r e d  a s  an i n f i n i t e  c o l l e c t i o n  o f  
d e t e r m i n i s t i c  d i f f e r e n t i a l  e q u a t i o n s .  The backbone  o f  su ch  
a d i g i t a l  method i s  a  s u b r o u t i n e  ( C h a p te r  3) which  p r o v i d e s  
a s e t  o f  pseudorandom  numbers  b e l o n g i n g  t o  a p o p u l a t i o n  
w i t h  a  s p e c i f i e d  p r o b a b i l i t y  d e n s i t y  f u n c t i o n .  P r o p e r  
p r o c e s s i n g  o f  t h e  s e t  o f  pseudorandom  numbers  can  y i e l d  
sam p le s  o f  random e x c i t a t i o n s  o f  a d e s i r e d  s p e c t r a l  d e n s i t y .  
Upon g e n e r a t i n g  a  s i n g l e  r e a l i z a t i o n  o f  t h e  random e x c i t a t i o n  
t h e  s t r u c t u r a l  r e s p o n s e  i s  computed by any o f  t h e  commonly 
a v a i l a b l e  s u b r o u t i n e s  f o r  n u m e r i c a l  i n t e g r a t i o n  o f  d i f f e r ­
e n t i a l  e q u a t i o n s .  Then, a n o t h e r  sample o f  t h e  e x c i t a t i o n  
i s  g e n e r a t e d  and t h e  computed v a l u e s  o f  t h e  s t r u c t u r a l  
r e s p o n s e  a r e  u se d  to  u p d a t e  i t s  s t a t i s t i c s .  O b v io u s ly  t h i s  
a p p ro a c h  i s  a p p l i c a b l e  f o r  t h e  e s t i m a t i o n  o f  b o t h  s t a t i o n a r y  
and no n r - s t a t i o n a r y  s t a t i s t i c s  o f  t h e  r e s p o n s e  o f  s t r u c t u r a l  
s y s te m s .  U n f o r t u n a t e l y  t h e  number o f  sample  r e c o r d s  which  
a r e  n e c e s s a r y  f o r  t h e  e s t i m a t i o n  o f  t h e  r e s p o n s e  s t a t i s t i c s ,  
w i t h i n  commonly a c c e p t a b l e  e n g i n e e r i n g  l i m i t s ,  i s  i n  most  
c a s e s  v e r y  l a r g e .  T h i s  f a c t  makes t h e  c o s t  o f  t h e  s i m u l a t i o n  
q u i t e  s i g n i f i c a n t .  However, t h e  n e c e s s i t y  o f  a  l a r g e  number 
o f  r e c o r d s  c an  be r e d u c e d  i f  i n t e r e s t  i s  c o n f i n e d  to  
s t a t i o n a r y  r e s p o n s e  s t a t i s t i c s .
1 . 3 , 3  A pprox im ate  Methods
The s c a r c i t y  o r  non  a v a i l a b i l i t y  o f  e x a c t  s o l u t i o n s ,  and i n  
many c a s e s  t h e  s i g n i f i c a n t  c o s t  o f  n u m e r i c a l  s i m u l a t i o n  
have  n e c e s s i t a t e d  t h e  d e v e lo p e m e n t  o f  m ethods  o f  a p p r o x im a te  
a n a l y s i s .  They can  be c l a s s i f i e d  i n t o  two l a r g e  c a t e g o r i e s .
[ 2 1 ] , One c a t e g o r y  i n c l u d e s  m ethods  w h ich  can be a p p l i e d
t o  t h e  P o k k e r —P l a n c k  e q u a t i o n .  I n  t h i s  c l a s s  b e lo n g  a l l  t h e  
m ethods  w h ich  y i e l d  a p p r o x i m a t e  a n a l y t i c a l  o r  n u m e r i c a l  
s o l u t i o n s  o f  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s .  The o t h e r  
c a t e g o r y  c o m p r i s e s  m ethods  which  a r e  d i r e c t l y  a p p l i c a b l e  to  
t h e  d i f f e r e n t i a l  e q u a t i o n s  w h ich  g o v e rn s  t h e  m o t io n  o f  t h e  
random ly  e x c i t e d  sy s te m .  T h i s  l a t t e r  c l a s s  c o n s i s t s  m a in ly  
o f  a p p r o x im a te  m ethods  ( p e r t u r b a t i o n ,  h e u r i s t i c ,  e t c .  )
w hich  have  b e e n  d e v e lo p e d  t o  e x te n d  l i n e a r  a n a l y s i s  t o  
c e r t a i n  sy s te m s  c o n t a i n i n g  s m a l l  n o n l i n e a r i t i e s .  Most o f  
t h e s e  t e c h n i q u e s  o f  a p p r o x im a te  a n a l y s i s  a r e  b e s t  s u i t e d  
f o r  s i n g l e —d e g r e e  o f  f r ee d o m  sy s te m s  u n d e r  s t a t i o n a r y  
random e x c i t a t i o n  and 'w e a k ’ n o n l i n e a r i t i e s ,  [ 22 — 24]
The n o t i c a b l e  e x c e p t i o n  i n  t h i s  c l a s s  o f  a p p ro x im a te  
t e c h n i q u e s  i s  t h e  method o f  e q u i v a l e n t  l i n e a r i z a t i o n ,
[17  — 21] The c o n c e p t  o f  t h i s  method i s  t o  r e p l a c e  t h e  
n o n l i n e a r  s t r u c t u r a l  s y s te m  by an o p t i m a l  ( i n  some s e n s e )  
l i n e a r  s u b s t i t u t e  w hich  l e n d s  i t s e l f  t o  methods, o f  a n a l y t i c a l  
s o l u t i o n .  The method was f i r s t  i n t r o d u c e d  f o r  d e t e r m i n i s t i c  
s y s te m s  by K ry lo v  and B o g o l iu b o v .  [ 17 ] The e x t e n s i o n  o f  
t h i s  t e c h n i q u e  t o  p ro b le m s  o f  random e x c i t a t i o n  was made 
i n d e p e n d e n t l y  and more o r  l e s s  s i m u l t a n e o u s l y  by Booton  
and Caughey i n  1953, [ 1 8 , 1 9 ]  S in c e  t h e n  much a t t e n t i o n
h a s  b e e n  c o n c e n t r a t e d  on f u r t h e r  d e v e lo p m e n t  o f  t h e  method.  
The method i s  o u t l i n e d  i n  i t s  b a s i c  form i n  s e c t i o n  2 ,2  
where  i t  i s  a p p l i e d  t o  t h e  D u f f i n g  sy s te m .  Most o f  t h e  
e f f o r t s  t o  im prove  on t h e  t e c h n i q u e  a t t e m p t  t o  d i s g u i s e  
t h e  r a t h e r  e m b a r a s s in g  f a c t  t h a t  t h e  r e s p o n s e  o f  t h e  
e q u i v a l e n t  l i n e a r  sy s te m  t o  a  G a u s s ia n  e x c i t a t i o n  c a n n o t  
be o t h e r  t h a n  G a u s s i a n .  However, i t  must  d e s c r i b e  o r  
a p p r o x i m a t e  t o  a  d e g r e e  t h e  non G a u s s i a n  r e s p o n s e  o f  t h e  
o r i g i n a l  n o n l i n e a r  sy s te m .  N e v e r t h e l e s s ,  i t  sh o u ld  be 
c l e a r l y  u n d e r s t o o d  t h a t  t h e  method i s  an  a p p ro x im a te  one 
and i n d e e d  a  v e r y  p o w e r f u l l  one a s  su ch .  I t s  power i s  
d e r i v e d  f rom  i t s  wide  and r e l a t i v e l y  i n e x p e n s i v e ,  compared 
t o  n u m e r i c a l  s i m u l a t i o n ,  a p p l i c a t i o n  t o  a lm o s t  any k i n d  
o f  n o n l i n e a r  sy s te m  u n d e r  e i t h e r  s t a t i o n a r y  o r  n o n s t a t i o n a r y ,  
b ro ad  band o r  n a r ro w  band random e x c i t a t i o n s .  I t  i s  a l s o  
t r u e  t h a t  i t  can  p r o v i d e  some e x a c t  a n sw e rs  u n d e r  s p e c i a l  
c i r c u m s t a n c e s  even  f o r  l a r g e  n o n l i n e a r i t i e s  ( C h a p t e r  5 ) ,
On t h e  o t h e r  hand many p ro b le m s  t o  w hich  i t  i s  a p p l i e d  do 
n o t  l e n d  t h e m s e lv e s  t o  any o t h e r  r e l i a b l e  method o f  a n a l y s i s .  
Hence ,  i n d i s c r i m i n a t e  u s e  o f  t h e  method i s  i n a d v i s a b l e ,  
e s p e c i a l l y  f o r  d e s i g n  p u r p o s e s .  I n s t e a d ,  i t  i s  recommended 
t h a t  a  r e p r e s e n t a t i v e  s e t  o f  r e s p o n s e  s t a t i s t i c s  o b t a i n e d  
t h r o u g h  t h i s  method be v e r i f i e d  by s i m u l a t i o n s ,  p r i o r  t o  
an  e x t e n s i v e  u s e  o f  t h e  method.  A l t e r n a t i v e l y  t h e s e  a n sw e rs
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sh o u ld  be u se d  a t  b e s t  a s  i n d i c a t i o n s  o f  what  m ig h t  h a p p en  
i n  t h e  r e a l  sys tem .  I t  m ust  a l s o  be n o t e d  t h a t  s e v e r a l  
s t o c h a s t i c  l i n e a r i z a t i o n  schemes which  h a v e  p roved  q u i t e  
r e l i a b l e  i n  p r e d i c t i n g  s t a t i s t i c a l  movements o f  n o n l i n e a r  
s t r u c t u r a l  r e s p o n s e s ,  h a v e  b e en  found  n o t  a s  r e l i a b l e  i n  
p r e d i c t i n g  o t h e r  u s e f u l  r e s p o n s e  s t a t i s t i c s ,  su c h  a s ,  t h e  
a u t o c o r r e l a t i o n  and t h e  s p e c t r a l  d e n s i t y  f u n c t i o n s ,  and t h e  
a v e r a g e  r a t e  o f  a  c e r t a i n  l e v e l  c r o s s i n g  o f  a  s t a t i o n a r y  
r e s p o n s e .  T h is  sh o u ld  n o t  be s u r p r i s i n g  s i n c e  t h e  e q u i v a l e n t ,  
l i n e a r  s y s te m  can be o p t i m i s e d  o n l y  i n  a  l i m i t e d  s e n s e ,  
u s i n g  a  s i n g l e  c r i t e r i o n  f o r  o p t i m i s a t i o n  ( e g .  o p t i m i s i n g  
t h e  mean s q u a r e  e r r o r  o f  t h e  r e s p o n s e  o f  t h e  e q i v a l e n t  
l i n e a r  s y s te m  w i t h  r e s p e c t  t o  t h e  r e s p o n s e  o f  t h e  n o n l i n e a r  
s y s t e m ) , T here  i s  no r e a s o n  t h e r e f o r e  t o  e x p e c t  t h e  
e q u i v a l e n t  l i n e a r  sy s te m  t o  p r o v i d e  c o r r e c t  a n sw e rs  f o r  
p r o p e r t i e s  o f  t h e  r e s p o n s e  t h a t  b e a r  no d i r e c t  r e l a t i o n  to  
t h e  o p t i m i s i n g  c r i t e r i o n .  I n  p a r t i c u l a r ,  a s  f a r  as  
i n f o r m a t i o n  on t h e  f r e q u e n c y  c o n t e n t  o f  t h e  r e s p o n s e  i s  
c o n s i d e r e d ,  i t  i s  u n r e a s o n a b l e  to  e x p e c t  t h e  e q u i v a l e n t  
l i n e a r  sy s te m  t o  p r o v i d e  a n y t h i n g  more t h a n  an  i n d i c a t i o n  
o f  s h i f t  i n  t h e  r e s o n a n t  f r e q u e n c y  o f  t h e  sy s te m .
F i n a l l y ,  i n  t h e  c l a s s  o f  a p p r o x im a te  t e c h n i q u e s  f o r  n o n l i n e a r  
sy s te m s  u n d e r  random e x c i t a t i o n  some a t t e n t i o n  h a s  b e en  
f o c u s e d  on  H.E, K ra ichm an*s  ’Method o f  S t o c h a s t i c  M o d e l s ' ,  
[ 2 5 ] w h ich  h a s  b e e n  a p p l i e d  w i t h  s u c c e s s  to  t h e  p rob lem  
o f  i s o t r o p i c  t u r b u l e n c e  ( i n  t h a t  he  was a b l e  t o  g e t  a  
s o l u t i o n  f o r  t h e  e n e r g y  s p e c t r u m ) .  B a s i c a l l y  h i s  a p p ro a c h  
i s  a s  f o l l o w s .  The c o u p le d  n o n l i n e a r  e q u a t i o n s  o f  m o t io n  
a r e  w r i t t e n  f o r  t h e  d e g r e e s  o f  f reedo m  o f  t h e  sys tem .  F o r  
a  t u r b u l e n c e  f i e l d ,  t h e s e  a r e  t h e  s p a t i a l  F o u r i e r  amplitudes*,* 
f o r  a  n o n l i n e a r  o s c i l l a t o r ,  t h e y  a r e  t h e  s p e c t r a l  a m p l i t u d e s .  
The n o n l i n e a r  i n t e r a c t i o n  t e r m s  a r e  r e p l a c e d  by s t a t i s t i c a l  
i n t e r a c t i o n s  o f  t h e  mode w i t h  an  i n f i n i t e  s e t  o f  o t h e r  modes. 
The s t a t i s t i c s  o f  t h e  i n t e r a c t i o n  t e rm s  a r e  e v a l u a t e d  by 
making c e r t a i n  a s s u m p t io n s  r e g a r d i n g  s o u r c e s  o f  c o h e r e n c e  
i n  t h e  i n t e r a c t i n g  modes [ 25 — 28 ] ,
One f i n d s  t h a t  t h e  ' z e r o e t h  o r d e r  a p p r o x i m a t i o n '  i s  j u s t  
t h e  method o f  e q u i v a l e n t  l i n e a r i z a t i o n .  M o re o v e r ,  K ra ic h m a n ’s 
method d e s c r i b e s  how to  go beyond e q u i v a l e n t  l i n e a r i z a t i o n .
I t  i s  n o t  a  s m a l l  s t e p ,  b u t  t h e  p r o c e d u r e s  a r e  d e f i n e d .  
F o r  t h e  n o n l i n e a r  o s c i l l a t o r ,  t h i s  method c o u ld  p r o d u c e  
r e s u l t s  f o r  t h e  s p e c t r u m  chan g e s  due t o  n o n l i n e a r i t y  
beyond t h e  mere s h i f t  i n  r e s o n a n t  f r e q u e n c y  t h a t  one 
g e t s  f rom e q u i v a l e n t  l i n e a r i z a t i o n .
J . B .  M orton  and S. C o r r s i n  [ 2 ? ]  have  u sed  t h e  above 
method t o  p r e d i c t  t h e  r e s p o n s e  s p e c t r u m  o f  t h e  D u f f i n g  
o s c i l l a t o r  u n d e r  w h i t e  n o i s e  e x c i t a t i o n ,  and s m a l l  non 
l i n e a r i t y .  T h e i r  work was c r i t i c a l l y  r e v ie w e d  by 
A, B. Budgor  and co—w o r k e r s  [ i s ]  who c o n c lu d ed  t h a t  f o r  
t h e  p a r t i c u l a r  c a s e  a t  l e a s t ,  b e t t e r  r e s u l t s  were  o b t a i n ­
a b l e  t h r o u g h  t h e  e q u i v a l e n t  l i n e a r i z a t i o n  m e t h o d , when t h e  
e f f e c t i v e  f r e q u e n c y  o f  t h e  e q u i v a l e n t  l i n e a r  sy s te m  was 
d e t e r m i n e d  by t h e  e x a c t  v a r i a n c e  o f  t h e  n o n l i n e a r  r e s p o n s e  
a s  c a l c u l a t e d  by t h e  e x a c t  p r o b a b i l i t y  d e n s i t y  ( d e r i v e d  
t h r o u g h  t h e  F o k k e r  — F l a n k  e q u a t i o n ) .  T h e i r  r e s u l t s  were 
compaired  w i t h  a n a lo g u e  com pu te r  e x p e r i m e n t s .
I t  sh o u ld  be s t r e s s e d  t h a t  t h e  n o n l i n e a r i t i e s  i n v o l v e d  
were  v e r y  s m a l l  and i n  a  r a n g e  w h e re ,  t h e  t r u e  n o n l i n e a r  
s p e c t r a  a r e  v e r y  s i m i l a r  t o  t h e  l i n e a r  ( o r  e q u i v a l e n t  
l i n e a r )  o n e s .  F u r t h e r  t h e  c o m p u t a t i o n a l  e f f o r t  i n v o l v e d  
even  f o r  a  ' f i r s t  o r d e r  a p p r o x i m a t i o n '  i s  v e r y  l a r g e  and 
p r o b a b l y  n o t  w o r t h w h i l e  f o r  t h e  s m a l l  g a i n  i n  a c c u r a c y  
o b t a i n e d  o v e r  t h e  c o n v e n t i o n a l  e q u i v a l e n t  l i n e a r i z a t i o n  
m ethod.  However, t h e  method sh o u ld  be i n v e s t i g a t e d  
f u r t h e r  b e f o r e  i t s  p e r f o r m a n c e  on s t o c h a s t i c  s t r u c t u r a l  
n o n l i n e a r  p ro b le m s  i s  f i n a l l y  ju dged .
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1 .4  Problems C ons ide red  i n  P r e s e n t  Work
T h is  t h e s i s  e x p l o r e s  t h e  u se  t h a t  can be made o f  n u m e r i c a l  
s i m u l a t i o n  i n  d e s c r i b i n g  t h e  r e s p o n s e  o f  a  s i n g l e —d e g re e  
o f  f reedom  n o n l i n e a r  system., u n d e r  random e x c i t a t i o n .  I t  
a l s o  d e m o n s t r a t e s  how t h e  t a s k  can be g r e a t l y  s i m p l i f i e d  
by a s y s t e m a t i c  a p p ro a c h  to  c h o os in g  r a n g e s  o f  p a r a m e t e r s  
o n ly  p o s s i b l e  as a r e s u l t  o f  d im e n s io n a l  a n a l y s i s .
The sys tem ,  whose s p e c t r a l  r e s p o n s e  b e h a v io u r  u n d e r  random 
e x c i t a t i o n  i s  to  be i n v e s t i g a t e d ,  I s  th e  D u f f in g  sys tem .  
I t  b e lo n g s  to  a  c l a s s  o f  n o n l i n e a r  s p r i n g  sys tem s o f  t h e  
form
ELX + 2cx + g (x )  = P ( t )  (1—2)
'There g (x )  i s  a n o n l i n e a r  f u n c t i o n  o f  d i s p l a c e m e n t  and P( t )  
t h e  e x c i t a t i o n  f o r c e ,
V/hen P ( t )  i s  w h i te  n o i s e  e q u a t i o n  (1—2) i s  u s u a l l y  r e f e r r e d  
to  as  K ra m e r 's  a f t e r  H.A.Kramer who f i r s t  c o n s id e r e d  them 
i n  1940.
In  p a r t i c u l a r  when g (x )  = k(x+3x^) (1—3)
th e  e q u a t i o n  i s  known as D u f f i n g ' s  e q u a t i o n ,  i r r e s p e c t i v e  
o f  w h e th e r  P ( t )  i s  d e t e r m i n i s t i c  o r  random.
I t  shou ld  be no ted  t h a t  sometimes sys tem s  w i th
g(x)  = 3 3? ( 1- 4 )
o r  g (x )  = k { (1+T)x -  Yx„ } ( 1- 5 )
Wiun Y = 0 when | x  | < x^ and x^ = — x@ when x < — x^
a re  a l s o  r e f e r r e d  t o  as  P u f f i n g ' s  e q u a t i o n  [ 3 3 ]
H e n c e f o r th  P u f f i n g ' s  sys tem  i m p l i e s  t h e  one d e g re e  of
freedom sys tem governed  by
mx +■GX + k(x+Sx^) = P ( t )  (1—6)
where t h e  symbols have t h e i r  u s u a l  meaning and t h e  non 
l i n e a r i t y  c o n s t a n t ,  3, h a s  d im e n s io n s  ,
The sys tem  w i th  g (x )  o f  th e  typ e  of  e q u a t i o n  (1—5) w i l l  be 
r e f e r r e d  to  as  t r i l i n e a r  o r  p i e c e —wise l i n e a r  and w i l l  be 
th e  s u b j e c t  o f  a s h o r t  d i s c u s s i o n  i n  t h e  c l o s i n g  c h a p t e r  
o f  t h i s  t h e s i s .
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The D u f f i n g  e q u a t i o n  a r i s e s  when d e s c r i b i n g  a s i n g l e  mode 
o f  v i b r a t i o n  o f  a  clamped—clamped beam w i t h  a x i a l  r e s t r a i n t , 
o f  f l a t  p a n e l s  f a s t e n e d  a t  t h e i r  e d g e s ,  s h e l l s  e t c .  How­
e v e r ,  more i m p o r t a n t  i s  t h e  r o l e  t h a t  t h e  D u f f i n g  e q u a t i o n  
p l a y s  i n  t h e  s t u d y  o f  n o n l i n e a r  s y s t e m s ,  s i n c e  i t  i s  one o f  
t h e  s i m p l e s t  sy s te m s  w h ich  can  be t r e a t e d  i n  s u f f i c i e n t  
d e t a i l  t o  i n v e s t i g a t e  t h e  u s e f u l n e s s  o f  a l t e r n a t i v e  m e th od s .
The m ain  body o f  t h i s  r e s e a r c h  w i l l  be c o n ce rn ed  w i t h  t h e  
s p e c t r a l  r e s p o n s e  o f  t h e  D u f f i n g  sy s te m  t o  b ro ad  band 
G a u s s i a n  f o r c e  e x c i t a t i o n .  Band l i m i t e d  and h i g h  p a s s  
f i l t e r e d  G a u s s ia n  e x c i t a t i o n s  a r e  a l s o  c o n s i d e r e d  i n  C h a p te r  
6 b u t  t h e  p u r p o s e  o f  t h i s  c h a p t e r  i s  t o  p r o v i d e  a  b e t t e r  
u n d e r s t a n d i n g  o f  t h e  r e s p o n s e  o f  t h e  sy s te m  t o  t h e  b road  
band e x c i t a t i o n .  I t  w i l l  a l s o  i n d i c a t e  p o s s i b l e  t r o u b l e  
s p o t s  o f  f u t u r e  r e s e a r c h  i n  t h i s  d i r e c t i o n .
The s e l e c t i o n  o f  a b ro ad  band G a u s s i a n  random p r o c e s s  a s  
e x c i t a t i o n  i s  a n a t u r a l  s t a r t  to  d e s c r i b i n g  t h e  sy s tem .
I n  many random v i b r a t i o n  p ro b le m s  which  o c c u r  i n  p r a c t i c e  
where t h e  r e s p o n s e  o f  a  g i v e n  sy s te m  to  a s i n g l e  random 
e x c i t a t i o n  i s  r e q u i r e d ,  i t  i s  r e a s o n a b l e  to  assume t h a t  
t h e  e x c i t a t i o n  i s  G a u s s i a n .  I f  t h e  sy s te m  can  be c o n s i d e r e d  
t o  be l i n e a r  t h e n  t h e  r e s p o n s e  t o  G a u s s ia n  e x c i t a t i o n  w i l l  
i t s e l f  be G a u s s i a n ,  c h a r a c t e r i s e d  by d e f i n i t i o n  o f  i t s  
f i r s t  and second o r d e r  moments (mean v a l u e  and s p e c t r a l  
d e n s i t y ) .
A l th o u g h  t h i s  c an n o t  be t h e  c a s e  w i t h  a  n o n l i n e a r  s y s te m ,  
t h e  a s s u m p t io n  o f  G a u s s i a n i t y  a t  l e a s t  s i m p l i f i e s  t h e  
d e s c r i p t i o n  o f  t h e  i n p u t .  I t  i s  e n c o u r a g i n g  however  t o  
know t h r o u g h  s t a t i s t i c a l  i n f o r m a t i o n  p r o v id e d  f o r  t h e  
sy s te m  i n  q u e s t i o n ,  by t h e  s o l u t i o n  o f  t h e  a p p r o p r i a t e  
Fokker—P l a n c k  e q u a t i o n ,  t h a t  t h e  v e l o c i t y  a m p l i t u d e  
d i s t r i b u t i o n  u n d e r  w h i t e  n o i s e  e x c i t a t i o n  i t s e l f  i s  G a u s s i a n .  
Broad band e x c i t a t i o n  i s  u s u a l l y  an a p p r o x i m a t i o n  to  
w h i t e  n o i s e  and i s  s e ld o m ly  e n c o u n t e r e d  i n  r e a l i t y  w i t h  
i t s  box l i k e  sp e c t ru m .  Knowledge o f  t h e  r e s p o n s e  o f  a
l i n e a r  sy s te m  to  a  s u f f i c i e n t l y  b road  band e x c i t a t i o n
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p r o v i d e s  co m p le te  d e s c r i p t i o n  o f  t h e  sys tem .  A l th o u g h  
no s u c h  d e s c r i p t i o n  i s  p o s s i b l e  h e r e , t h e  work i s  e x p e c te d  
t o  p r o v i d e  a  means o f  p r e d i c t i n g  t h e  r e s p o n s e  o f  t h e  non 
l i n e a r  s y s te m  j u s t  t o  b ro ad  band e x c i t a t i o n .  Such 
e x c i t a t i o n  may be t h e  r e s p o n s e  o f  a n o t h e r  overdamped 
l i n e a r  sy s te m  w hich  a c t s  a s  e x c i t a t i o n  t o  t h e  n o n l i n e a r  
s y s te m  ( p r o v i d i n g  t h e r e  i s  no c o u p l i n g )  o r  maybe p a r t  o f  
a  more c o m p l i c a t e d  s p e c t r u m  su c h  as  i s  t h e  c a s e  o f  s e a  
s p e c t r a  ( F i g u r e  1 ) ,
(jj
F i g u r e  1
I n  t h e  l a t t e r  i t  i s  a r g u a b l e  w h e th e r  t h e  l a r g e  e n e r g y  
c o n c e n t r a t i o n  i n  t h e  low f r e q u e n c y  r a n g e  w i l l  e f f e c t  t h e  
r e s p o n s e  when t h e  n a t u r a l  f r e q u e n c i e s  l i e  i n  a  r a n g e  w* 
t o  ,
By d e s c r i b i n g  t h e  r e s p o n s e  s p e c t r a  o f  t h e  D u f f i n g  sy s te m  
t o  G-aussian random b ro a d  band e x c i t a t i o n  t h e  d e s c r i p t i o n  
o f  t h e  r e s p o n s e  i s  by no means c o m p le te  s i n c e  t h e  o u t p u t  
i s  non — G a u s s ia n ,  I t  i s  how ever  a  u s e f u l  and l o g i c a l  
f i r s t  s t e p .
As m e n t io n e d  e a r l i e r  t h e  D u f f i n g  sy s te m  h a s  b e e n  
i n v e s t i g a t e d  e x t e n s i v e l y  w i t h  v a r y i n g  d e g r e e s  o f  s u c c e s s  
d e p e n d in g  on t h e  method o f  a n a l y s i s ,  A c e r t a i n  amount 
o f  i n f o r m a t i o n  i s  o b t a i n e d  t h r o u g h  t h e  s o l u t i o n  o f  t h e  
a p p r o p r i a t e  F okker  — F l a n k  e q u a t i o n .  However o n l y  t h e  
s t a t i o n a r y  j o i n t  p r o b a b i l i t y  d e n s i t y  o f  r e s p o n s e  d i s ­
p l a c e m e n t  and v e l o c i t y  u n d e r  w h i t e  n o i s e  e x c i t a t i o n  i s  
a v a i l a b l e .  [ 8—1 4 ]
W o l l a v e r  [ 12]  h a s  p ro v ed  t h a t  t h e  method o f  e q u i v a l e n t  
l i n e a r i z a t i o n  t e c h n i q u e  can  u n d e r  c e r t a i n  c o n d i t i o n s  
p r o v i d e  t h e  e x a c t  v a r i a n c e  o f  r e s p o n s e  d i s p l a c e m e n t  and
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v e l o c i t y  f o r  t h e  sy s te m  u n d e r  w h i t e  n o i s e  e x c i t a t i o n .
T h is  i s  a  d u b i o u s  a d v a n ta g e  s i n c e  one o f  t h e  c o n d i t i o n s  
assumes p r e v i o u s  know ledge  o f  t h e  e x a c t  j o i n t  p r o b a b i l i t y  
d e n s i t y  f u n c t i o n  o f  r e s p o n s e  v e l o c i t y  and d i s p l a c e m e n t .
S i m u l a t i o n  m ethods  ( a n a l o g  o r  d i g i t a l )  h a v e  n o t  b een
u s e d  i n  g e n e r a l  i n  t h e i r  own r i g h t  t o  d e s c r i b e  t h e  sy s te m ,
A number o f  e x p e r i m e n t s  h ave  b e e n  pe r fo rm ed  by r e s e a r c h e r s
i n  t h e  f i e l d  who u se d  s i m u l a t i o n s  i n  o r d e r  t o  c o n f i r m
v a r i o u s  t h e o r e t i c a l  p r e d i c t i o n s  d e r i v e d  t h r o u g h  t h e i r
p a r t i c u l a r  v e r s i o n  o f  some a p p ro x im a te  method.  S in c e  most
a p p ro x im a te  m ethods  a r e  a p p l i c a b l e  t o  sy s te m s  w i t h  ’w eak’
n o n l i n e a r i t i e s  t h e  n u m e r i c a l  r e s u l t s  s im p ly  c o n f i r m e d ,w i th
v a r y i n g  d e g r e e  o f  s u c c e s s ,  t h e  f i n d i n g s  o f  p a r t i c u l a r
a p p ro x im a te  t e c h n i q u e .  J ,B , M o r t o n  and 3. C o r r s i n  [ 2 ? ]
f o r  example  h ave  a s  m en t io n ed  e a r l i e r  u sed  K ra in c h m a n ’ s
’Method o f  S t o c h a s t i c  M o d e l s ’ , to  p r e d i c t  t h e  r e s p o n s e
sp e c t ru m  o f  t h e  D u f f i n g  s y s te m  to  w h i t e  n o i s e  e x c i t a t i o n .
The s p e c t r a  o b t a i n e d  u s i n g  t h i s  m e t h o d  were compared w i t h
s p e c t r a  o b t a i n e d  by a n a lo g u e  com pute r  e x p e r i m e n t s  and 
were  i n  good a g re e m e n t .  However, t h e  n o n l i n e a r i t y  i n v o l v e d
was ’w eak ’ .
At t h i s  p o i n t  an example t o  show t h e  a m b i g u i ty  b e h in d  t h e  
t e r m  ’weak’ may n o t  be o u t  o f  p l a c e .  F o r  t h e  D u f f i n g  
s y s te m  a  m easure  o f  n o n l i n e a r i t y  i s  t h e  t e rm  p<x> , 
When t h e  e x p r e s s i o n  f o r  t h e  d i s p l a c e m e n t  v a r i a n c e  o f  t h e  
sy s te m  u n d e r  w h i t e  n o i s e  e x c i t a t i o n ,  i s  o b t a i n e d  t h r o u g h  
t h e  e q u i v a l e n t  l i n e a r i z a t i o n  t e c h n i q u e ,  e q u a t i o n  ( l —7 ) ,  
and compared w i t h  a  s i m i l a r  e x p r e s s i o n  o b t a i n e d  t h r o u g h  
t h e  p e r t u r b a t i o n  t e c h n i q u e ,  e q u a t i o n  ( l —8 ) ,  i t  i s  s e e n  
t h a t  t h e  r e s u l t s  a g r e e  i f  j3a^  i s  assumed much s m a l l e r  t h a n  
u n i t y ,  [ 1 9 ,2 2  ]
<x^> = {(1+12 -  l i  + 63 (1 - 7 )
i f  pOx << 1
t h e r e f o r e  <x^> ~ Ox — ( 1—8)
Where i n  e q u a t i o n  (1—7) i s  t h e  v a r i a n c e  o f  t h e  
e q u i v a l e n t  l i n e a r  sy s te m  w hich  i n  t h e  form p r e s e n t e d
-  11 -
p r o v i d e s  an u n d e r e s t i m a t e d  v a l u e  f o r  t h e  mean s q u a r e
r e s p o n s e  d i s p l a c e m e n t  o f  t h e  n o n l i n e a r  sy s te m .  S t r i c t l y  
s p e a k i n g  I n  e q u a t i o n  (1—8) h a s  y e t  a n o t h e r  meaning  
b e in g  t h e  v a r i a n c e  o f  t h e  n o n l i n e a r  sy s te m  w i t h  g = 0, 
However, when 1 t h e  two v a r i a n c e s  a r e  p r a c t i c a l l y
t h e  same. T h i s  s t i l l  does  n o t  d e f i n e  'w eak '  n o n l i n e a r i t y  
even  i f  t h e  c r i t e r i o n  «  1 i s  t r a n s l a t e d  t o  p < ( x ^ } « l  
s i n c e  no d e f i n i t e  v a l u e  i s  g i v e n .  F u r t h e r  i t  i s  o b v io u s  
t h a t  t h i s  c o n d i t i o n  can  be a c h i e v e d  by a  number o f  
c o m b in a t io n s  o f  i n p u t  i n t e n s i t y  ( a f f e c t i n g  ) and 
n o n l i n e a r i t y  p a r a m e t e r  ((3), I t  i s  s e e n  h e r e  t h a t  t h a t  t h e  
i n t e r p r e t a t i o n  o f  r e s u l t s  g i v e n  by v a r i o u s  m ethods  p r e s e n t  
a  c e r t a i n  d i f f i c u l t y ,  w h ich  i s  c r e a t e d  on one hand f rom  t h e  
l a c k  o f  a d e q u a t e  k n o w le d g e ,  and on t h e  o t h e r  hand by t h e  
i n c r e a s e  i n  t h e  number o f  i n d e p e n d e n t  p a r a m e t e r s  i n  t h e  non 
l i n e a r  sy s te m  a s  compared t o  t h e  l i n e a r .
N u m e r ic a l  s i m u l a t i o n  m ethods  on t h e  o t h e r  hand need 
n o t  p r e s e n t  t h e  same p rob lem .  Sach  r e s p o n s e  r e c o r d  may be
t h o u g h t  o f  a s  t h e  outcome o f  a  s i n g l e  ( d i g i t a l )  e x p e r im e n t
on a  p a r t i c u l a r  sy s te m  w i t h  known p a r a m e t e r s .  A c o l l e c t i o n
o f  t h e s e  r e c o r d s  w i l l  p r o v i d e  t h e  c h a r a c t e r i s t i c s  o f  t h i s
u n i q u e  c o m b i n a t i o n  o f  sy s te m  p a r a m e t e r s .  U n d e r s t a n d a b l y
t h e  number o f  p o s s i b l e  c o m b i n a t i o n s  can be overw helm ing
d e p e n d in g  on t h e  i n d e p e n d e n t  v a r i a b l e s  g o v e r n i n g  t h e  sys tem .
As i s  t h e  c a s e  w i t h  most  e x p e r i m e n t s  where a  c o m p le te
q u a n t i t a t i v e  t h e o r y  i s  l a c k i n g ,  t h e  a p p l i c a t i o n  o f
d i m e n s i o n a l  a n a l y s i s  [ 29—31] can  s i m p l i f y  t h e  p rob lem
s i g n i f i c a n t l y .  By making u s e  o f  t h e  g u i d a n c e  p r o v i d e d  by
t h i s  a n a l y s i s  one can  d e r i v e  s u b s t a n t i a l l y  c o m p le te
i n f o r m a t i o n  f rom  a  s e t  o f  e x p e r i m e n t s ,  and w i t h  t h e  g r e a t e s t
economy o f  e f f o r t ,  s i n c e  i n  a l l  c a s e s  t h e  d i m e n s i o n a l
a n a l y s i s  s u b s t a n t i a l l y  r e d u c e s  t h e  number o f  t h e  f u n c t i o n a l y
r e l a t e d  q u a n t i t i e s  be low  t h e  number o f  t h e  r e l e v a n t  p h y s i c a l
q u a n t i t i e s .  P r o v i d e d  t h a t  t h e  I n d i c i a l  e q u a t i o n s  a r e
l i n e a r l y  i n d e p e n d e n t ,  t h i s  r e d u c t i o n  i n  t h e  number o f
i n d e p e n d e n t  v a r i a b l e s  i s  e q u a l  t o  t h e  number o f  t h e  r e l e v a n t
f u n d a m e n ta l  u n i t s  ( t h r e e  i n  t h e  c a s e  o f  m e c h a n i c a l  s y s t e m s ) .
C o n s e q u e n t ly  a g r e a t  r e d u c t i o n  i n  t h e  number o f  e x p e r i m e n t s
( s i m u l a t i o n s )  may be e x p e c te d  f o r  t h e  a d e q u a t e  e x p l o r a t i o n
-  12 -
o f  t h e  phenomenon. A l th o u g h  I t  i s  u s u a l l y  d i f f i c u l t  to  
e s t a b l i s h  e x a c t  m a t h e m a t i c a l  r e l a t i o n s  b e tw e e n  t h e  non 
d i m e n s i o n a l  q u a n t i t i e s ,  e m p i r i c a l  r e l a t i o n s  a r e  a lm o s t  
t h e  i n e v i t a b l e  outcome o f  s u c h  e x p e r i m e n t s .  A s ide  from 
t h e i r  p r a c t i c a l  v a l u e  t h e s e  r e l a t i o n s  can  p ro v e  i n v a l u a b l e  
' c l u e s '  t o  a  f u t u r e  m a t h e m a t i c a l  a n a l y s i s  o f  t h e  p rob lem .
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1 . 6  A rrangem ent  o f  C h a p te r s
The s t r u c t u r e  o f  t h e  r e s t  o f  t h i s  t h e s i s  i s  a s  f o l l o w s .
I n  C h a p te r  2 t h e  f i r s t  o r d e r  p r o b a b i l i s t i c  i n f o r m a t i o n  on 
t h e  r e s p o n s e  o f  t h e  s y s te m  i s  o b t a i n e d  t h r o u g h  t h e  s o l u t i o n  
o f  t h e  a p p r o p r i a t e  F o k k e r - P l a n c k  e q u a t i o n .  T h is  i s  p r e c e d e d  
by a  g e n e r a l  o u t l i n e  o f  t h e  a p p r o p r i a t e  t h e o r y .  The g e n e r a l  
t h e o r y  o f  t h e  e q u i v a l e n t  l i n e a r i z a t i o n  t e c h n i q u e  f o l lo w s -  i n  
s e c t i o n  2 o f  t h i s  c h a p t e r  a lo n g  w i t h  i t s  a p p l i c a t i o n  t o  t h e  
D u f f i n g  sy s te m  and a  g e n e r a l  d i s c u s s i o n  o f  t h e  method.
I n  C h a p te r  3 t h e  n u m e r i c a l  s i m u l a t i o n  t e c h n i q u e  u se d  i s  
d e s c r i b e d  i n  d e t a i l  w i t h  r e f e r e n c e  to  A pp en d ices  and t e s t s  
t o  p ro v e  i t s  a c c u r a c y .
C h a p te r  4- p r e s e n t s  t h e  non d i m e n s i o n a l  form o f  t h e  D u f f i n g  
sy s te m  u n d e r  b o t h  d e t e r m i n i s t i c  ( s i n u s o i d a l )  and random 
e x c i t a t i o n s  and i s  f o l l o w e d  by a d i s c u s s i o n  c l a r i f y i n g  t h e  
a p p a r e n t  s i m i l a r i t y  o f  t h e  two sy s te m s .
C h a p te r  5 c o n t a i n s  t h e  r e s u l t s  o f  t h e  n u m e r i c a l  s i m u l a t i o n  
which  a r e  compared where  p o s s i b l e  w i t h  t h e  e x a c t  r e s u l t s  
o b t a i n e d  t h r o u g h  t h e  s o l u t i o n  o f  t h e  a p p r o p r i a t e  F o k k e r  — 
P l a n c k  e q u a t i o n .  The r e s u l t s  a r e  p r e s e n t e d  i n  c o n v e n i e n t  
non d i m e n s i o n a l  form and a  g r a p h i c a l  r e p r e s e n t a t i o n  o f  t h e  
r e s p o n s e  s p e c t r a  u s e f u l  f o r  e n g i n e e r i n g  a p p l i c a t i o n  i s  
s u g g e s t e d .
I n  C h a p te r  6 t h e  r e s p o n s e  o f  t h e  sy s te m  to  G a u s s i a n  band 
l i m i t e d  and h i g h - p a s s  f i l t e r e d  p r o c e s s e s  i s  b r i e f l y  examined.  
The p u r p o s e  o f  t h i s  work i s  t o  s u p p o r t  t h e  r e s u l t s  o f  c h a p t e r  
5 and s u g g e s t s  d i f f i c u l t i e s  t h a t  may be e n c o u n t e r e d  by 
f u r t h e r  r e s e a r c h  i n  t h i s  d i r e c t i o n .
C h a p te r  7 c o n t a i n s  a  d i s c u s s i o n  o f  v a r i o u s  c o n c l u s i o n s  and 
a l s o  d e a l s  b r i e f l y  w i t h  t h e  p i e c e —w ise  t r i l i n e a r  sys tem .
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CHAPTER 2
ANAIYTICAE PREDICTION OP RESPONSE CHARACTERISTICS
FOR THE PUPPING SYSTEIÆ UNDER RANDOM EXCITATION
The a l t e r n a t i v e s  t o  n u m e r i c a l  s i m u l a t i o n  f o r  t h e  t r e a t m e n t  
o f  n o n l i n e a r  sy s te m s  u n d e r  random e x c i t a t i o n  have  a l r e a d y  
b e e n  re v ie w e d  i n  a  g e n e r a l  s e n s e  i n  t h e  I n t r o d u c t i o n ,
I n  t h i s  c h a p t e r  two m ethods  a r e  u se d  to  o b t a i n  r e s p o n s e  
c h a r a c t e r i s t i c s  o f  t h e  D u f f i n g  s y s te m ,  namely  t h e  a n a l y t i c a l  
method i n v o l v i n g  t h e  s o l u t i o n  o f  t h e  P o k k e r —P l a n c k  e q u a t i o n  
and t h e  e q u i v a l e n t  l i n e a r i z a t i o n  t e c h n i q u e .  I n  p a r t i c u l a r ,  
i n  s e c t i o n  2 . 2 ,  i t  i s  t h e  c o n v e n s i o n a l  form o f  t h e  e q u i v a l e n t  
l i n e a r i z a t i o n  t e c h n i q u e ,  t h a t  i s  u s e d  to  o b t a i n  t h e  v a r i a n c e  
o f  t h e  r e s p o n s e  d i s p l a c e m e n t  o f  t h e  sys tem .  T h is  method i s  
c o n t r a s t e d  w i t h  a  r e f i n e d  v e r s i o n  i n  t h e  d i s c u s s i o n  t o  t h i s  
c h a p t e r .
2 . 1  R esponse  to  'M ii te  N o ise  E x c i t a t i o n .  The P ok k e r  —
P la n c k  E q u a t i o n
T h i s  s o l u t i o n  i s  r e s t r i c t e d  t o  i d e a l  s t a t i o n a r y  w h i t e  n o i s e  
e x c i t a t i o n  and i n  t h e  f i r s t  i n s t a n c e  i s  c a p a b le  o f  p r o v i d i n g  
o n l y  p r o b a b i l i s t i c  i n f o r m a t i o n  r e g a r d i n g  t h e  r e s p o n s e  o f  t h e  
D u f f i n g  sys tem .
I n  g e n e r a l  i t  can  be shown [ 10 — 1 4 ]  t h a t  t h e  b e h a v i o u r  o f  
d i s c r e t e  dynamic sy s te m s  s u b j e c t e d  t o  w h i t e  n o i s e  e x c i t a t i o n  
a r e  exam ples  o f  c o n t i n u o u s  m u l t i d i m e n t i o n a l  M a rk o f f  p r o c e s s e s .  
Such p r o c e s s e s  a r e  c o m p l e t e ly  c h a r a c t e r i s e d  by t h e i r  
t r a n s i t i o n a l  — c o n d i t i o n a l  p r o b a b i l i t y  l aw ,  w h ich  i s  o b t a i n e d  
a s  f u n d a m e n ta l  s o l u t i o n  t o  t h e  P o k k e r  — P la n c k  e q u a t i o n  
a p p r o p r i a t e  t o  t h e  dynamic sy s tem .  F u r t h e r  i t  can be shown 
t h a t  e x a c t  s t a t i o n a r y  s o l u t i o n s  may be c o n s t r u c t e d  f o r  a c l a s s  
o f  n o n l i n e a r  p ro b lem s  i n  which  t h e  n o n l i n e a r i t y  i s  a  f u n c t i o n  
o n l y  o f  d i s p l a c e m e n t s ,  and t h a t  i f  s t a t i o n a r y  s o l u t i o n s  e x i s t  
t h e y  a r e  u n iq u e .
C o n s i d e r  t h e  d i f f e r e n t i a l  e q u a t i o n
X + 2fw^ X + u ^ ( l + p x ^ ) x  = P ( t )  (2—1)
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I f  t h e  su b e n sem ble  o f  r e s p o n s e ,  t a k i n g  t h e  v a l u e s  x = 
and X = Xo a t  t  = 0 ,  a r e  c o n s i d e r e d ,  t h e  j o i n t  d i s t r i b u t i o n  
o f  X and x a t  t im e  t  i s  d e s c r i b e d  by t h e  t r a n s i t i o n a l —j o i n t -  
c o n d i t i o n a l  d e n s i t y
% =  P ( x , x , t / x , , x , , 0 )  ( 2 - 2 )
T h is  c o n d i t i o n a l  d e n s i t y  f u n c t i o n  d i f f u s e s  i n  t im e  from a 
D i r a c  d e l t a  f u n c t i o n  a t  (xo ,X e)  and t  = 0 t o w a r d s  t h e  s t e a d y  
s t a t e ,  o r  s t a t i o n a r y  j o i n t  d i s t r i b u t i o n  d e n s i t y  P, (x ,x ) .  The 
c o n d i t i o n a l  d e n s i t y  Pr i s  g o v e re n e d  by t h e  P o k k e r  — P la n k  
e q u a t i o n
H" = -  ^If + Ix  ^ )+u); (x+px" ) ll' + 2x3, ( 2_3)
^iThere 3^  i s  t h e  u n i f o r m  s p e c t r a l  d e n s i t y  o f  t h e  i d e a l  w h i t e
n o i s e  a c c e l e r a t i o n  e x c i t a t i o n .  Here  a  s i n g l e  s id e d  s p e c t r u m
i s  u se d  w i t h  u n i t s  o f  mean s q u a r e  e x c i t a t i o n  p e r  u n i t  o f
c i r c u l a r  f r e q u e n c y .  Note t h a t  e q u a t i o n  (2—3) i s  l i n e a r  i n
Pr a l t h o u g h  i t  d o e s  h av e  v a r i a b l e  c o e f f i c i e n t s . T h e  s t a t i o n a r y
, ^  
j o i n t  d e n s i t y  P s (x ,x )  i s  t h e  l i m i t  ap p ro a ch e d  by Pt a s  t-^ccr
and i s  t h u s  d e t e r m i n e d  by t h e  s t a t i o n a r y  e q u a t i o n
0 = -  X H  + (2U ,xPs )+ w\(x+px" ) l l '  + 2x3, | - | \  ( 2- 4 )
and t h e  n o r m a l i s a t i o n  r e q u i r e m e n t
-K CO
P^  ( x , x ) d x d x  = 1 (2—5)
-  CO
I t  can  be shown t h a t  t h e  u n i q u e  s o l u t i o n  to  e q u a t i o n  (2—4 ) i s
Pç .(x ,x)  = 0 exp | — ^  + U (x )J | (2—6)
Where G(x) = / w^(^+pp ) dp i s  t h e  p o t e n t i a l  e n e r g y  f u n c t i o n  
f o r  t h e  s p r i n g  f o r c e .  The i n t e g r a t i o n  c o n s t a n t  C r e m a in s  to  
be f i x e d  by t h e  n o r m a l i s a t i o n  r e q u i r e m e n t  o f  e q u a t i o n  (2—5 ) ,  
I t  can  be s e e n  t h a t  Ps ( x , x )  h a s  t h e  form
P, ( x , x )  = P x ( x ) ,P & (x )  (2 - 7 )
T h i s  i m p l i e s  t h a t  t h e  r e s p o n s e  v e l o c i t y  and d i s p l a c e m e n t  o f  
t h e  D u f f i n g  e q u a t i o n  u n d e r  w h i t e  n o i s e  e x c i t a t i o n  a r e
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s t a t i s t i c a l l y  i n d e p e n d e n t .  I n d ee d  t h e  p r o b a b i l i t y  d i s ­
t r i b u t i o n  f u n c t i o n  o f  t h e  r e s p o n s e  v e l o c i t y  i s  G a u s s i a n  and 
i d e n t i c a l  t o  what i t  would be i f  t h e  sy s te m  were l i n e a r  
( i . e .  p = 0)
Pi ( x) = C exp I -  x^ j- ( 2—8 )
t h e r e f o r e  -fo)
—• # 13 ' f 'TT 1 ri V —____a; = y ' x " P i ( x ) d x  = ( 2 - 9 )
-  CO
I n  g e n e r a l ,  d i s p l a c e m e n t  w i l l  n o t  have  a  no rm al  d i s t r i b u t i o n  
e x c e p t  when t h e  s t i f f n e s s  i s  l i n e a r .  C l e a r l y  h e r e  t h e  
d i s p l a c e m e n t  h a s  t h e  form
Px (x)  = G exp I U(x) |
= G exp I — 2 x  + [3x^1 (2—10)
R.H.Lyon [ 1 4 ] h a s  p ro d u c e d  e x a c t  e x p r e s s i o n s  f o r  t h e  
moments o f  t h e  D u f f i n g  sy s te m  u s i n g  p a r a b o l i c  c y l i n d e r  
f u n c t i o n s .  The e x p r e s s i o n  however  i s  p a r t i c u l a r l y  e a s y  t o  
i n t e g r a t e  n u m e r i c a l l y  due to  t h e  d e c a y in g  e f f e c t  o f  x * ,
S in c e  t h e  j o i n t  d e n s i t y  i s  a v a i l a b l e  i t  i s  an  e a s y  m a t t e r  
t o  compute v a r i o u s  r e s p o n s e  s t a t i s t i c s  su c h  as  mean s q u a r e  
r e s p o n s e ,  e x p e c te d  number o f  c r o s s i n g s  o f  t h e  l e v e l  x = a 
e t c .
A p a r t  f rom  t h e  above p r o b a b i l i t y  f u n c t i o n s  t h e r e  i s  g r e a t  
i n t e r e s t  i n  t h e  v a r i o u s  c o r r e l a t i o n  f u n c t i o n s  a s  a means o f  
c a l c u l a t i n g  t h e  s p e c t r a .  I n  o r d e r  t o  se e  t h e  p ro b lem s  
i n v o l v e d  i n  t h e i r  d e t e r m i n a t i o n  c o n s i d e r  f o r  example  t h e  
a u t o c o r r e l a t i o n  f u n c t i o n  o f  r e s p o n s e  d i s p l a c e m e n t  
+ 00
R x x ( t )  = ^^^yyy'x^x P(xo , x ,  , 0 * ,x ,x , t )  dxdxdxodx,  (2—11)
-  CO
f o r  t > 0
where P ( x .  ,x., , 0 ' , x , x , t )  i s  t h e  t r a n s i t i o n a l  d e n s i t y  
f u n c t i o n .  U s ing  t h e  r e l a t i o n
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P ( X o , X ^ , 0 ; x , x , t )  = P j ( x , , x . )  Pt ( x , x , t / x ^ , x , , 0 )  (2 -1 2 )
E q u a t i o n  (2—11) may be r e w r i t t e n  i n  t h e  form
+ oo
R x x ( t )  = JJJJ x^x  P ^ ( x , , X o )  Pt ( x , x , t / x o  ,Xo , 0 ) dxdxdx^dx»
- C D
( 2- 1 3 )
The f u n c t i o n + oo
v ( x , x , t )  =  y ' y ' x o P i  ( x „ , X o )  p T ( x q x , t / X o , x * , 0 ) d X o d x = ( 2- 1 4 )
-  CO
i s  a  w e ig h te d  a v e r a g e  o f  Pf and i s  t h e r e f o r e  a  s o l u t i o n  t o  
t h e  P o k k e r  —P l a n c k  e q u a t i o n  w i t h  a p p r o p r i a t e  bo u n d a ry  
c o n d i t i o n s  i .  e,
a t  = 2 x 3 . - ^ , +  ^  (2 (w ^ x ^ )+ w ,(x + p x  ) ^  - (2 -1 5 )
w h ich  must  be s o l v e d  f o r  v ( x , x , t )  w i t h  f i n i t e  b o u n d a ry  
c o n d i t i o n s
v ( x , x , 0 )  = X Ps ( x , x )  (2—16)
The a u t o c o r r e l a t i o n  i s  t h e n  o b t a i n a b l e  t h r o u g h
+  C »
Rxx( t )  = J  J  ^  v ( x , x , t ) d x d x  (2—17)
-  CO
I t  i s  t h u s  n e c e s s a r y  t o  know P s ( x , x )  a p r i o r i  a s  a  b o u n da ry  
c o n d i t i o n .  B ecause  o f  t h i s  any a n a l y t i c a l  a p p ro a c h  f o r  
f i n d i n g  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  i s  r e s t r i c t e d  to  
K ra m e r ’ s c l a s s  ( s e e  i n t r o d u c t i o n , Q l 2  ] ) ,  U n f o r t u n a t e l y  a l l  
a t t e m p t s  to  s o l v e  t h e  above P .P .  e q u a t i o n  f o r  t h e  g e n e r a l  
c l a s s  o f  K ra m e r ’ s e q u a t i o n s  o r  in d e e d  t h e  D u f f i n g  sy s te m  
h av e  been  u n s u c c e s s f u l .  The t o o l s  f o r  s o l v i n g  p a r t i a l  
d i f f e r e n t i a l  e q u a t i o n s  a r e  v e r y  meagre  compared t o  t h o s e  
f o r  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s .  Even n u m e r i c a l  
s o l u t i o n s  a r e  b e s e t  w i t h  d i f f i c u l t y  b e c a u s e  o f  t h e  b o undary  
c o n d i t i o n s .  F u r t h e r  t h e  p a t h  l e a d i n g  to  s p e c t r a l  d e n s i t i e s  
t h r o u g h  t h i s  method i s  p r o b a b l y  to o  i n d i r e c t  t o  be s u i t a b l e  
f o r  a  n u m e r i c a l  p r o c e d u r e .  I t  i s  w o r th  n o t i n g  how ever  t h a t  
t h i s  method h a s  s u c c e s s f u l l y  a p p l i e d  t o  c e r t a i n  mathemat­
i c a l l y  ’ c o n v e n i e n t ' n o n l i n e a r i t i e s  [ 1 2 ]  .
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2 , 2  E q u i v a l e n t  L i n e a r i z a t i o n  Techn ique
The method o f  e q u i v a l e n t  l i n e a r i z a t i o n  h a s  p r o v e d ,  o v e r  t h e  
p e r i o d  o f  t h e  l a s t  t h r e e  d e c a d e s ,  a  u s e f u l  a p p ro x im a te  method 
f o r  p r o b a b i l i s t i c  a n a l y s i s  o f  n o n l i n e a r  s t r u c t u r a l  dynamic 
p r o b le m s ,  a s  d i s c u s s e d  i n  s e c t i o n  1 , 3 ,  The t e c h n i q u e  o f
e q u i v a l e n t  l i n e a r i z a t i o n  was f i r s t  i n t r o d u c e d  by K ry lo v  and 
B o g o l iu b o v  [ 1 7 ] i n  c o n n e c t i o n  w i t h  d e t e r m i n i s t i c  n o n l i n e a r  
p ro b le m s .  I t  was f i r s t  a p p l i e d  t o  t h e  p ro b lem  o f  random 
o s c i l l a t i o n s  by B ooton  [ 1 8 ]  and Caughey [ 19 ] and l a t e r  
was u sed  on  s e v e r a l  o c c a s i o n s  by C r a n d a l l  [  20 ] and many 
o t h e r s  [ 2 l ]  .
The u n d e r l y i n g  i d e a  o f  t h i s  a p p r o a c h  i s  t h a t ,  g i v e n  a  non­
l i n e a r  d i f f e r e n t i a l  e q u a t i o n ,  an ’ e q u i v a l e n t '  l i n e a r  e q u a t i o n  
i s  c o n s t r u c t e d  so t h a t  t h e  b e h a v i o u r  o f  t h e  l i n e a r  sy s te m  
a p p r o x i m a t e s  t h a t  o f  t h e  n o n l i n e a r  sy s te m  i n  some s e n s e .  Once 
t h e  e q u i v a l e n t  l i n e a r  e q u a t i o n  i s  e s t a b l i s h e d , t h e  p r o p e r t i e s  
o f  t h e  s o l u t i o n  p r o c e s s  can  be e a s i l y  a n a l y s e d  by means o f  
t h e  l i n e a r  t h e o r y  and t h e  r e s u l t s  sh o u ld  be a p p r o x i m a t i o n s  
t o  t h e  s o l u t i o n  p r o p e r t i e s  o f  t h e  o r i g i n a l  n o n l i n e a r  e q u a t i o n .  
I t  i s  i m p o r t a n t  t o  n o t e  t h a t  t h i s  t e c h n i q u e  i s  b e s t  s u i t e d  
f o r  p ro b le m s  w i t h  ’ s m a l l ’ n o n l i n e a r i t i e s ,  b u t  u n d e r  c e r t a i n  
c o n d i t i o n s  may p ro d u c e  r e m a r k a b l e  a c c u r a c y  f o r  ' l a r g e '  non  
l i n e a r i t i e s .  On t h e  o t h e r  h a n d , a number o f  d i f f i c u l t i e s  
d e v e l o p s  i n  t h e  p r o c e s s  o f  d e r i v a t i o n  and t h e y  can  be o v e r  
come s a t i s f a c t o r i l y  o n ly  f o r  a  c e r t a i n  c l a s s  o f  n o n l i n e a r  
p ro b lem s .
F o r  a  s i n g l e —d e g r e e  o f  f ree d o m  sys tem  su ch  as
X + g ( x , x )  = F ( t )  (2—18)
i t  i s  assumed t h a t  an a p p r o x i m a t e  s o l u t i o n  can  be o b t a i n e d  
f rom  t h e  l i n e a r i s e d  e q u a t i o n
X, + bt X, + wcx, = F ( t )  ( 2—19)
where  t h e  p a r a m e t e r s  b^ and wt. a r e  t o  be s e l e c t e d  so t h a t
t h e  l i n e a r  e q u a t i o n  above p r o d u c e s  a  s o l u t i o n  which  ’ b e s t '  
a p p r o x i m a t e s  ( u s u a l l y  i n  l e a s t  s q u a r e s  s e n s e ) t h a t  o f  t h e  
o r i g i n a l  n o n l i n e a r  e q u a t i o n .  Adding t h e  t e r m s  (x  + b<x +
(jü\ x) to  b o t h  s i d e s  o f  e q u a t i o n  (2—18) and r e a r r a n g i n g
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X + be. X + w ïx  = F ( t )  + K(t)  (2—20)
where
N ( t )  = beX + (jjI x — g ( x , x )  ( 2—21)
Note t h e  d i f f e r e n c e  o f  e q u a t i o n s  (2—19) and (2—2 0 ) .  The 
q u a n t i t y  N ( t )  i s  i t s e l f  a  random p r o c e s s  and can  be c o n s id ­
e re d  a s  t h e  e r r o r  t e rm  o f  t h e  a p p r o x i m a t i o n  p r o c e d u r e ,  I n  
o r d e r  t o  m in im is e  t h e  a p p r o x im a te  e r r o r ,  a  common c r i t e r i o n  
i s  to  m in im is e  t h e  mean s q u a r e  v a l u e  o f  t h e  e r r o r  p r o c e s s  
N ( t ) .  Hence i t  i s  r e q u i r e d  t h a t  b& and ojI  a r e  c h o se n  su c h  
t h a t
E ( N ( t ) )  = E( [bcX+wix — g ( x ,x ) ]  ) (2—22)
i s  m in im ised  f o r  t  C T. The f i r s t  and second  d e r i v a t i v e s  o f  
E ( N t t ) )  w i t h  r e s p e c t  t o  bg. , wt a r e
■|^ E(N^) = 2E(beX^+ cjjft XX —x g ( x , x )  )
E(N^) = 2E(wcx'^ + b%xx — x g ( x , x ) )
E (K ‘ ) = 2 E ( x ‘ ) > 0
H ) = 2E(x^) > 0
& f e v  -
4 ( E ( x‘)E  ( i V  El[xx )) > 0
From t h e  above i t  i s  s e e n  t h a t  t h e  n e c e s s a r y  c o n d i t i o n s  
f o r  m i n i m i s in g  E ( N ( t ) ) a r e
| ^ E ( H ^  = 0 and 1^, ecu') = 0 
Hence,  b^and a r e  t h e  s o l u t i o n s  o f  t h e  e q u a t i o n s
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beE (x )+  uJtE(xx)— E ( x g ( x , x ) ) =  0
 ^ , (2—2 3)
E (x) + bg E(:h[)—E ( x g ( x , x )  ) = 0
I n  t h i s  fo rm ,  t h e  s o l u t i o n s  f o r  be and wl,, r e q u i r e s  t h e  
knowledge  o f  t h e  i n d i c a t e d  e x p e c t a t i o n s ,  which  a r e  o b v i o u s l y  
unknown. T here  a r e  two p o s s i b l e  a p p r o x i m a t i o n s  a t  t h i s  
p o i n t .  The j o i n t  d e n s i t y  f u n c t i o n  P ( x ,  t ' , x ,  t )  may be
r e p l a c e d  by t h e  s t a t i o n a r y  d e n s i t y  f u n c t i o n  P s ( x , x )  computed 
f rom  t h e  o r i g i n a l  n o n l i n e a r  e q u a t i o n  ( f o r  example  s o l v i n g  
t h e  a p p r o p r i a t e  P o k k e r  —P l a n c k  e q u a t i o n  when p o s s ib l e ) * ,  o r  
Ps ( x , x )  can  be d e t e r m i n e d  a p p r o x i m a t e l y  u s i n g  t h e  l i n e a r i z e d  
e q u a t i o n  ( 2—19 ) ( c o n v e n s i o n a l  e q u i v a l e n t  l i n e a r  t e c h n i q u e ) , -
The l a t t e r  i s  now a p p l i e d  f o r  t h e  D u f f i n g  sy s te m  e x c i t e d  by 
s t a t i o n a r y  G a u s s i a n  i n p u t  w i t h  z e r o  mean, A f u r t h e r
a s s u m p t i o n  i s  made t h a t  x and x a r e  j o i n t l y  s t a t i o n a r y  b u t
n o t  n e c e s s a r i l y  G a u s s i a n .  T h is  i m p l i e s
E (x x )=  E (x x )=  0
Hence f o r  t h e  sy s tem
X -i-bx+ (x+px) = P ( t )  ( 2—24)
e q u a t i o n s  (2—23) become
btE(x)— E(bx% (x x  + pxx) ) = 0
cü\E(x)— E(b XX+ (ji\ (x?" + px) ) = 0
o r  b = be ^
= U ( i  + e i t e b  ( 2 - 2 6 )
(2-25)
Hence t h e  e q u i v a l e n t  l i n e a r  e q u a t i o n  becomes
ï , +  b i , +  w U l  + 6 P(t)  (2-27)
Where b o t h  t h e  e x p e c t a t i o n s  i n v o lv e d  a r e  unknown. I f  e q u a t i o n  
(2—19) i s  u sed  t o  e v a l u a t e  t h e  unknown r a t i o
E(x()  /E(x-,) = 2, ( 2 - 2 8 )
t h e r e f o r e
( l  + 3po%,) (2—29)
t h u s
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x , +  b x ,  + 0)^(1 + 3pc^r)x, = P ( t )  (2—30)
The v a r i a n c e  o f  t h e  o u t p u t  d i s p l a c e m e n t  can  be computed
from  t h e  s p e c t r a l  d e n s i t y  f u n c t i o n  So (w) o f  F ( t )  a s
00 00
c), = J '  8y,(w)dw = J ' I H(iuj)| S^(w)dw
o o
where
H(ioj) = (cot— (jj + i  bjU)
= (to?,— oj + i  b w) ( 2—31)
F o r  i d e a l  w h i t e  n o i s e  a c c e l e r a t i o n  i n p u t  o f  i n t e n s i t y  So
_ _ Sa.Tt.
-  2bu,‘ ( £ - 3 2 )
S u b s t i t u t i n g  e q u a t i o n s  (2—28) i n  e q u a t i o n  (2—31) and 
r e a r r a n g i n g
6 g bu ia «*  + 2b(ik = 8.% (2 - 33 )
I t  w i l l  be shown l a t e r  t h a t  t h i s  e q u a t i o n  p r o v i d e s  an 
u n d e r e s t i m a t i o n  f o r  t h e  v a r i a n c e  o f  t h e  n o n l i n e a r  r e s p o n s e  
d i s p l a c e m e n t .
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2 . 3  D i s c u s s i o n
The a n a l y s i s  p r e v i o u s l y  shown a r e  c o n s i s t e n t  up t o  e q u a t i o n s  
(2—2 6 ) .  I f  t h e  v a l u e s  f o r  were t o  be e v a l u a t e d
p r e c i s e l y  t h e  e x p e c te d  v a l u e s  i n d i c a t e d  i n  e q u a t i o n s  ( 1—2 5 ) 
sh o u ld  be c a l c u l a t e d  u s i n g  t h e  c o r r e c t  p r o b a b i l i t i e s .  These  
c an  o n l y  be o b t a i n e d  t h r o u g h  t h e  c o r r e s p o n d i n g  P o k k e r—P l a n c k  
e q u a t i o n  o r  t h e  moments may be c a l c u l a t e d  by a s i m u l a t i o n  
p r o c e s s  a s  t h e  one d e v e lo p e d  i n  t h i s  p r o j e c t .  W olaver  f l 2 ]  
h a s  shown t h a t  i n  t h e  c a s e  o f  a  sy s te m  where  o n l y  t h e  s t i f f ­
n e s s  law  i s  n o n l i n e a r  and where  e x c i t a t i o n  i s  a  G a u s s i a n  
w h i t e  n o i s e  p r o c e s s ,  t h e  e q u i v a l e n t  l i n e a r i z a t i o n  method c an  
l e a d  t o  t h e  e x a c t  mean s q u a r e  v a l u e  f o r  t h e  s t a t i o n a r y  d i s ­
p l a c e m e n t  r e g a r d l e s s  o f  t h e  m ag n i tu d e  o f  t h e  n o n l i n e a r  t e rm .  
He h a s  a l s o  p roved  t h a t  i n  t h i s  c a se  t h e  M a c l a u r i n  s e r i e s  
e x p a n s i o n  o f  t h e  a p p r o x i m a t e  a u t o c o r r e l a t i o n  f u n c t i o n  Rxx ( r )  
o f  t h e  s t a t i o n a r y  d i s p l a c e m e n t  o b t a i n e d  from  t h e  e q u i v a l e n t  
l i n e a r i z a t i o n  a g r e e s  w i t h  t h a t  o f  t h e  e x a c t  a u t o c o r r e l a t i o n  
f u n c t i o n  up t o  t h e  t e r m ,  (A ppend ix  B l ) . I t .  i a u n r e a s o n a b l e  
how ever  t o  a t t e m p t  t o  d e r i v e  any more i n f o r m a t i o n  a b o u t  t h e  
n o n l i n e a r  sy s te m  t h r o u g h  t h i s  t e c h n i q u e .  F u r t h e r  what m ig h t  
seem a s  an  a d v a n ta g e  o f  t h e  m ethod ,  i . e .  t h e  e x a c t  v a l u e  f o r  
t h e  mean s q u a r e  r e s p o n s e  d i s p l a c e m e n t ,  l o s e s  i t s  s i g n i f i c a n c e  
s i n c e  t h a t  i n  o r d e r  t o  o b t a i n  t h e  c o r r e c t  mean s q u a r e ^ v a l u e , 
s h o u ld  be e v a l u a t e d  u s i n g  t h e  c o r r e c t  r a t i o  o f  which
i m p l i e s  t h e  p r e v i o u s  know ledge  o f  t h e  moments, t h r o u g h  some 
o t h e r  m ethod.  Hence t h e  o n l y  a d d i t i o n a l  i n f o r m a t i o n  t h a t  can  
be o b t a i n e d  t h r o u g h  t h e  t e c h n i q u e  i s  t h e  a p p ro x im a te  a u t o ­
c o r r e l a t i o n  f u n c t i o n .  The u s e f u l n e s s  o f  t h i s  knowledge  w i l l  
be i n v e s t i g a t e d  i n  C h a p te r  5,
I n  a d d i t i o n  t o  t h e  m ethods  o u t l i n e d  i n  s e c t i o n s  1 and 2 o f  
t h i s  c h a p t e r ,  t h e  p e r t u r b a t i o n  and h e u r i s t i c  m ethods  a r e  a l s o  
p r e s e n t e d  i n  A pp e n d ice s  B. 2 and B , 3, These  a r e  o n l y
a p p l i c a b l e  f o r  n e a r l y  l i n e a r  sy s te m s .  The p e r t u r b a t i o n
t e c h n i q u e  i s  c l o s e l y  r e l a t e d  t o  t h e  c l a s s i c a l  p e r t u r b a t i o n  
m ethods  u se d  i n  t h e  s o l u t i o n  o f  d i f f e r e n t i a l  e q u a t i o n s  
[22—24] • The h e u r i s t i c  m ethod ,  named t h u s  by C r a n d a l l  
who d e v i s e d  i t ,  i s  an  e a r l y  a t t e m p t  to  p r o v i d e  a  s i m p l e r  
d e r i v a t i o n  o f  t h e  r e s u l t s  o b t a i n e d  by p e r t u r b a t i o n  t e c h n i q u e s  
[23] .
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CHAPTER 3
NUI.ŒRI CAL SIMULATION
B e fo re  p r o c e e d i n g  t o  o u t l i n e  t h e  d e t a i l s  o f  t h e  n u m e r i c a l  
s i m u l a t i o n  t e c h n i q u e  employed ,  i t  i s  a p p r o p r i a t e  t o  d e s c r i b e  
t h e  g e n e r a l  p ro b lem  o f  r e s p o n s e  s i m u l a t i o n  f o r  dynamic 
sy s te m s .  The g e n e r a l  s i m u l a t i o n  p rob lem  can  be v i s u a l i s e d  
i n  t h r e e  s e p a r a t e  s t a g e s : —
a) D e s c r i p t i o n  o f  t h e  i n p u t ,
b) D e f i n i t i o n  o f  t h e  sy s te m  i n  t h e  form o f  d i f f e r e n t i a l  
e q u a t i o n s ,
c) N u m e r ic a l  s o l u t i o n  o f  t h e  s e t  o f  d i f f e r e n t i a l  e q u a t i o n s  
d e s c r i b i n g  t h e  sy s te m  f o r  t h e  i n p u t  d e f i n e d .
C l e a r l y  f o r  t h e  p a r t i c u l a r  p ro b lem  o f  r e s p o n s e  s i m u l a t i o n  
o f  t h e  D u f f i n g  s y s te m ,  s t a g e  (b )  i s  a l r e a d y  d e f i n e d .  I t  was 
t h e r e f o r e  t o w a rd s  t h e  two o t h e r  s t a g e s  t h a t  p a r t i c u l a r  
a t t e n t i o n  was drawn.
I n  t h i s  c h a p t e r  o n l y  e s s e n t i a l  f e a t u r e s  o f  t h e  s i m u l a t i o n  
t e c h n i q u e  w i l l  be o u t l i n e d  a lo n g  w i t h  a  l i s t  o f  t e s t s  o f  t h e  
t e c h n i q u e .  More d e t a i l s  may be found i n  Appendix  C,
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3 .1  The N u m e r ic a l  I n t e g r a t i o n
F o r  t h e  n u m e r i c a l  i n t e g r a t i o n  o f  B u f f i n g ' s  e q u a t i o n ,  t h e  
main  c r i t e r i o n  f o r  t h e  s e l e c t i o n  o f  a  p a r t i c u l a r  t e c h n i q u e ,  
and t h e  s e t  up o f  t h e  whole  s i m u l a t i o n  p r o c e d u r e - i s  t h e  s u i t ­
a b i l i t y  o f  t h e  p r o c e s s  t o  cope w i t h  random i n p u t .  I n e v i t a b l y  
a s  i t  i s  t h e  c a s e  w i t h  a l l  c o m p u te r  work, economy o f  
com pu te r  t im e  i s  a l s o  i m p o r t a n t .
The s i m u l a t i o n  was p e r fo rm ed  on t h e  ICL 2976 m a in  f ram e  
com pu te r  a t  Glasgow U n i v e r s i t y .  The f a c i l i t i e s  a v a i l a b l e  
i n c l u d e  a p ack a g e  o f  n u m e r i c a l  i n t e g r a t i o n  r o u t i n e s  which  
were  s u p p l i e d  by NAG LTD,, u n d e r  t h e  g e n e r a l  t i t l e  
NAG FORTRAN L i b r a r y  Mark 7 .
F o r  s im p le  p ro b le m s  w i t h  low a c c u r a c y  r e q u i r e m e n t s ,  t h a t  i s  
p ro b lem s  on a s h o r t  r a n g e  o f  i n t e g r a t i o n ,  w i t h  d e r i v a t i v e  
f u n c t i o n s  which  a r e  i n e x p e n s i v e  t o  c a l c u l a t e  and where o n l y  
a  few c o r r e c t  f i g u r e s  a r e  r e q u i r e d ,  t h e  b e s t  r o u t i n e s  t o  u s e  
a r e  l i k e l y  t o  be t h e  Runge — K u t t a  Merson r o u t i n e s .  F o r  
l a r g e  p r o b l e m s ,  o v e r  l o n g  r a n g e s  o r  w i t h  h i g h  a c c u r a c y  
r e q u i r e m e n t s  t h e  v a r i a b l e —o r d e r , v a r i a b l e —s t e p  Adams rour- 
t i n e s  sh o u ld  u s u a l l y  be p r e f e r r e d .  F o r  s t i f f  e q u a t i o n s ,  
t h a t  i s  t h o s e  w i t h  w i d e l y  d i f f e r e n t  n a t u r a l  f r e q u e n c i e s , t h e  
Gear  v a r i a b l e —o r d e r , v a r i a b l e —s t e p  r o u t i n e s  a r e  o f t e n  
s u p e r i o r .
A l l  t h e  NAG p r o c e d u r e s  a r e  c a l l e d  i n  t h e  u s e r ' s  p rogram  i n
t h e  form o f  a  s u b r o u t i n e .  The p ro b lem  i s  f o r m u l a t e d  a s  a
s e t  o f  f i r s t  o r d e r  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  i s  de­
f i n e d  i n  an  o t h e r  s u b r o u t i n e  a s  an  e x t e r n a l  f u n c t i o n  (EF) 
Each c a l l  o f  t h e  NAG, i n t e g r a t e s  t h e  d i f f e r e n t i a l  e q u a t i o n s  
from t  t o  t  + A t ,
Hence i f  t h e  s o l u t i o n  o f  t h e  i n i t i a l  v a l u e  p ro b lem
X + 2Ç(jo^ X + g (x )  = F ( t ) ,  x (0 )  = a ;  x ( 0 ) =  B ( 3 -1)
i s  r e q u i r e d ,  t h e  EF sh o u ld  be d e f i n e d  as
(3 - 2 )
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^  = F ( t )  -  z -  g (x )
T h is  s u b r o u t i n e  sh o u ld  have  some means o f  a c c e s s i n g  informar-  
t i o n  a b o u t  F ( t ) ,  I f  F ( t )  i s  d e t e r m i n i s t i c  t h e n  t h i s  
i n f o r m a t i o n  can  be i n c l u d e d  i n  t h e  EF, I f  however  F ( t )  i s  
random and r e p r e s e n t e d  by a  d i g i t a l  s i g n a l  sampled  a t  a  
g i v e n  r a t e  A t ,  p ro b le m s  a r i s e  e s p e c i a l l y  i f  a  v a r i a b l e —s t e p  
t e c h n i q u e  i s  u s e d .
The way c h o sen  to  overcome t h i s  p ro b lem  i s  a s  f o l l o w s : —
S in c e  t h e  i n p u t  would be sampled  a t  r e g u l a r  i n t e r v a l s  t h e  
s t e p  l e n g t h  sh o u ld  be s e t  t o  a  v a l u e  s m a l l e r  t h a n  t h e  d a t a  
s p a c i n g  A t ,  by t h e  i n t e g r a t i o n  method a u t o m a t i c  p r o c e s s  
d e p e n d in g  on a c c u r a c y  r e q u i r e m e n t s ,  t h e n  v a l u e s  o f  e x c i t a t i o n  
be tw een  t h e  s p e c i f i e d  v a l u e s  w i l l  be t a k e n  to  l i e  on t h e  l i n e  
j o i n i n g  t h e  s u r r o u n d i n g  s p e c i f i e d  p o i n t s .  A l t e r n a t i v e l y ,  
t h e  i n t e g r a t i o n  sh o u ld  be p e r fo rm e d  o n ly  a t  t i m e s  where  t h e  
e x c i t a t i o n  i s  known i ,  e, a t  m u l t i p l e s  o f  t h e  d a t a  s p a c i n g ,  
i n  which  c a s e  o n l y  f i x e d  s t e p  r o u t i n e s  cou ld  be u s e d .  
U n f o r t u n a t e l y ,  v a r i a b l e  s t e p  r o u t i n e s  a r e  d e s i r a b l e  f o r  
r e a s o n s  o t h e r  t h a n  t h e i r  v a r i a b l e  s t e p  f a c i l i t y  b e in g  
g e n e r a l l y  o f  a  h i g h e r  o r d e r  t h a n  t h e  f i x e d  s t e p  methods 
a v a i l a b l e  i n  t h e  p a c k a g e s ,  and much f a s t e r .
With  t h e  c o n t i n u i t y  o f  t h e  i n p u t  g u a r a n t e e d  by t h e  l i n e a r  
i n t e r p o l a t i o n ,  i n s t e a d  o f  p r o c e e d i n g  to  o b t a i n  t h e  r e s p o n s e  
o f  t h e  sy s te m  w i t h  t h e  i n i t i a l  c o n d i t i o n s  f o r  t h e  co m p le te  
i n p u t ,  t h e  f o l l o w i n g  ’ s e g m e n t a t i o n ’ o f  t h e  s o l u t i o n  was 
p r o p o s e d .  The n u m e r i c a l  i n t e g r a t i o n  r o u t i n e  would be c a l l e d  
t o  i n t e g r a t e  t h e  s y s te m  u s i n g  t h e  i n i t i a l  c o n d i t i o n s  a t  some 
p o i n t  i n  t im e  t ,  up to  t^ = t , + - A t  a lo n g  t h e  s t r a i g h t  l i n e  
segment  f rom t ,  t o  t% a t  t h i s  p o i n t  t h e  r o u t i n e  would be 
r e s e t  t o  r e g a r d  t h e  v a l u e s  a t  t  a s  i n i t i a l  v a l u e s  t o  p ro ­
ceed t o  o b t a i n  t h e  s o l u t i o n  a t  t% = t% + A t  = t ^  + 2At,
Again  t h e r e  i s  no j u s t i f i c a t i o n  f o r  t h i s  method e x c e p t  t h a t  
i t  a l l o w s  t h e  u s e  o f  low a c c u r a c y  r e q u i r e m e n t s  hen ce  t h e  
l e s s  e x p e n s i v e  Runge—K u t t a - M e r s o n  r o u t i n e s .  T h i s  t e c h n i q u e  
i s  t h e  e a s i e s t  method o f  making c e r t a i n  t h a t  a l l  t h e
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e x c i t a t i o n  d a t a  p o i n t s  a r e  u sed  by t h e  i n t e g r a t i o n  sub 
r o u t i n e ,  s i n c e  t h e  i n t e g r a t i o n  s t e p s  o f  t h e  r o u t i n e  a r e  
a u t o m a t i c a l l y  s e t .  The p a r t i c u l a r  s u b r o u t i n e  s e l e c t e d  was 
a  Runge—Kuttar-Merson v e r s i o n ,  im p lem en ted  by NAG u n d e r  t h e  
code name D02BAF.
The i d e a  was f i r s t  t e s t e d  u s i n g  d e t e r m i n i s t i c  e x c i t a t i o n .
Two p rogram s  were  u s e d ,  i d e n t i c a l  i n  a l l  r e s p e c t s  t h e  o n ly  
d i f f e r e n c e  b e in g  t h e  d e f i n i t i o n  o f  t h e  e x c i t a t i o n  d a t a .  One
u s e d  a d e t e r m i n i s t i c  d e f i n i t i o n  o f  t h e  i n p u t  i n  t h e  form  o f
a  f u n c t i o n  w hich  p r o v i d e d  t h e  e x a c t  e x c i t a t i o n  a t  any 
r e q u i r e d  p o i n t ,  and t h e  o t h e r  t h e  i n t e r p o l a t i o n  i d e a  o u t l i n e d  
above .  The o u t p u t  was p r i n t e d  a t  t h e  end o f  e a c h  i n t e r v a l .  
The f i r s t  s t e p  was t o  f i n d  t h e  most  r e a s o n a b l e  t im e  i n t e r v a l  
i n  t e r m s  o f  a c c u r a c y  and economy. The d e t e r m i n i s t i c  e x c i t a t i o n s
u s e d  f o r  t h e s e  t e s t s  w e r e : —
a) A s i n u s o i d a l  s i g n a l  d e f i n e d  a s : —
F ( t )  = Fo sin((jot) o f  f i x e d  f r e q u e n c y  w and
b) A m o d u la ted  s i n u s o i d a l  s i g n a l  d e f i n e d  a s : —
F ( t )  = Fo oos(wg t )  sin(u) 't)  where  We i s  t h e  m o d u l a t i o n  
f r e q u e n c y .  The s y s te m  was d e f i n e d  by t h e  d i f f e r e n t i a l  
e q u a t i o n : —
X + 2 Wn 4- ( 1 +  (3x^ ) X = F ( t )  (3 - 3 )
w i t h  i n i t i a l  v a l u e s  x = x = 0
I t  was o b se rv e d  t h a t  t h e  s u b s t i t u t i o n  t e n d s  t o  u n d e r e s t i m a t e  
t h e  o u t p u t  a s  t h e  i n t e r v a l  i n c r e a s e s .  A l th o u g h  a  sa m p l in g  
r a t e  o f  e i g h t  p o i n t s  p e r  c y c l e  o f  i n p u t  p rod u ced  good r e s u l t s  
a sa m p l in g  r a t e  o f  t w e lv e  p o i n t s  p e r  c y c l e  was a d o p te d .  
T y p i c a l  r e s p o n s e  r e c o r d s  a r e  shown i n  f i g u r e s  2 . a - 2 . d .  The 
t e s t s  were p e r fo rm ed  f o r  a  wide r a n g e  o f  damping and non 
l i n e a r i t y  c o n s t a n t s .  F o r  h i g h  n o n l i n e a r i t y  w i t h  t y p i - c a l  
v a l u e s  o f  j3 = 1 0 ,  = 4 0 , = % ( i . e .  T i n  t h e  r a n g e  o f
1600,  S e c t i o n  4 , 1  f o r  s i g n i f i c a n c e  o f  Y) t h e  s a m p l in g  
p r o c e s s  p roduced  sm o o th e r  s h a p e s  f o r  t h e  r e s p o n s e  v e l o c i t y  
o s c i l l a t i o n s ,  t h a n  t h e  p r o c e s s  u s i n g  a f u n c t i o n a l  r e p r e s ­
e n t a t i o n  o f  e x c i t a t i o n .  F i g u r e  2,d. T h is  was t a k e n  i n t o  
a c c o u n t  when t h e  s i m u l a t i o n  was m o d i f i e d  t o  h a n d l e  random 
e x c i t a t i o n .  F u r t h e r ,  t h e  i n v e s t i g a t i o n  o f  t h e  r e s p o n s e
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f u n c t i o n  r e p r e s e n t a t i o n  o f  i n p u t  a r e  c a l l e d  e x a c t  and t h e  
r e s u l t s ,  o b t a i n e d  by u s i n g  t h e  method o f  l i n e a r  i n t e r p r e t a t i o n
o f  t h e e x c i t a t i o n  a r e  c a l l e d  a p p r o x i m a t e ,  
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u n d e r  s i n u s o i d a l  e x c i t a t i o n ,  a l s o  s e r v e d  t h e  p u r p o s e  o f  
p r o v i d i n g  a  b e h a v i o u r a l  p a t t e r n  f o r  t h e  s e t t l i n g  t im e  o f  
t h e  s y s te m ,  t o  he u s e d  as  an  i n d i c a t i o n  o f  t h e  b e h a v i o u r  
o f  t h e  s e t t l i n g  t im e  u n d e r  random e x c i t a t i o n .
One o f  t h e  most  i m p o r t a n t  d e t e r m i n i s t i c  m a n i f e s t a t i o n s  o f  
t h e  n o n l i n e a r i t y  o f  t h e  D u f f i n g  s y s te m  i s  t h e  jump 
phenomenon (A ppend ix  A. 1 ) .  A l th o u g h  t h i s  phenomenon can  
n o t  o c c u r  u n d e r  b ro ad  band random e x c i t a t i o n  [ 32 ] i t  i s  
a lm o s t  c e r t a i n  t o  o c c u r  u n d e r  n a r r o w  band e x c i t a t i o n . T h e  
m o d u la te d  s i n u s o i d a l  e x c i t a t i o n  u se d  t o  t e s t  t h e  s imular-  
t i o n  p r o c e s s  p roved  t h e  a b i l i t y  o f  t h e  method t o  cope w i t h  
r e s p o n s e  jumps. A t h e o r e t i c a l  r e s p o n s e  p r e d i c t i o n  f o r  
su c h  e x c i t a t i o n  i s  shown i n  Appendix  A ,3# F i g u r e  3 shows 
a  com pu te r  p l o t  o f  t h e  r e s p o n s e  o b t a i n e d  by t h e  n u m e r i c a l  
s i m u l a t i o n .
Having  p roved  t h e  a b i l i t y  o f  t h e  s i m u l a t i o n  p r o c e s s  t o  cope 
w i t h  t h e  d e t e r m i n i s t i c  i n p u t s  and jump phenomena, t h e  n e x t  
s t e p  was to  t e s t  t h e  p r o c e s s  f o r  random e x c i t a t i o n .  The 
HAG- l i b r a r y  c o n t a i n s  s u b r o u t i n e s  w hich  can  p r o v i d e  a  s e t  
o f  pseudorandom  numbers  b e l o n g i n g  t o  a p o p u l a t i o n  w i t h  a 
s p e c i f i e d  p r o b a b i l i t y  d e n s i t y  f u n c t i o n .  The a d j e c t i v e  
' p s e u d o ’ i s  i n c l u d e d  b e c a u s e  t h e  o b t a i n e d  numbers  a r e  
p e r f e c t l y  r e p r o d u c i b l e  and t h e  o n l y  random e le m e n t  i n v o l v e d  
i s  a s s o c i a t e d  w i t h  t h e  f a c t  t h a t  t h e y  a r e  g e n e r a t e d  by 
means o f  a  p e r i o d i c  s e q u e n c e  o f  i n t e g e r  numbers  o f  e x t r e m e l y  
l o n g  p e r i o d s ,  t h u s  e n s u r i n g  v e r y  s m a l l  c o r r e l a t i o n  o f  
c o n s e c u t i v e  num bers .  The f i r s t  t e s t s  o f  t h e  method were 
c o n d u c te d  u s i n g  a s u b r o u t i n e  (NAG- s u b r o u t i n e  G05DDF)that 
p ro d u c e d  a s e t  .of random numbers  w i t h  norm al  d i s t r i b u t i o n  
and were  d e f i n e d  mean and s t a n d a r d  d e r i v a t i o n .  The numbers  
g e n e r a t e d  were s e t  up i n  an a r r a y  and a t im e  i n t e r v a l  At 
was a s s i g n e d  b e tw e e n  them. Thus i t  cou ld  be assumed t h a t  
t h e s e  numbers r e p r e s e n t e d  sampled v a l u e s  o f  a random p r o c e s s  
F ( t )  o f  g i v e n  mean and s t a n d a r d  d e v i a t i o n .  The f r e q u e n c y  
s c a l e  o f  t h i s  p r o c e s s  i s  d e te r m in e d  by t h e  number o f  p o i n t s  
p e r  r e c o r d  (2K) and t h e  t im e  i n t e r v a l  At. A F a s t  F o u r i e r  
T r a n s f o r m a t i o n  a l g o r i t h n  may be u sed  ( NAG s u b r o u t i n e  C06AAF) 
t o  o b t a i n  t h e  power s p e c t r u m  o f  t h e  above p r o c e s s ,  o v e r  a
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F ( t )
F i g u r e  3 . a
E x c i t a t i o n
F ( t )  = 4 0 s i n ( u ) t ) cos(we t )  with, w = 2tc , We/w -  0 ,0 0 1
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F i g u r e  3 , b
F i g u r e  3 . c
R esp on se  d i s p l a c e m e n t  and v e l o c i t y  o f  t h e  D u f f i n g  e q u a t i o n  
0 = 1 , 0 ,  = % and p = 0 . 1
( i l l u s t r a t i o n  nf* -in-mri  N
number o f  sam ple  r e c o r d s  o f  2K p o i n t s  each .  The t im e  
d u r a t i o n  o f  t h e  r e c o r d s  T = 2KAt d e t e r m i n e s  t h e  f r e q u e n c y  
r e s o l u t i o n  o f  t h e  power s p e c t r u m ,  w h e rea s  t h e  t im e  i n t e r v a l  
At d e t e r m i n e s  t h e  h i g h e s t  f r e q u e n c y  c o n t e n t  o f  t h e  s i g n a l .
The s i m u l a t i o n  p r o c e s s  was t e s t e d  f o r  a l i n e a r  sy s te m  ((3 = 0) 
w i t h  t h e  e x c i t a t i o n  d a t a  p ro d u ce d  as  d e s c r i b e d  above.  The 
r e s p o n s e  d i s p l a c e m e n t  and v e l o c i t y  r e c o r d s  were  p r o c e s s e d  
and t h e  r e s p o n s e  s p e c t r a  o b t a i n e d  a g re e d  w i t h  t h e  l i n e a r  
t h e o r y .
However t h i s  method o f  p r o d u c i n g  e x c i t a t i o n  d a t a  was con­
s i d e r e d  u n s u i t a b l e  f o r  u s e  i n  c o n n e c t i o n  w i t h  t h e  n o n l i n e a r  
sy s te m  and an a l t e r n a t i v e  method was d e v i s e d .  As i t  w i l l  
be e x p l a i n e d  i n  t h e  n e x t  s e c t i o n .
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3 ,2  The e x c i t a t i o n  Spec trum
A random e x c i t a t i o n  s i g n a l  may be t h o u g h t  o f  a s  composed o f  
s i n u s o i d s  o f  d i f f e r e n t  f r e q u e n c i e s .  Such a  s i g n a l  w i l l  be 
u sed  t o  o b t a i n  t h e  r e s p o n s e  o f  t h e  h u f f i n g  s y s te m  t h r o u g h  
t h e  n u m e r i c a l  i n t e g r a t i o n  o f  e q u a t i o n  (3—3) ,  The d e s c r e t e  
sy s te m  t e s t s  showed t h a t  i n  o r d e r  to  o b t a i n  t h e  c o r r e c t  o u t  
p u t  f o r  a s i n u s o i d a l  e x c i t a t i o n ,  t h e  i n p u t  s h o u ld  be sampled 
a t  a  r a t e  o f  t w e lv e  p o i n t s  p e r  c y c l e .  I f  t h i s  r u l e  i s  n o t  
o b s e r v e d  t h e n  t h e  i n p u t  components  which  a r e  u n d e r  s a m p le d , 
w i l l  be u n d e r  e s t i m a t e d  o r  even  i g n o r e d  by t h e  i n t e g r a t i o n .  
One o f  t h e  r e a s o n s  f o r  t h i s  i s  t h e  l i n e a r  i n t e r p o l a t i o n  
b e tw ee n  i n p u t  d a t a  p o i n t s ,  w h ich  ’ s t r a i g h t e n s  t h e  b e n d s ’ and 
a f f e c t s  t h e  n, m. s .  o f  t h e  s i g n a l .  The e x c i t a t i o n  sp e c t ru m  p ro  
duced as  d e s c r i b e d  a t  t h e  end o f  t h e  p r e v i o u s  s e c t i o n  r e p r e ­
s e n t s  a  s i g n a l  whose h i g h e s t  f r e q u e n c y  component i s  sampled 
a t  a  r a t e  o f  two p o i n t s  p e r  c y c l e  ( N y q u i s t  f r e q u e n c y ) .  Thus 
t h e  two p r o c e s s e s  ( t h e  P?T and t h e  n u m e r i c a l  i n t e g r a t i o n )  
i n t e r p r e t  t h e  same s i g n a l  i n  tv/o d i f f e r e n t  ways.  I n  t e r m s  
o f  power s p e c t r a ,  t h e  PPT r e p r o d u c e s  t h e  t r u e  power s p e c t r u m  
F i g u r e  ( 4 , a) w h e rea s  t h e  n u m e r i c a l  i n t e g r a t i o n  r e s u l t s  would 
s u g g e s t  an e x c i t a t i o n  s p e c t r u m  as  shown i n  F i g u r e  (4 ' . b ) ,
So
ÜJ
(a )  (b)
F i g u r e  4
I n  t h e  c a se  o f  a  l i n e a r  sy s te m  and f o r  a  c o n s t a n t  number o f  
d a t a  p o i n t s  p e r  s i g n a l ,  A t  b e tw e e n  p o i n t s  may be s e l e c t e d  
su c h  t h a t  t h e  f r e q u e n c i e s  o f  i n t e r e s t  l a y  be low  co^/S. I n  t h e  
c a s e  o f  t h e  D u f f i n g  sy s tem  how ever  t h e  f r e q u e n c i e s  . o f  
i n t e r e s t  a r e  n o t  known p r e c i s e l y  s i n c e  t h e  r e s p o n s e  sp e c t ru m  
s h i f t s  [ l O ]  w i t h  i n c r e a s e d  i n t e n s i t y  o f  t h e  i n p u t ,  and 
t h e r e  i s  a l s o  t h e  p o s s i b i l i t y  o f  s u p e rh a rm o n ic  r e s o n a n c e .
One cou ld  u s e  low p a s s  f i l t e r s  to  c u t  o f f  t h e  unwanted  (under 
sampled)  f r e q u e n c i e s  o f  t h e  i n p u t ,  o r  u se  c u rv e  f i t t i n g  
t e c h n i q u e s  t o  i n c r e a s e  t h e  s a m p l in g  r a t e .  These  a r e  however
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e x p e n s i v e  t e c h n i q u e s  which  a l s o  p r e s e n t  t h e i r  own p r o b le m s .  
F o r  a  low p a s s  f i l t e r ,  f o r  exam ple ,  a  c r i t i c a l l y  damped 
second  o r d e r  l i n e a r  s y s te m  would h a v e  t o  be i n t e g r a t e d  and 
i t s  r e s p o n s e  u sed  a s  e x c i t a t i o n  f o r  t h e  D u f f i n g  sy s tem .  
I n s t e a d  i t  was d e c i d e d  t o  p r o d u c e  an i n p u t  s i g n a l  w i t h  a  
s p e c t r u m  t h a t  c o u ld  be ' s e e n ’ c o r r e c t l y  by b o t h  t h e  FFT and 
t h e  n u m e r i c a l  i n t e g r a t i o n  t e c h n i q u e .  T h is  sh o u ld  p r o d u c e  a 
an  FFT s p e c t r u m  w h ich  would l o o k  l i k e  F i g u r e  ( 4 . c ) .
S(u)
(jJc, ÜJ
F i g u r e  4c
V,lie r e  w c i s  t h e  D y q u i s t  f r e q u e n c y  ( two p o i n t s  p e r  c y c l e ) .  
I t  c an  be shown t h a t  by i n t r o d u c i n g  a random p h a s e  a n g l e  
(p ( w) w i t h  a  u n i f o r m  d i s t r i b u t i o n  b e tw ee n  0 t o  2tc t o  e ach  
t e r m  o f  a  smoothed s p e c t r u m  s u c h  a s  t h e  one shown above 
an  e q u i v a l e n t  complex f o u r i e r  t r a n s f o r m a t i o n  F(w) can  be 
c a l c u l a t e d  a s  f o l l o w s
2m (V s(wJ cos  (p,, + ±VS(wJ s i n  (pj
f rom  which
COc
( 3 - 4 )
wt
Wc
-Wc
dw = - ^ y V S ( c o )  cos  (wt 4» (pjd
where  cp = cp. ( w) ( 3 r - 5 )
T h is  i s  based  on t h e  c o n s e p t  t h a t  any random s i g n a l  can  be 
r e p r e s e n t e d  a s  an  i n f i n i t e  s e r i e s  i n  t h e  form
F ( t )  = 2 2  Cn cos (w^.t + <p.n) ( 3-6)
where  t h e  f r e q u e n c i e s  w^ a r e  d i s t r i b u t e d  d e n s l y  i n  t h e  
i n t e r v a l  (0 , ° ° ) ,  t h e  p h a s e s  (p^  a r e  random and d i s t r i b u t e d  
u n i f o r m l y  b e tw ee n  0 and 2m, and t h e  a m p l i t u d e s  a r e  such  
t h a t  i n  any s m a l l  i n t e r v a l  o f  f r e q u e n c y  dw.
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cLuJ 
^ ]
■ 2i  ol = S(w)dw (3-7)
6 0  =  ( O k .
where  S(w) i s  t h e  e n e r g y  s p e c t r u m  o f  F ( t ) and i s  a  c o n t i n u o u s  
f u n c t i o n  o f  f r e q u e n c y  w , S , O . R i c e [ . l ]  h a s  u se d  t h i s  method 
to  d e s c r i b e  n o i s e  s i g n a l  and o b t a i n  i t s  s t a t i s t i c a l  
p r o p e r t i e s .  T here  r e m a in s  however  t h e  q u e s t i o n  o f  s t a t i o n a r y  
and G a u s s i a n i t y  o f  t h i s  s i g n a l .  These a r e  answ ered  i n  
Appendix  G, a lo n g  w i t h  more d e t a i l s  o f  t h e  e x c i t a t i o n  s i g n a l  
p r o d u c t i o n  method and i t s  p r o p e r t i e s .
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3 .3  T e s t i n g  t h e  N u m e r ic a l  S i m u l a t i o n  f o r  Random E x c i t a t i o n
The c o m p le te  s i m u l a t i o n ,  w i t h  t h e  new i n p u t ,  was t e s t e d  f o r  
a  l i n e a r  sy s te m  and a g r e e d  w i t h  t h e  t h e o r e t i c a l  p r e d i c t i o n s .  
The t e s t s  on t h e  n o n l i n e a r  o u t p u t  were t h e  f o l l o w i n g ,
A c r o s s  check  o f  t h e  d i s p l a c e m e n t ,  v e l o c i t y  and a c c e l e r a t i o n  
s p e c t r a  was made u s i n g  t h e  p r o p e r t y  o f  s p e c t r a
8 x x(w )=z  S x x ( w )  = V  Sxx((jo)
The a c c e l a r a t i o n  s p e c t r u m  was a l s o  c a l c u l a t e d  from d a t a  
v a l u e s  u s i n g  t h e  r e l a t i o n
X = F ( t )  — 2^w^x -  ( 1 + p x ) x
An example o f  t h e s e  c o m p a r i s o n s  may be s e e n  i n  F i g u r e  5*
The s u i t a b i l i t y  o f  t h e  Runge — K u t t a  — Merson n u m e r i c a l  
i n t e g r a t i o n  r o u t i n e  was compared w i t h  t h e  more a c c u r a t e  
(and  more e x p e n s iv e )  Adams r o u t i n e ,  a s  f o l l o w s .  I t  can  
be s e e n  f rom  t h e  p r e v i o u s  s e c t i o n  e q u a t i o n  (3—6) t h a t  i t  
i s  p o s s i b l e  b u t  v e r y  e x p e n s i v e ,  t o  r e p r e s e n t  t h e  i n p u t  i n  
an e x a c t  c o n t i n u o u s  fo rm  and h en ce  av o id  t h e  l i n e a r  i n t e r ­
p o l a t i o n  b e tw ee n  t h e  p o i n t s  and p r o v i d e  g r e a t e r  a c c u r a c y ,
The sy s te m  was i n t e g r a t e d  u s i n g  t h i s  fo rm  o f  i n p u t  by b o t h  
r o u t i n e s .  The r e s p o n s e  v a l u e s  f o r  t h e  two m ethods a g re e d  
v e r y  w e l l ,  (maximum r e c o r d e d  r e l a t i v e  d i s c r e p a n c y  0,07%),  
A l th o u g h  th e  i n t e g r a t i o n  p r o c e e d e d  f o r  o n l y o f  t h e  c o m p le te  
r e c o r d  n o r m a l l y  u sed  t h e r e  i s  no r e a s o n  why t h i s  a rgum ent  
sh o u ld  be a f f e c t e d  f o r  t h e  c o m p le te  r e c o r d .  The two r o u t i n e s  
were a l s o  u se d  t o  i n t e g r a t e  t h e  sy s te m  w i t h  t h e  i n p u t  i n  
sampled form  i . e .  l i n e a r  i n t e r p o l a t i o n  b e tw ee n  p o i n t s .  As 
can  be s e e n  from F i g u r e s  6 , a t o  6 , g . ,  t h e  Runge — K u t t a  — 
Merson r o u t i n e  a g re e d  b e t t e r  w i t h  t h e  p r e v i o u s  i n t e g r a t i o n  
o f  t h e  same i n p u t  i n  t h e  c o n t i n u o u s  r e p r e s e n t a t i o n .  A 
p o s s i b l e  e x p l a n a t i o n  f o r  t h i s  i s  t h a t  t h e  Adams r o u t i n e  b e in g  
more a c c u r a t e  i s  a l s o  more s e n s i t i v e  t o  t h e  l i n e a r  i n t e r p o ­
l a t i o n  be tw een  im put  p o i n t s .  I t  was n o t  p o s s i b l e  t o  o b t a i n  
s p e c t r a l  e s t i m a t i o n s  o f  t h e  o u t p u t  o b t a i n e d  by i n t e g r a t i n g  
t h e  sy s te m  u s i n g  t h e  e x a c t  r e p r e s e n t a t i o n  o f  i n p u t ,  b e c a u s e  
o f  t h e  l i m i t e d  d a t a  o b t a i n e d .  As n o te d  e a r l i e r  t h e  c o n t i n o u s  
r e p r e s e n t a t i o n  o f  t h e  i n p u t  w i t h o u t  t h e  h e l p  o f  t h e  l i n e a r  
i n t e r p o l a t i o n  b e tw een  p o i n t s  i s  v e r y  e x p e n s i v e ,  t h i s  i s  due
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A C C E L E R A  TI  O N :  
r / c ^  500. 0 -
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J
J
JO 20 25 55
F i g u r e  5
H esponse  a c c e l e r a t i o n  s p e c t r a  o f  t h e  
D u f f i n g  sy s te m  o b t a i n e d  t h r o u g h
Sxx(u)) = ojSx x ( u)) = w'*'Sxx(o))^ 
and (5) X = F ( t )  — x — ( 1+p x'' ) x
Ba = PSü' ( q ) / w,,
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At
f i g u r e  6a
Sample o f  e x c i t a t i o n  r e c o r d  ( I / 4 0  o f  T) 
A t  = 0 . 0 1 0 7 5
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At
(b)
At
( c)
P i g u r e g  6 b , c
D i s p l a c e m e n t  and v e l o c i t y  r e s p o n s e  
u s i n g  f u n c t i o n a l  e x p r e s s i o n  f o r  
e x c i t a t i o n  d a t a .  Eunge—K u t t a - M e r s o n  
t e c h n i q u e
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A t
At
F i g u r e s  6 d , e
Sampled e x c i t a t i o n .  Runge—E u t t a  
M erson  i n t e g r a t i o n  t e c h n i q u e
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( f )
A t
A t
F i g u r e s  6 f , a
As f o r  F i g u r e s  8 d , e ,  Adams 
n u m e r i c a l  i n t e g r a t i o n  teciiniq_ue
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to  t h e  f a c t  t h a t  s i n u s o i d a l  v a l u e s  a r e  r e l a t i v e l y  s low 
com pu te r  p r o c e s s  and t h e  number o f  e v a l u a t i o n s  i s  o v e r ­
whelming ( w e l l  o v e r  340X4096 p e r  r e a l i s a t i o n ) .
F i n a l l y ,  an i m p o r t a n t  t e s t  was p e rfo rm ed  o n l y  a f t e r  a  
c e r t a i n  amount o f  know ledge  was o b t a i n e d  a b o u t  t h e  sy s te m  
u s i n g  t h e  s i m u l a t i o n  t e c h n i q u e .  I t  was e s t a b l i s h e d  t h a t  
t h e r e  e x i s t s  a maximum f r e q u e n c y  o f  r e s p o n s e  (w^) which  
dep en d s  on t h e  i n t e n s i t y  o f  i n p u t ,  beyond w h ich  any i n p u t  
component i s  i n e f f e c t i v e  a s  f a r  a s  t h e  sy s te m  i s  c o n c e rn e d ,  
( S e c t i o n  5 . 1 ) .  T h i s  i m p l i e s  t h a t  i f  w i s  l e s s  t h a n  ojc/6 
i n  F i g u r e  l . b  t h e  r e s p o n s e  sh o u ld  n o t  be a f f e c t e d  by t h e  
cu rv e d  p a r t  o f  t h e  i n p u t  s p e c t r u m  s i n c e  t h e  s y s te m  does  n o t  
r e s p o n d  a t  t h e s e  h i g h  f r e q u e n c i e s  (>u)l). The random number 
g e n e r a t i n g  r o u t i n e  GO5DD5 d e s c r i b e d  i n  S e c t i o n  3 . 1  was u se d  t o  
p r o d u c e  d a t a  t h a t  conformed w i t h  t h e  above r e s t r i c t i o n s .
The r e s p o n s e  o f  t h e  sy s te m  t o  t h i s  i n p u t  a g re e d  w i t h  t h e  
r e s p o n s e  o b t a i n e d  u s i n g  i n p u t  d a t a  p roduced  w i t h  t h e  method 
d e s c r i b e d  i n  S e c t i o n  3 , 2 .  T h i s  c o m p a r iso n  p ro v ed  t h a t  t h e  
two i n p u t s  a r e  c o m p a t i b l e  u n d e r  t h e  c o n d i t i o n s  m en t io n ed  
above and a l s o  t o  some e x t e n t  t h e  e x i s t a n c e  o f  t h e  a f o r e  
m en t io n ed  f r e q u e n c y ,  (cjl]
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CHAPTER 4
THE NON -  DIM EHSIOHAIi EORIVI OF THE DUFEIHG SYSTEM
The e x i s t a n c e  o f  t h e  w e l l -k n o w n  t r a n s f e r  f u n c t i o n  f o r  t h e  
l i n e a r  sy s te m  makes i t  p o s s i b l e  t h a t  one can  v i s u a l i s e  t h e  
b e h a v i o u r  o f  t h e  l i n e a r  r e s p o n s e  f a i r l y  a c c u r a t e l y  j u s t  by 
l o o k i n g  a t  t h e  v a l u e s  o f  s t i f f n e s s ,  damping,  mass and t h e  
form o f  e x c i t a t i o n  f o r  t h e  p a r t i c u l a r  sys tem .  On t h e  o t h e r  
h a n d ,  i n  t h e  c a se  o f  t h e  n o n l i n e a r  sy s te m ,  even  i f  one 
knew a l l  t h e  sy s te m  p a r a m e t e r s  t h e r e  i s  no s im p le  way o f  
o b t a i n i n g  t h e  i n f o r m a t i o n  on t h e  n o n l i n e a r  r e s p o n s e .  The 
d e s c r i p t i o n  o f  t h e  r e s p o n s e  i s  f u r t h e r  c o m p l i c a te d  by t h e  
i n c r e a s e  o f  t h e  sy s te m  p a r a m e t e r s  due to  t h e  n o n l i n e a r  
t e r m s .
I n  t h i s  c h a p t e r  t h e  d i m e n s i o n a l  a n a l y s i s  t e c h n i q u e  w i l l  be 
a p p l i e d  t o  t h e  D u f f i n g  s y s te m  u n d e r  s i n u s o i d a l  and random 
e x c i t a t i o n s .  The d i m e n s i o n a l  a n a l y s i s  p r o m is e s  t o  r e d u c e  
t h e  number o f  i n d e p e n d e n t  v a r i a b l e s  by t h r e e  ( S e c t i o n  1 , 5 ) .  
The a d v a n t a g e s  o f  b e i n g  a b l e  t o  o b t a i n  even  a  ro u g h  g u i d a n c e  
on t h e  b e h a v i o u r  o f  a  sy s te m  by t h i n k i n g  i n  t e r m s  o f  two 
v a r i a b l e s  i n s t e a d  o f  f i v e  (m ,k ,  c ,  p , F( t ))  a r e  s e l f  e v i d e n t .  I t  
i s  hoped t h a t  t h e  p r e s e n t a t i o n  o f  r e s p o n s e  p r o p e r t i e s  o f  
t h e  s y s te m  i n  n o n - d i m e n s i o n a l  fo rm  w i l l  p r o v i d e  a  b e t t e r  
u n d e r s t a n d i n g  o f  t h e  p r o p e r t i e s  o f  t h e  sy s tem  and a l s o  
make b e s t  u s e  o f  t h e  n u m e r i c a l  s i m u l a t i o n  r e s u l t s  by t r a n s ­
f o r m in g  them i n t o  more v e r s a t i l e  g e n e r a l  q u a l i t i e s  whose 
e f f e c t s  w i l l  be more e a s i l y  i n t e r p r e t a b l e .  F u r t h e r  i t  i s  
a lw ay s  p o s s i b l e  to  r e v e r t  t o  d i m e n s i o n a l  q u a l i t i e s  i f  
r e q u i r e d .
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4 , 1  The D e t e r m i n i s t i c  System
C o n s i d e r  t h e  r e s p o n s e  g o v e rn e d  by t h e  e q u a t i o n
mx + Gx + k(x+px^ ) = Fo cos (wt+cp) (4^1)
The a m p l i t u d e  r e s p o n s e  x  i s  g i v e n  a p p r o x i m a t e l y  by t h e  
r e l a t i o n  (A ppend ix  A)
[ ( l + | p x l  { ZKn f ]  xl  = (4—2)
where 0 = = V k /m , F. = F, /mu\ and Ç= c/2vkm
The n o n - d i m e n s i o n a l  fo rm  o f  e q u a t i o n  ( 4—2) i s  s im p ly
d + fp x ’ -  a t  + (2?af  = g  = 1 ^ .  = f h  (4-3)
T h is  p r o v i d e s  t h e  f o l l o w i n g  i n d e p e n d e n t  n o n - d i m e n s i o n a l  
g r o u p s
|3Xo , and k  ^ x ^ /F .
 ^ / 1A f u r t h e r  i n d e p e n d e n t  c o m b i n a t i o n  i s  a l s o  p o s s i b l e  (3F./k ,
F o r  f i x e d  damping r a t i o  = c o n s t a n t )  e ach  o f  t h e  q u a n t i t i e s  
Xo ;0 ,Fo can  be t r e a t e d  a s  an  i n d e p e n d e n t  v a r i a b l e .  Thus t h e  
n o n - d i m e n s i o n a l  g ro u p  |3Fl/k^ may be u sed  a s  i n d e x  e i t h e r  o f  
Fo o r  o f  (3 t h e  o t h e r  b e i n g  assumed f i x e d .  I f  f o r  example  
t h i s  q u a n t i t y  i s  u se d  a s  a  m e a su re  o f  t h e  e f f e c t  o f  S on t h e  
r e s p o n s e ,  t h e  r e l a t i o n
k"^  x"*/Fo = cp [ |3Fo/k^, , ^ ] ( 4 - 4 )
sh o u ld  be u sed  ( F i g u r e  7 ) ,  I f  on t h e  o t h e r  hand pF^ /k ^  i s  
u s e d  t o  show t h e  e f f e c t  o f  Fp on t h e  r e s p o n s e ,  t h e  r e l a t i o n
= 4) [ gFl/k"", w/(ij^, Ç] (4—5)
sh o u ld  be u s e d ( F i g u r e  .8 ) ,  Thus i t  i s  p o s s i b l e  t o  combine 
t h e  n o n - d i m e n s i o n a l  g r o u p s  i n  r e l a t i o n s  t h a t  w i l l  make t h e  
e f f e c t s  o f  chan g es  i n  p a r t i c u l a r  p a r a m e t e r s  o f  t h e  sy s te m  
d i r e c t l y  o b s e r v a b l e .  I t  i s  em ph as ised  t h a t  b o t h  t h e  non 
d i m e n s i o n a l  p l o t s  F i g u r e s  ( 7 , 8 )  and a  d i m e n s i o n a l  one f rom  
w hich  t h e  f o r m e r  may be d e r i v e d  c o n t a i n  t h e  same i n f o r m a t i o n ,  
e a c h  b e in g  r e a d i l y  c o n v e r t i b l e  i n  any o t h e r .  The n o t a b l e  
d i f f e r e n c e  how ever  b e i n g ,  i n  t h e  c a se  o f  t h e  n o n - d i m e n s i o n a l  
p l o t s ,  t h e  e a s e  o f  i n t e r p r e t a t i o n .  E q u a l l y  i m p o r t a n t  i s  t h e  
f a c t  t h a t  t h e  b e h a v i o u r  o f  t h e  sy s te m  can be c o m p l e t e l y
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1 / ( 4 . V-n' )
W =  pP.Vk" = 0 . 3 5
1 , 7
= 10 .  26
N on-dim enaional re sp o n se  d isp lace m e n t u n d e r s in u s o id a l  e x c i t a t i o n
E f f e c t  o f  0
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3 .1 1
g jg u re  8 
E ffec t, of ?o
49
d e s c r i b e d  t h r o u g h  j u s t  two p a r a m e t e r s  and ? . F o r
exam ple ,  t h e  q u a n t i t y  ^x% w hich  i s  a  m easure  o f  t h e  sy s te m  
n o n l i n e a r i t y ,  ( i . e .  t h e  d e v i a t i o n  from t h e  l i n e a r  s t i f f n e s s  
l a w ) ,  h a s  a  u n i q u e  r e l a t i o n  w i t h  t h e  q u a n t i t y  /'k^ ex­
p r e s s e d  by e q u a t i o n  (4—5 ) ,  so d o e s  t h e  r e s o n a n t  f r e q u e n c y  
and t h e  f r e q u e n c i e s  where  jumps may o c c u r .  Thus i f  t h e  
q u a n t i t y  pFt/k"" i s  k e p t  c o n s t a n t  i n  t h e  s y s te m ,  w h i l e  i t s  
i n d i v i d u a l  p a r a m e t e r s  ( w i t h  t h e  e x c e p t i o n  o f  ^ ) a r e  c h ang ed ,  
t h e  sy s te m  w i l l  e x h i b i t  t h e  same n o n l i n e a r  p r o p e r t i e s .  An 
i n c r e a s e  i n  t h e  v a l u e  o f  pF t /k^  i m p l i e s  an i n c r e a s e  i n  non 
l i n e a r  b e h a v i o u r ,  p r o v i d e d  t h a t  i s  k e p t  c o n s t a n t  and t h e  
o p p o s i t e  i s  a l s o  t r u e .
The f o l l o w i n g  sym bols  w i l l  be r e s e r v e d  f o r  t h e  non 
d i m e n s i o n a l  q u a n t i t i e s  o f  t h e  l u f f i n g  sy s te m  u n d e r  
s i n u s o i d a l  e x c i t a t i o n ,
a =  k^ X o/ F o
S = |3x o
y -  (3F ^ /k^
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4 , 2  The l u f f i n g  System Under  Broad Band Random E x c i t a t i o n
C o n s i d e r  t h e  r e s p o n s e  g ov e rn e d  by t h e  e q u a t i o n
mx + cx + k ( x + ^ x ^ ) = F ( t )  (4—6)
The e x c i t a t i o n  F ( t )  a t  t h e  f i r s t  s t a g e  o f  t h i s  i n v e s t i g a t i o n  
i s  t o  be a  G-aussian b road  band s t a t i o n a r y  random p r o c e s s .  
Such an e x c i t a t i o n  i s  c h a r a c t e r i s e d  by i t s  s p e c t r a l  d e n s i t y
Sf (w) , and i t s  c u t  o f f  f r e q u e n c y  coc F i g u r e  9»
F i g u r e  9
The s p e c t r a l  d e n s i t y  o f  t h e  r e s p o n s e  d i s p l a c e m e n t  x ( t )  i s  
t o  be i n v e s t i g a t e d ^  Hence t h e  p a r a m e t e r s  o f  i n t e r e s t  a r e  t h e  
f o l l o w i n g .  ( T h e i r  d im e n s io n s  i n  b r a c k e t s )
3»(uj) ( l / T ) m (M)
3, (mY t ' )^ c (MT")
w ( t") k (HT"')
Wc ( t ") P ( l “ )
( 4—7 )
From t h e s e  t h e  f o l l o w i n g  n o n - d i m e n s i o n a l  g r o u p s  may be 
c o n s t r u c t e d .
0 =  ( j j / V k / m ,  ( j J c / / k / m ,  c / 2 \ Æ c
and A(n) = 5, (0)  /S,,  B(n)= pS, ( Q V k A "
The g ro up  r = i3S,X/miF w i l l  a l s o  be found u s e f u l .  T h i s  may 
be t h o u g h t  o f  a s  an  e q u i v a l e n t  q u a n t i t y  t o  t h e  n o n -  
d i m e n s i o n a l  g ro up  F^ p/k'^ o f  t h e  d e t e r m i n i s t i c  sy s te m .  T h i s  
s i m i l a r i t y  i s  how ever  o n ly  a p p a r e n t  and w i l l  be d i s c u s s e d  
f u r t h e r  i n  t h e  d i s c u s s i o n  t o  t h i s  c h a p t e r .
The p l o t  o f  r e s p o n s e  s p e c t r a  and o t h e r  s t a t i s t i c a l  q u a n t i t i e s  
i s  so u g h t  i n  a way which  w i l l  b r i n g  o u t  t h e  i n f l u e n c e  o f
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ch an ges  i n  t h e  n o n l i n e a r i t y  p a r a m e t e r  p , e x c i t a t i o n  
i n t e n s i t y  S, e x c i t a t i o n  hand w i d t h  w c e t c .  As r e s p o n s e  
p a r a m e t e r s  t h e  n o n - d i m e n s i o n a l  g r o u p s  o f  e i t h e r  k 'S^/S^or  
(3S^V^k/m can  be u s e d ,  where  t h e  c h o ic e  w i l l  depend on t h e  
i n f l u e n c e  w hich  i s  t o  be b r o u g h t  o u t  and u n d e r  t h e  same 
c o n s i d e r a t i o n s  u sed  i n  t h e  d e t e r m i n i s t i c  c a s e .  Thus t h e  
f o l l o w i n g  r e l a t i o n s h i p s  o f  t h e  form
k^S^Xw)/S, = <î>(|3S, c /^ / lo n ,  Wc Z /k /m ,  w/ÿ k / m )
( 4—8 )
or A = <î>( F , c ,  ^c ,  ^ )
and (38;Xw)^ k/m = ( 0S i / / ink^ ,  c /2 /k m ”, 0) /^ /^ k /m ,  oj// k/m )
( 4—9)
or B = !'( F , < , Ü j Ü ]
can  be assumed.  I n  e q u a t i o n  ( 4^ 8 ) t h e  g ro u p  k^  S^ . (w)/s, i s  
a  c o n v e n i e n t  r e s p o n s e  p a r a m e t e r  and v a r i a t i o n s  o f  t h e  g ro u p  
pS, / J  ïïùâ may be u sed  t o  i l l u s t r a t e  changes  i n  p. I n  e q u a t i o n  
( 4—9 ) t h e  r e s p o n s e  p a r a m e t e r  p8x'(w)^ k /m  i s  u se d  and t h e  same 
v a r i a t i o n s  o f  t h e  g roup  |3S,/^mkd may be u se d  t o  i l l u s t r a t e  t h e  
e f f e c t s  o f  changes  i n  S, . The i n f l u e n c e  o f  t h e  damping and 
t h e  band w i d t h  which  a r i s e  f rom t h e  g r o u p s  c/2^mk and 
W(. / / k / m  sh o u ld  be i n v e s t i g a t e d  s e p a r a t e l y .  Hence t h e  s p e c t r a l  
r e s p o n s e  r e l a t i o n s  may be p l o t t e d ,  f o r  e a c h  g i v e n  v a l u e  o f  
damping ,  i n  t h e  manner shown i n  F i g u r e s  ( 1 0 ,1 1 )
Â F o r  v a l u e s  o f  r  B 
and 3 = c o n s t a n t
F o r  v a l u e s  o f  -T 
and 3 = c o n s t a n t
F i g u r e  10 F i g u r e  11
F o r  any s i n g l e  v a l u e  o f  mk’ i . e .  f o r  any s i n g l e  cu rv e
on F i g u r e  (11 ) one can i n t e g r a t e  pS. ( w ) /k /m  o v e r  t h e  r a n g e  
0 < o j / /k /m  > 0 0  t o  o b t a i n
CD  CO
P<^  ^ ~  ^ S -^(Lo)do> = J '  pS  ^(f2 ) \j k/in df2 (4—10)
o  o
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where ^ = w/ s f  k /m ..
The r e s u l t i n g  v a l u e s  f o r  pcr  ^c an  t h e n  be p l o t t e d  a g a i n s t
t h e  c o r r e s p o n d i n g  v a l u e s  o f  p S , / / m P " , to  o b t a i n  a s e p a r a t e
c u rv e  f o r  e ac h  v a l u e  o f  damping.  T h i s  i m p l i e s  t h a t  t h e r e  
i s  a  f i x e d  r e l a t i o n s h i p  c o n n e c t i n g  pa^ , pS^ / / mk  ^ and , o f  
t h e  form
pa , = T [ pS, X / W  , { ]  ( 4 - 1 1 )
Sq* = H , [  r  , < ]o r
Once t h e  fo rm  o f  e q u a t i o n ( 4—11) h a s  b een  e s t a b l i s h e d  t h e  
m a g n i tu d e  o f  pc^ f o r  any g i v e n  c o m b i n a t i o n  o f  S, ,k ,m ,p  and 
( i s  d e t e r m i n e d .  I n  f a c t  l o o k i n g  back  on e q u a t i o n  (2—10) 
d e r i v e d  from t h e  F o k k e r  — P l a n c k  e q u a t i o n
' oo
< x >  = P ( x ) d x
CO
< x " >  = C f  exp ( — ( 2x '+px^ ) ) dx (4—12)
-  CO
b u t  3, = s , / m '  and |  = p ^ g S , / / i k >  = g ( / r
h e n c e  t h e  n o n - d i m e n s i o n a l  fo rm  o f  e q u a t i o n  ( 4^12) i s
oo
p<xS = of px’" exp (— ypiT ( 2px^ +p^ x"^  ) dx (4—13)
- C O
which  shows a  u n i q u e  r e l a t i o n s h i p  o f  t h e  form
pc^ = [ ^/< ] ( 4—14 )
The o c c u r a n c e  o f  t h e  r a t i o  o f  t h e  two n o n - d i m e n s i o n a l  g r o u p s  
i n  t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  shows t h a t  f o r  G a u s s i a n  
( w h i t e  n o i s e )  e x c i t a t i o n  t h e  second  moment o f  t h e  r e s p o n s e  
d i s p l a c e m e n t  can  be d e s c r i b e d  i n  t e rm s  o f  a  s i n g l e  n o n -  
d i m e n s i o n a l  p a r a m e t e r  nam ely  t h e  r a t i o  F/< . V/hether t h i s  
h o l d s  t r u e  f o r  t h e  s p e c t r a l  r e s p o n s e  i s  y e t  t o  be i n v e s ­
t i g a t e d  i n  c h a p t e r  5,
F i n a l l y ,  r e g a r d i n g  t h e  v e l o c i t y  and a c c e l e r a t i o n  n o n -  
d i m e n s i o n a l  q u a n t i t i e s  r e l a t e d  t o  t h e  c o r r e s p o n d i n g  s p e c t r a l  
v a l u e s ,  t h e s e  c an  be d e f i n e d  a s  f o l l o w s ,
-  53 -
Av = S, / S  w; Aa = k'" % /S ,  w:
Bv = pS^-/oj Ba = p / u \
where  = /  k/m.
These  q u a n t i t i e s  a r e  e x p e c te d  to  depend on t h e  same parar-  
m e t e r s  on which  t h e  c o r r e s p o n d i n g  d i s p l a c e m e n t  q u a n t i t i e s  
depend a s  p e r  e q u a t i o n s  (4—8 ) , ( 4 —9 ) .  However once  t h e  
r e s p o n s e  d i s p l a c e m e n t  s p e c t r u m  i s  o b t a i n e d  i t  i s  a  s im p le  
m a t t e r  t o  o b t a i n  t h e  r e s p o n s e  v e l o c i t y  and a c c e l e r a t i o n  
s p e c t r a  t h r o u g h  t h e  r e l a t i o n
S x ( cjü) = Sx(w) ( /  = Sx(w)
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4 . 3  D i s c u s s i o n
The r e s p o n s e s  o f  t h e  D u f f i n g  sy s te m  a r e  c o n v e n i e n t l y  p l o t t e d  
by making u s e  o f  t h e  n o n - d i m e n s i o n a l  g r o u p i n g s  o u t l i n e d  above .  
T h i s  i s  so w h e t h e r  e x c i t a t i o n s  a r e  a t  a  d i s c r e t e  f r e q u e n c y  
o r  random. F u r t h e r  t h e  g r o u p i n g s  i n  t h e  two c a s e s  do a t  
f i r s t  seem r e m a r k a b l y  s i m i l a r .  These  s i m i l a r i t i e s  however  
a r e  o n l y  s u p e r f i c i a l  and t h e  g r o u p i n g s  a r e  i n  f a c t  e x t r e m e l y  
d i f f e r e n t .  S p e c i f i c a l l y  t h e  r e s p o n s e  r e l a t i o n s h i p s  i n  t h e  
two c a s e s  a r e  a s  f o l l o w s ,
k"" xZ/F^ = cp, (pF.Vk' ' , w/y'k/m) (4—15)
f o r  t h e  d i s c r e t e  sy s te m
k  ^ S \ (w ) /S ,  = ( pS, /^ mk' , w// k/m) (4—16)
f o r  t h e  random. ^/Vhere i n  t h e s e  e q u a t i o n s  t h e  r e s t  o f  t h e  
g r o u p s  a r e  a s s i g n e d  c o n s t a n t  v a l u e s .  Com par isons  can  o n l y  
be made i f  some r e l a t i o n  i s  e s t a b l i s h e d  b e tw e e n  pFo /k ’' and 
pS, / / km and b e tw e e n  k^x^/Fc  and k^S^-(w)/Sv, ho such  
e q u i v a l e n c e  e x i s t s  and t h e  o n l y  common p a r a m e t e r  i n  t h e  two 
e q u a t i o n s  i s  t h e  f r e q u e n c y .  T h i s  e l i m i n a t e s  any hope  o f  
o b t a i n i n g  e n l i g h t e n m e n t  a b o u t  t h e  random r e s p o n s e s  f rom  t h e  
b e t t e r  known r e s u l t s  f o r  s i n u s o i d a l  e x c i t a t i o n .
R e g a r d in g  t h e  sy s te m  u n d e r  band l i m i t e d  o r  h i g h  p a s s  f i l t e r e d  
e x c i t a t i o n  p r o c e s s e s  e q u a t i o n s  (4—8 ) , ( 4 —9) s t i l l  a p p ly .  The 
i n f l u e n c e  and t h e  meaning  o f  t h e  te rm  how ever  c h an ges .
T h i s  i s  f u r t h e r  d i s c u s s e d  i n  c h a p t e r  6,
F i n a l l y  i t  sh o u ld  be made c l e a r  t h a t  t h e  n o n - d i m e n s i o n a l  fo rm  
o f  t h e  r e s p o n s e  d i s p l a c e m e n t  i n  t h e  t im e  domain  i s  /p" x ( t ) .
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CHAPTER 5
RESPONSE TO BROAD BAND EXCITATIOh
With r e a s o n a b l e  c o n f i d e n c e  on t h e  s i m u l a t i o n  p r o c e d u r e  
h a v in g  b e i n g  e s t a b l i s h e d ,  s p e c i f i c  p ro b le m s  r e g a r d i n g  t h e  
r e s p o n s e  o f  t h e  D u f f i n g  s y s te m ,  were s e t u p  f o r  i n v e s t i g a t i o n .  
The t h e o r e t i c a l  c o n c e p t  o f  i d e a l  w h i t e  n o i s e  e x c i t a t i o n  i n  
g e n e r a l  l e a d s  t o  c o n s i d e r a b l e  s i m p l i f i c a t i o n  o f  t h e  m athem at­
i c a l  a n a l y s i s  i n v o l v e d  i n  t h e o r e t i c a l  r e s p o n s e  p r e d i c t i o n  
m e th o d s .  I n  o r d e r  how ever  f o r  t h e  a n a l y s i s  t o  change  f rom  
an i n t e r e s t i n g  e x e r c i s e  o f  h i g h e r  m a th e m a t i c s  t o  a p r a c t i c a l  
r e s p o n s e  p r e d i c t i o n  m ethod ,  t h i s  t y p e  o f  e x c i t a t i o n  sh o u ld  
be compared to  more r e a l i s t i c  o n e s .  The F o k k e r  — P l a n c k  
a p p r o a c h  assum es  s t a t i o n a r i t y  o f  t h e  r e s p o n s e  o f  t h e  D u f f i n g  
sy s te m  u n d e r  w h i t e  n o i s e  e x c i t a t i o n ,  and p r o d u c e s  i t s  j o i n t  
p r o b a b i l i t y  d e n s i t y  f u n c t i o n  u n d e r  such  e x c i t a t i o n .  The 
s i m u l a t i o n  p r o c e d u r e  on t h e  o t h e r  hand can  p r o d u c e  sam p le s  
o f  t h e  r e s p o n s e  t o  a  b ro a d  band s i g n a l  o f  g i v e n  f r e q u e n c y  
c u t - o f f .  Thus a  q u e s t i o n  a r i s e s ,  a s  to  how wide  t h e  band 
w i d t h  must  be b e f o r e  t h e  f i n d i n g s  o f  t h e  F o k k e r  — P l a n c k  
a p p ro a c h  a p p ly  t o  t h e  more r e a l i s t i c  b ro ad  band e x c i t a t i o n .  
The q u e s t i o n  o f  s t a t i o n a r i t y  o f  t h e  o u t p u t  i s  a l s o  v e r y  
i m p o r t a n t  n o t  o n l y  a s  a  check  o f  c o m p a r a b i l i t y  o f  t h e  two 
m ethods  b u t  a l s o  a s  a  p r o p e r t y  o f  t h e  r e s p o n s e  o f  t h e  sy s te m  
f o r  a  g i v e n  e x c i t a t i o n .  These  q u e s t i o n s  a r e  t h e  s u b j e c t  o f  
S e c t i o n s  5 ,1  and 5 , 2 .  The d e s c r i p t i o n  o f  t h e  d i s p l a c e m e n t  
r e s p o n s e  s p e c t r u m ,  as  c a l c u l a t e d  t h r o u g h  t h e  s i m u l a t i o n  p r o ­
c e d u r e ,  i s  t h e  s u b j e c t  o f  S e c t i o n  5 , 3 ,  I n  t h e  n e x t  s e c t i o n  
an  a t t e m p t  i s  made t o  l i n k  t h e  p r o p e r t i e s  d e s c r i b e d  i n  
S e c t i o n  5 ,3  t o  e x i s t i n g  t h e o r y  and to  compare t h e  s i m u l a t i o n  
d e r i v e d  s t a t i s t i c a l  p r o p e r t i e s  w i t h  th e  c o r r e s p o n d i n g  o nes  
o b t a i n e d  t h r o u g h  t h e  F o k k e r  — P l a n c k  a p p ro a c h .  F i n a l l y  i n  
S e c t i o n  5 .5  t h e  s p e c t r a l  p r o p e r t i e s  a r e  u sed  t o  p r o v i d e  a 
s im p le  means o f  s k e t c h i n g  an a p p ro x im a te  sh ap e  f o r  t h e  
r e s p o n s e  d i s p l a c e m e n t  s p e c t r u m  o f  t h e  sy s te m  u n d e r  b ro ad  band 
G a u s s i a n  random e x c i t a t i o n .
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5 . 1  E x c i t a t i o n  S p e c t r a ,  Broad Band E x c i t a t i o n  a s  an 
A p p r o x im a t io n  to  White  N o ise ,
I t  sh ou ld  be r e s t a t e d  h e r e  t h a t  t h e  aim o f  t h i s  p r o j e c t  i s  
t o  i n v e s t i g a t e  t h e  r e s p o n s e  o f  t h e  D u f f i n g  s y s te m  u n d e r  b ro ad  
band e x c i t a t i o n .  The p u r p o s e  o f  t h i s  s e c t i o n  i s  s im p ly  to  
i n v e s t i g a t e  t h e  c o m p a r a b i l i t y  o f  t h e  Fo k k e r  — P l a n c k  a p p r o a c h  
t o  t h e  s i m u l a t i o n  p r o c e s s .
I n  n u m e r i c a l  s i m u l a t i o n  w h i t e  n o i s e  can  o n l y  be a p p ro x im a te d  
by a  ' s u i t a b l y ’ b ro ad  band s i g n a l .  I n  t h e  c a s e  o f  a  l i n e a r  
s i g n a l  f o r  example  a  b ro ad  band s i g n a l  o f  f r e q u e n c y  c u t - o f f  
(jJe i s  s u i t a b l e  to  s i m u l a t e  w h i t e  n o i s e  e x c i t a t i o n ,  i f  Wc i s  
su c h  t h a t
C O  1/ H(w) S ,  d w  = 0
We
where S, i s  t h e  i n t e n s i t y  o f  t h e  w h i t e  n o i s e  e x c i t a t i o n  and 
H({jo) i s  t h e  t r a n s f e r  f u n c t i o n  o f  t h e  l i n e a r  sys tem .  I n  t h e  
c a s e  o f  a  n o n l i n e a r  sy s te m  how ever  t h e  p o s s i b i l i t y  o f  sub o r  
s u p e r h a r m o n ic  e x c i t a t i o n  o r  more c o m p l i c a te d  mixed f r e q u e n c y  
r e s p o n s e s  may be e x p e c t e d .  T h i s  coup led  w i t h  t h e  a b se n c e  o f  
a t r a n s f e r  f u n c t i o n  f o r  t h e  D u f f i n g  sy s te m ,  r e q u i r e  more 
c a r e f u l  j u s t i f i c a t i o n  f o r  t h e  u s e  o f  b ro ad  band s i g n a l s  t o  
s i m u l a t e  w h i t e  n o i s e  e x c i t a t i o n  o r  v i c e  v e r s a .
Manning [ 2 4 ]  h a s  p r e d i c t e d ,  u s i n g  t h e  h e u r i s t i c  a p p ro a c h  
and a n a l o g  com pute r  s i m u l a t i o n s  t h a t  t h e  r e s o n a n t  f r e q u e n c y  
o f  t h e  r e s p o n s e  s p e c t r a  o f  t h e  D u f f i n g  sy s te m  u n d e r  w h i t e  
n o i s e  e x c i t a t i o n  w i l l  s h i f t  t o  h i g h e r  f r e q u e n c i e s  a s  t h e  
i n t e n s i t y  o f  e x c i t a t i o n  i s  i n c r e a s e d .  The e q u i v a l e n t  
l i n e a r i z a t i o n  t e c h n i q u e  seems to  s u g g e s t  t h i s  t o o .  Thus t h e  
s t a r t i n g  p o i n t  o f  t h i s  i n v e s t i g a t i o n  i s  t o  o b s e r v e  t h e  e f f e c t  
on t h e  r e s p o n s e  o f  t h e  D u f f i n g  sy s te m  u n d e r  a  b ro ad  ‘ band 
e x c i t a t i o n  o f  g i v e n  i n t e n s i t y  and d i f f e r e n t  f r e q u e n c y  c u t  
o f f s .
Looking  b ack  i n  S e c t i o n  4 . 2 a  m easu re  o f  e x c i t a t i o n  i n t e n s i t y  
and hen ce  n o n l i n e a r i t y  i s  g i v e n  by th e  n o n - d i m e n s i o n a l  p a r a  
m e t e r  T = pS, w ^ /k^ ,  A s e r i e s  o f  p rogram s were  r u n  t o  o b t a i n  
t h e  r e s p o n s e  o f  t h e  sy s te m  u n d e r  b road  band e x c i t a t i o n  f o r  a 
f i x e d  v a l u e  o f  3 and a  r a n g e  o f  c u t - o f f  f r e q u e n c i e s  (=w/w^).
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The p r o c e s s  was r e p e a t e d  f o r  s e l e c t e d  v a l u e s  o f  F and 
d i f f e r e n t  v a l u e s  o f  damping , The r a n g e  o f  f r e q u e n c y  c u t  
o f f s  i n  some e a r l y  c a s e s  v a r i e d  from 6w t o  70w , No s i g ­
n i f i c a n t  c h an ges  were o b s e r v e d  i n  t h e  s p e c t r a l  v a l u e s  o r  
t h e  s t a t i s t i c a l  e s t i m a t i o n s  o f  t h e  mean, v a r i a n c e ,  t h i r d  and 
f o u r t h  moments o f  t h e  r e s p o n s e .  F u r t h e r  t h e  p r o b a b i l i s t i c  
i n f o r m a t i o n  o b t a i n e d  t h r o u g h  t h e  s i m u l a t i o n  p r o c e s s  a g re e d  
v e r y  w e l l  w i t h  t h e  c o r r e s p o n d i n g  p r e d i c t i o n s  o f  t h e  F okker  
P l a n c k  a p p ro a c h .
Examples a r e  shown i n  T a b le  5 . 1 ,  The numbers  i n  b r a c k e t s  
a r e  t h e  v a r i a n c e  o f  t h e  e s t i m a t i o n s  o v e r  t h e  f o r t y  r e a l ­
i s a t i o n  u s e d  i n  e ac h  c a s e .  I t  i s  s e e n  h e r e  t h a t  a s  Qc 
i n c r e a s e s  t h e  e s t i m a t i o n s  become l e s s  c o n s i s t a n t  (num bers  
i n  b r a c k e t s ) .  T h i s  i s  due t o  t h e  f a c t  t h a t  t h e  r e c o r d  
l e n g t h  i s  s h o r t e n e d  f o r  i n c r e a s e d  0  ^ w i t h  c o n s t a n t  number 
o f  p o i n t s  p e r  r e c o r d
T a b le  5 .1
6 10 20 CO
10, 1 , 6 5 ( 0 , 0 7 ) 1 , 6 7 ( 0 , 0 4 ) 1 . 7 ( 0 . 4 ) 1 ,6 5
( =0, 2 2.  2 7 (0 ,0 0 6 ) 2 , 2 5 ( 0 , 0 2 5 ) 2. 23(0.04^ 2 ,2 8 Ku
160 , 7 . 3 5 ( 6 , 6 ) 7 . 3 7 ( 6 . 3 ) 7 , 0 2 ( 1 4 . 0 ) 7 , 3 0 po:
<=0.01 2 , 1 3 ( 0 , 0 3 ) 2 , 0 5 ( 0 , 0 4 ) 2 . 0 6 ( 0 , 0 5 ) 2, 20 Ku
Harmonic  r e s p o n s e  i n  t h e  form t h i r d  h a rm o n ic  t o  t h e  f r e q u e n c y  
was o b s e r v e d  a t  a  c o n s t a n t  3 o r d e r s  o f  m a g n i tu d e  l e s s  t h a n  
t h e  r e s o n a n t  peak  f o r  t h e  d i s p l a c e m e n t  s p e c t r a .  F u r t h e r  i t  
was o b s e r v e d  t h a t  when moved be low t h e  r a n g e  o f  f r e q u e n c i e s  
where t h e  t h i r d  h a rm o n ic  e x c i t a t i o n  o c c u r r e d  t h e  change i n  
t h e  r e s p o n s e  was i n s i g n i f i c a n t  ( t o  a  v a r y i n g  d e g r e e  f o r  d i s ­
p l a c e m e n t ,  v e l o c i t y  and a c c e l e r a t i o n  r e s p o n s e s  a s  was t o  be 
e x p e c t e d ) .  T h is  was f u r t h e r  j u s t i f i e d  by th e  work done i n  
t h e  c a s e  o f  band l i m i t e d  e x c i t a t i o n  ( C h a p t e r  6 ) , w hich  p roved  
t h a t  LÙC h a s  to  s l i c e  a m a jo r  p a r t  o f f  t h e  r a n g e  o f  r e s p o n s e  
f r e q u e n c i e s  which  a r e  e x c i t e d  by a b ro ad  band s i g n a l  o f  t h e  
same i n t e n s i t y ,  b e f o r e  any s i g n i f i c a n t  d e v i a t i o n s  a r e  
o b s e rv e d  from ’n o r m a l ’ b e h a v i o u r  o f  t h e  sys tem .  The te rm  
' n o r m a l ’ i s  u se d  h e r e  t o  d e s c r i b e  t h e  p a t t e r n  f o r  t h e  r e s p o n s e
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o f  t h e  sy s te m  t o  b ro ad  band e x c i t a t i o n  a s  i t  i s  d e s c r i b e d  i n  
S e c t i o n  5 . 3 .  F i g u r e s  1 2 , a , b  show t h e  n o n - d i m e n s i o n a l  
smoothed s p e c t r a l  r e s p o n s e  d i s p l a c e m e n t  and v e l o c i t y  o f  t h e  
D u f f i n g  sy s te m  u n d e r  a  b ro ad  band e x c i t a t i o n  o f  t h e  same 
i n t e n s i t y  (F) and two d i f f e r e n t  band w i d t h s .
Hence i t  was e s t a b l i s h e d  t h a t  t h e r e  can be a ’l i m i t  f r e q u e n c y ’ 
cOt su c h  t h a t  g i v e n  a  b ro ad  band s i g n a l  w i t h  c u t  o f f  f r e q u e n c y  
Wc > t h e  r e s p o n s e  o f  t h e  D u f f i n g  o s c i l l a t o r  t o  t h i s  b ro ad  
band s i g n a l  i s  t o  a  good a p p r o x i m a t i o n  t h e  same a s  to  a  w h i t e  
n o i s e  s i g n a l  o f  t h e  same i n t e n s i t y .  The n o n - d i m e n s i o n a l  form 
o f  th e  l i m i t  f r e q u e n c y  w i l l  be 0  ^= where  i s  t h e
n a t u r a l  f r e q u e n c y  o f  t h e  l i n e a r  sy s te m ,  i , e ,  =\/k/m. Of 
c o u r s e  Wc c a n n o t  be p r e c i s e l y  d e f i n e d  ( t h e  same i s  a l s o  t r u e  
w i t h  t h e  l i n e a r  s y s te m ) .  However t h e  f o l l o w i n g  h y p o t h e s i s  
p r o v i d e d  a  c r i t e r i o n  f o r  an e v a l u a t i o n  o f  Qi, f o r  d i f f e r e n t  
i n t e n s i t i e s  o f  i n p u t  and damping r a t i o s .  I t  was assumed t h a t  
any s p e c t r a l  v a l u e  o f  t h e  r e s p o n s e  d i s p l a c e m e n t  which  i s  l e s s  
t h a n  l / l O O ^ b  o f  t h e  peak  v a l u e  o f  t h e  smoothed sp e c t r u m  i s  
i n s i g n i f i c a n t  i . e .  i s  found  where
s^-..( n j  = s /  ( f i j / i o o
where  i s  t h e  a b s c i s s a  o f  t h e  maximum v a l u e  o f  t h e  smoothed 
d i s p l a c e m e n t  s p e c t r u m .  The r e s p o n s e  r e m a in s  p r a c t i c a l l y  t h e  
same f o r  v a l u e s  o f  Wg much l a r g e r  t h a n  t h e  one d e f i n e d  above.
As m en t ion ed  e a r l i e r  t h i r d  h a rm o n ic  r e s p o n s e  was o b se rv e d  
w i t h  a m a g n i tu d e  a p p r o x i m a t e l y  .( ^ r ) / lO O O , h e n c e  t h e  b ro ad  
band s i g n a l  w i t h  f r e q u e n c y  c u t  o f f  w i l l  g i v e  a d i s ­
t o r t e d  p i c t u r e  o f  t h e  t h i r d  h a rm o n ic  p a r t  o f  t h e  r e s p o n s e .  
However t h e  a d v a n t a g e  o f  h a v i n g  uj^~aju a r e  g r e a t e r  f r e q u e n c y  
r e s o l u t i o n  and more r e l i a b l e  s t a t i s t i c s  t h r o u g h  l o n g e r  
r e c o r d s .  The d i s a d v a n t a g e  i s  i n c r e a s e d  com pute r  t im e .  T h is  
can  be s e e n  i n  F i g u r e s  1 3 ,1 4  where  t h e  unsmoothed form o f  t h e  
s p e c t r a  o f  F i g u r e  12 a r e  shown. F i g u r e  14 h a s  a g r e a t e r  
f r e q u e n c y  r e s o l u t i o n  a s  a  r e s u l t  o f  t h e  re d u c e d  band w i d t h  o f  
t h e  e x c i t a t i o n  and t h e  c o n s t a n t  number o f  p o i n t s  i n  e ach  
r e a l i s a t i o n .  The c o r r e s p o n d i n g  com pute r  t im e  i n v o l v e d  to  
p ro d u c e  t h e  two r e s p o n s e s  i s  71 6  and 8 . 8 4  s e c o n d s  r e s p e c t i v e l y .  
The c u t  o f f  f r e q u e n c i e s  can  be c l e a r l y  s e e n  i n  t h e  l o g a r i t h m i c  
F i g u r e s  13b and 1 4 b a t  6 ,1 0 ,  The s l o p e  a t  Q = 6 i n
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F i g u r e  12b i s  due t o  t h e  sm o o th in g  p r o c e s s  o f  t h e  sp e c t ru m  
and i s  much s h a r p e r  i n  r e a l i t y  a s  can be s e e n  from FigureJL4* 
I n  F i g u r e  12b a  s m a l l  t h i r d  h a rm o n ic  r e s p o n s e  can  a l s o  be 
o b s e r v e d .  The above o b s e r v a t i o n s  w i l l  be n o t i c a b l e  t h r o u g h  
o u t  t h e  s p e c t r a l  r e s p o n s e  c u r v e s  to  be p r e s e n t e d  i n  t h i s  
c h a p t e r .  Not a l l  t h e  r e s p o n s e  s p e c t r a  p r e s e n t e d  i n  t h e  
f o l l o w i n g  s e c t i o n s  where  o b t a i n e d  f o r  , T h i s  i s  due
t o  t h e  f a c t  t h a t  knowledge  o f  t h e  Wv v a l u e  c a n  o n l y  be 
o b t a i n e d  f rom  t h e  s i m u l a t i o n  p r o c e s s  i t s e l f .
I n  r e t r o s p e c t  however  one can  s t a t e  a  r u l e  o f  thumb r e g a r d i n g  
t h e  r a n g e  o f  c u t  o f f  f r e q u e n c i e s  a b ro ad  band c an  h ave  i n  
o r d e r  t h a t  t h e  p r o b a b i l i s t i c  i n f o r m a t i o n  o f  t h e  F ok k e r—P l a n c k  
e q u a t i o n s  a p p ly  to  t h e  r e s p o n s e .  I n  S e c t i o n  5 . 4  a s im p le  
r e l a t i o n s h i p  w i l l  be d e v e lo p e d  be tw een  t h e  e x c i t a t i o n  parar-  
m e t e r  F , t h e  damping c o e f f i c i e n t  5 and th e  r e s o n a n t  f r e q u e n c y  
o f  t h e  r e s p o n s e  d i s p l a c e m e n t  sp e c t r u m  . U s in g  t h i s  r e ­
l a t i o n s h i p  and t h e  o b s e r v a t i o n s  r e g a r d i n g  t h e  t h i r d  h a rm o n ic  
r e s p o n s e  o u t l i n e d  i n  t h i s  s e c t i o n  one can  c o n f i d e n t l y  e x p e c t  
t h e  f i n d i n g s  o f  t h e  F o k k e r  — P l a n c k  a p p ro a c h  to  be v a l i d  f o r  
a  b road  band e x c i t a t i o n  i f  >3^2  ^ , F i g u r e  15 shows a  p l o t
o f  v e r s u s  r / ^ f o r  d i f f e r e n t  v a l u e s  o f  C e v a l u a t e d  u s i n g  t h e  
c r i t e r i o n  (S^- ( Q j  = ^  -~(Q^)/lOO) o u t l i n e d  e a r l i e r .
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5 . 2  S t a t i o n a r i t y  o f  R e sp o n se .  The A u t o c o r r e l a t i o n  F u n c t i o n
One o f  t h e  c r i t e r i a  o f  s t a t i o n a r i t y  o f  a s i g n a l  i s  t h e  
i n v a r i a n c e  o f  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  w i t h  r e s p e c t  to  
t im e  s h i f t .  Here  t h e  d i s p l a c e m e n t  and v e l o c i t y  r e s p o n s e s  
f o r  a  g i v e n  i n p u t  were  u sed  t o  e s t i m a t e  t h e i r  a u to  — and 
c r o s s - c o r r e l a t i o n  f u n c t i o n s .  As m en t io n ed  e a r l i e r  (Chap te r  
3) f o r t y  r e a l i s a t i o n s  (4096 p o i n t  each)  o f  r e s p o n s e  
d i s p l a c e m e n t  and v e l o c i t y  were  p r o v id e d  t h r o u g h  e ac h  p rog ram  
r u n  f o r  t h e  g i v e n  e x c i t a t i o n  and sy s te m  c h a r a c t e r i s t i c s .
The above c o r r e l a t i o n s  were  c a l c u l a t e d  f o r  e a c h  s e t  o f  d a t a  
r e p e a t e d l y ,  u s i n g  t h e  s t e a d y  s t a t e  p a r t  o f  t h e  r e s p o n s e  and 
a d i f f e r e n t  s t a r t i n g  p o i n t  ( i n  t im e )  e v e r y t im e .  A l l  e s t ­
i m a t i o n s  a g re e d  i n  shape  w e l l ,  t h e  v a l u e s  o f  R xx(O ) ,R xx(0 )  
were  v e r y  c l o s e  t o  t h e  v a l u e s  o f  c a l c u l a t e d  f rom  t h e
s p e c t r a  and i n v e r s i o n  o f  t h e  s p e c t r u m  p r o v i d e d  ( F i g u r e  16a,b) 
c o r r e l a t i o n s  f u n c t i o n s  w h ich  were  v e r y  s i m i l a r  t o  t h e  ones  
o b t a i n e d  d i r e c t l y  f rom  t h e  d a t a .  The s m a l l  d i s c r e p a n c i e s  
were  due to  t h e  d i f f e r e n t  number o f  d a t a  p o i n t s  i n v o l v e d  i n  
t h e  two a p p r o a c h e s  i .  e.  f o r  t h e  s p e c t r u m  d e r i v e d  c o r r e l a t i o n s  
t h e  c o m p le te  r e c o r d  was u se d  (40  x 409 6 p o i n t s  t r a n s i e n t )  
w h e re a s  i n  t h e  r e s t  o n l y  p a r t  o f  t h e  r e s p o n s e  was u s e d .  The 
t e s t  was r e p e a t e d  w i t h  more t h a n  one e x c i t a t i o n  s i g n a l s  o f  
t h e  same i n t e n s i t y  w i t h  t h e  e s t i m a t i o n s  f a i l i n g  t o  d i s a g r e e .
An o t h e r  i n d i c a t i o n  o f  s t a t i o n a r i t y  was t h e  v a l u e s  o f  
v a r i a n c e s  c a l c u l a t e d  f o r  t h e  s t a t i s t i c a l  p r o p e r t i e s  o f  t h e  
r e s p o n s e .  As m en t io n ed  i n  C h a p te r  3 each  r e s p o n s e  s t a t i s ­
t i c a l  v a l u e  was c a l c u l a t e d  a lo n g  e ach  r e a l i s a t i o n  and t h e  
r e s u l t i n g  f o r t y  - v a l u e s  were  a v e ra g e d  to  o b t a i n  t h e  mean 
v a l u e .  At t h e  same t im e  a v a r i a n c e  was c a l c u l a t e d  f o r  t h e  
p a r t i c u l a r  q u a n t i t y .  A l th o u g h  b ased  on f o r t y  v a l u e s  
t h e s e  v a r i a n c e s  showed a  v e r y  s m a l l  s c a t t e r  o f  t h e  s t a t i s ­
t i c a l  v a l u e s  o v e r  t h e  f o r t y  r e a l i s a t i o n s .  Examples a r e  
shown i n  T a b le  5 . 2 .  I t  can  a l s o  be s e e n  f rom  t h e  t a b l e  t h a t  
t h e  s i m u l a t i o n s  i n v o l v i n g  h i g h e r  damping t e n d  to  be more 
c o n s i s t e n t
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Table  5 .2
r /  < 3200 500 160 10
0 .2 0 0 . 0 1 0 . 2 0 0 . 0 1 0 .2 0 0 . 0 1 0 . 2 0 0 .0 1
Pa: 3 3 .7 4 3 2 . 8 8 1 3 . 2 4 1 2 .8 2 7 .3 9 7 . 0 2 1. 66 1 . 5 2
0 .1 2 0 . 2 1 0 . 1 0 0 .3 9 0 .0 8 0 . 3 7 0 . 0 7 0 . 4 0
Ku 2 .1 0 1 .3 5 2 .17 1 .3 5 2 . 1 9 2 . 0 7 2 .2 8 2 .0 8
5 % u 0 . 0 5 0 . 1 2 0 ,0 6 0 . 1 1 0 . 0 5 0 .1 2 0 . 0 4 0 . 1 2
F i n a l l y  c o m p a r i s o n  o f  ensem ble  a v e r a g e d  s t a t i s t i c a l  v a l u e s ,  
w i t h  t h e  c o r r e s p o n d i n g  v a l u e s  o b t a i n e d  t h r o u g h  a v e r a g i n g  
a lo n g  e a c h  r e a l i s a t i o n ,  p ro d u c e d  p o o r  a g re e m e n t .  However 
t h i s  i s  a  r e s u l t  o f  t h e  d i f f e r e n t  number o f  v a l u e s  i n v o l v e d  
i n  e ac h  c a l c u l a t i o n .  Ensemble  a v e r a g i n g  i n v o l v e d  f o r t y  one 
v a l u e s  w he reas  e a c h  r e a l i s a t i o n  i n v o l v e s  4-096 p o i n t s  l e s s  
t h e  t r a n s i e n t  p a r t  which  i s  u s u a l l y  b e tw e e n  500—I 5OO p o i n t s  
f o r  t h e  d i f f e r e n t  e x c i t a t i o n  i n t e n s i t i e s  and sy s te m  p a r a ­
m e t e r s  u se d  i n  t h i s  i n v e s t i g a t i o n .
The shape  o f  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  seems t o  behave  a s
CO
I ,R( 1:)
C O
w h ich  i s  a  c o n d i t i o n  u n d e r  w h ich  t h e  random q u a n t i t y  S ^ ( w ) , 
t h e  s p e c t r a l  e s t i m a t i o n  o v e r  a  s i g n a l  o f  d u r a t i o n  T, w i l l  
l e n d  t o  t h e  t r u e  s p e c t r a l  v a l u e  a s  T —- 0 0  . [ 7 ,] The c o n s i s ­
t e n c y  o f  d i f f e r e n t  s p e c t r a l  e s t i m a t i o n s  g i v e  f u r t h e r  s u p p o r t  
t o  t h e  above a rg u m e n t .  However t h e  r e s p o n s e  b e i n g  non 
G a u s s i a n  t h e r e  i s  no d i r e c t l y  a v a i l a b l e  e s t i m a t o r  f o r  t h e  
c o n f i d e n c e  l i m i t s  o f  t h e  s p e c t r a l  v a l u e s
68
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The n u m e r i c a l  s i m u l a t i o n  o u t l i n e d  i n  c h a p t e r  t h r e e  p r o v i d e d  
t im e  r e c o r d s  o f  r e s p o n s e  d i s p l a c e m e n t  and v e l o c i t y .  These  
were p r o c e s s e d  by a  s e p a r a t e  p ro g ram ,  w h ich  d e r i v e d  t h e  
r e s p o n s e  s p e c t r a  ( u s i n g  a' E a s t  F o u r i e r  T r a n s f o r m a t i o n  
a l g o r i t h m )  and c a l c u l a t e d  t h e  s t a t i s t i c a l  v a l u e s  o f  mean 
s q u a r e  v a r i a n c e ,  k u r t o s i s  and skew ness  ( C h a p te r  3 ,  Appendix  
0 , 4 ) .
A sample o f  t h e  raw r e s p o n s e  s p e c t r a  was shown i n  F i g u r e s  
1 3 a ,b .  The e x c i t a t i o n  s p e c t r u m  i s  by d e f i n i t i o n  p e r f e c t l y  
smooth  ( S e c t i o n  3 ,2 )  and t h e  r e s p o n s e  s p e c t r a  o b t a i n e d  f o r  
t h e  l i n e a r  c a s e  (p = 0) were  e q u a l l y  smooth. However t h i s  
was n o t  t h e  c a s e  w i t h  t h e  n o n l i n e a r  sy s te m  F i g u r e s  1 3 ,1 4  
The ' s p i k y '  sh a p e  o f  t h e  r e s p o n s e  s p e c t r a  o f  t h e  n o n l i n e a r  
sy s te m  was smoothed u s i n g  a f r e q u e n c y  a v e r a g i n g  t e c h n i q u e  
(moving a v e r a g e )  o f  tw e n ty  one a d j a c e n t  s p e c t r a l  e s t i m a t i o n s  
( d a t a  t a p e r i n g  and o t h e r  ' m i l d '  sm o o th ing  t e c h n i q u e s  d id  
n o t  h av e  n o t i c a b l e  a f f e c t ) .  T h i s  was n e c e s s a r y  i n  o r d e r  
t h a t  t h e  s p e c t r a l  sh a p e  was more c l e a r l y  d e f i n e d  i n  f i g u r e s  
where  s p e c t r a  were  p l o t t e d  a g a i n s t  l i n e a r  s c a l e s .  The 
l o g a r i t h n i c  s c a l e s  s u p p r e s s e d  t h e  phenomenon a s  s e e n  i n  
F i g u r e  I 4 i  The a v e r a g i n g  p r o c e s s  r e d u c e s  t h e  e f f e c t i v e  
f r e q u e n c y  r e s o l u t i o n  b u t  t h i s  d o es  n o t  p r e s e n t  a  p ro b lem  
f o r  a  r e c o r d  w h ich  i s  a l r e a d y  o v e rsam p led  a s  f a r  as- t h e  
F . F . T ,  a l g o r i t h m  i s  c o n c e rn e d  ( S e c t i o n  3 , 2 ) ,  P e r h a p s  i t  i s  
w o r th  n o t i n g  t h a t  t h i s  phenomenon may be m i s i n t e r p r e t e d  i f  
t h e  f r e q u e n c y  r e s o l u t i o n  o f  t h e  a n a l y s i s  i s  s m a l l  (Af l a r g e ) .  
I n  t h i s  c a s e  t h e  sp e c t r u m  a p p e a r s  to  have  more t h a n  one p e ak  
e s p e c i a l l y  so i f  t h e  band o f  r e s p o n s e  f r e q u e n c i e s  i s  b ro a d  
( i . e .  l a r g e  v a l u e  o f  r / ^  s e e  l a t e r ) .  However i f  a  d i f f e r e n t  
i n p u t  r e c o r d  i s  u se d  t o  o b t a i n  t h e  r e s p o n s e  s p e c t r a  t h e  
m u l t i p l e  p e a k s  u s u a l l y  change  f r e q u e n c y  and i f  t h e  f r e q u e n c y  
r e s o l u t i o n  i s  i n c r e a s e d  t h e  p e a k s  s p l i t .  F i g u r e s  1 3 .*  14 
g i v e  an i n d i c a t i o n  o f  t h i s  phenomenon which  becomes much 
more p ronounced  a s  t h e  w i d t h  o f  t h e  s p e c t r u m  i n c r e a s e s .  The 
s p i k y  s p e c t r u m  i s  r e g a r d e d  as  an  in a d e q u a c y  o f  t h e  n u m e r i c a l  
p r o c e d u r e  to  c a l c u l a t e  a  smooth  s p e c t r u m  f o r  a  non G a u s s i a n  
p r o c e s s  f o r  t h e  number o f  s a m p le s  u s e d .  A n e g l i g i b l e
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improvement  was o b t a i n e d  through,  t h e  d o u b l i n g  o f  t h e  number 
o f  r e a l i s a t i o n s .  T h i s  seems to  s u g g e s t  t h a t  t h e  number o f  
r e a l i s a t i o n s  m ust  be g r e a t l y  i n c r e a s e d  b e f o r e  any w o r th  
w h i l e  improvem ent  i s  o b s e r v e d  on t h e  s p e c t r a l  sm o o th n es s .
On t h e  b a s i s  o f  c h a p t e r  4 a l l  r e s u l t s  p r e s e n t e d  h e r e  a r e  i n  
n o n - d i m e n s i o n a l  form. At t h i s  p o i n t  a  r e m i n d e r  o f  t h e  non 
d i m e n s i o n a l  q u a n t i t i e s  i n v o l v e d  may n o t  be o u t  o f  p l a c e , F o r  
t h e  sy s te m
mx + cx + k(x+px^ ) = F ( t )
Where F ( t )  i s  a  b road  band random f o r c e  o f  s p e c t r a l  i n t e n ­
s i t y  3, . The d i s p l a c e m e n t  r e l a t e d  n o n - d i m e n s i o n a l  q u a n t i ­
t i e s  r , B , A . a r e  d e f i n e d  a s  f o l l o w s
r = gS, w ^ /k \  = g  )
and may be t h o u g h t  o f  a s  an a d j u s t e d  ( f o r  t h e  p a r t i c u l a r  
sys tem )  e x c i t a t i o n  p a r a m e t e r ,  B = ^3^w i s  t h e  n o n d i m e n s i o n a l  
r e s p o n s e  d i s p l a c e m e n t  s p e c t r u m  ( pS,. / u ) ^ f o r  v e l o c i t y  and d e n o te d  
by B v ) , A = B / r  = k^S^/S ,  t h i s  d o es  n o t  d e f i n e  a  t r a n s f e r  
f u n c t i o n  b u t  i t  i s  r e m i n i s e n t  o f  t h e  t r a n s f e r  f u n c t i o n  o f  a  
l i n e a r  s y s te m  ( f o r  v e l o c i t y  k"^  8^  / S , = A v ) , As a l r e a d y
d i s c u s s e d  i n  C h a p te r  4 t h e  s t a t i s t i c a l  q u a n t i t i e s  may be 
o b t a i n e d  a s  a  f u n c t i o n  o f  t h e  r a t i o  r / \  w h e re a s  t h e  din>- 
e n s i o n a l  a n a l y s i s  i n d i c a t e s  t h a t  t h e s e  p a r a m e t e r s  ( P , t )  
sh o u ld  be s e p a r a t e  when d e s c r i b i n g  t h e  r e s p o n s e  s p e c t r a ,
( I = o / 2 / k ü ) .  I n  F i g u r e  ( 1 7 a  —f ) t h e  r e s p o n s e  s p e c t r a  f o r  
t = 0 , 0 5  and d i f f e r e n t  v a l u e s  o f  V a r e  shown a s  s u g g e s t e d  
by t h e  a n a l y s i s .  S u b s e q u e n t  f i g u r e s  show r e s p o n s e  s p e c t r a  
p l o t t e d  f o r  c o n s t a n t  v a l u e s  o f  t h e  r a t i o  r /% .  A l th o u g h  t h e  
p r e s e n t a t i o n  o f  r e s p o n s e  c h a r a c t e r i s t i c s  i n  t e r m s  o f  t h e  
s e p a r a t e  p a r a m e t e r s  V and  ^ may be more a c c u r a t e  i n  some 
s e n s e  t h e r e  a r e  i n d i c a t i o n s  t h a t  t h e  u s e  o f  t h e  r a t i o  p a r ­
t i c u l a r l y  f a c i l i t a t e s  d e s c r i p t i o n  o f  r e s p o n s e  u n d e r  b ro ad  
band e x c i t a t i o n  w i t h  t h e  o b v io u s  a d v a n ta g e  o f  r e d u c i n g  t h e  
number o f  i n d e p e n d e n t  sy s te m  v a r i a b l e s  to  one .  P l o t t i n g  
n o n - d i m e n s i o n a l  r e s p o n s e  s p e c t r a  (B) f o r  c o n s t a n t  v a l u e s  o f  
t h e  r a t i o  T / \  e n s u r e s  t h a t  t h e  s p e c t r a l  c u r v e s  w i l l  c o n t a i n  
t h e  same a r e a  a s  d i s c u s s e d  i n  C h a p te r  4, The B c u r v e s
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F i g u r e s  ( 18ar-e ) , ( 1 9 a - e  ) c o n f i r m  t h i s  and show t h a t  t h e  
s p e c t r a l  sh a p e s  a r e  e x t r e m e l y  s i m i l a r .  I n  t h e s e  f i g u r e s ,  
where  t h e  q u a n t i t y  S i s  p l o t t e d  a g a i n s t  t h e  n o n - d i m e n s i o n a l  
f r e q u e n c y #  (= o)/w„ ) f o r  c o n s t a n t  v a l u e s  o f  r / c  b e tw e e n  10 and 
3200 and K v a l u e s  o f  0 , 2 , 0 , 1 , 0 , 0 5 , 0 , 0 1 ,  t h e  m ain  body o f  t h e  
c u r v e s  a r e  a lm o s t  o v e r l a p p i n g ,  t h e  r e s o n a n t  f r e q u e n c i e s  (#*-) 
c o i n c i d e  and t h e  peak  v a l u e s  B(#y) = B max a r e  a t  t h e  same 
l e v e l .  However t h e  a g re e m e n t  i s  n o t  so good a t  t h e  t a i l s  o f  
t h e  c u r v e s .  S in c e  t h e  a r e a  e n c l o s e d  i s  by d e f i n i t i o n  t h e  
same,  t h e  peak  s h a p e s  m ust  be s l i g h t l y  d i f f e r e n t  i n  o r d e r  
t h a t  t h e  a r e a  c o n t a i n e d  u n d e r  t h e  c u r v e s  r e m a in  t h e  s a m e , I n  
f a c t  t h e  v a l u e  o f  B(0) i s  h i g h e r  a s  t h e  v a l u e  o f  X i s  i n ­
c r e a s e d  ( s e e  T a b le  5 .3 )  b u t  c h an g e s  v e r y  l i t t l e  f o r
d i f f e r e n t  v a l u e s  o f  r / ^  e , g .  f o r  1 = 0 , 2  B(0) = 0 , 1 2  f o r  r /Ç  
10 and B(0) = 0 . 3  f o r  r / ç  = 3200, At t h e  same t im e  B( # r  ) 
c h a n g e s  f rom  B( # 0  = 1 , 2  f o r  r  = 10 to  B (# r )  = 6, 2 f o r  v/x,
= 3200 and t h e  w i d t h  o f  t h e  peak  a t  l / 2  B (# r )  f rom  I . I Q  to  
4 . 5  # ,  T h i s  shows t h a t  by f a r  t h e  most i m p o r t a n t  p a r t  o f  
t h e  r e s p o n s e  s p e c t r u m  l i e s  on e i t h e r  s i d e  o f  t h e  r e s o n a n t  
f r e q u e n c y  where  t h e  s p e c t r a l  s h a p e s  f o r  c o n s t a n t  rA r a t i o  
a l m o s t  c o i n c i d e .  When t h e  s p e c t r a l  q u a n t i t y  A = B/r=k^S/S ,  
i s  p l o t t e d  a g a i n s t  t h e  c o r r e s p o n d i n g  n o n - d i m e n s i o n a l  f r e ­
quency  f o r  c o n s t a n t  ve lIuss  o f  r A  y e t  a n o t h e r  i n t e r e s t i n g  
o b s e r v a t i o n  can  be made r e g a r d i n g  t h e  v a l u e  o f  t h e  q u a n t i t y  
A a t  z e ro  f r e q u e n c y .  F o r  e ach  v a l u e  o f  P / t  t h e r e  i s  a  s m a l l  
r a n g e  o f  v a l u e s  w i t h i n  w h ich  t h e  v a l u e s  o f  A(0) c o n c e n t r a t e .  
F i g u r e s  ( 2 0 a - e ) ,  T h i s  i s  a  c o n seq u e n ce  o f  t h e  r e l a t i v e  
i n v a r i a b i l i t y  o f  t h e  B(0) v a l u e s  w r t  F and g i v e s  a  more 
c l e a r  d e m o n s t r a t i o n  o f  t h e  weak i n f l u e n c e  o f  t h e  e x c i t a t i o n  
l e v e l  on t h e  low f r e q u e n c y  r e s p o n s e  o f  t h e  sy s te m  f o r  t h i s  
t y p e  o f  e x c i t a t i o n .  Assume f o r  a  moment t h a t  a  s e t  o f  non 
d i m e n s i o n a l  c u r v e s  f o r  a  g i v e n  v a l u e  o f  P / î  were d e r i v e d  
t h r o u g h  t h e  s i m u l a t i o n  o f  a  s i n g l e  sy s te m  f o r  d i f f e r e n t  v a l u e s  
o f  t  ( i . e .  a l l  sy s te m  p a r a m e t e r s  c o n s t a n t  e x c e p t  t ) .  As P 
( w h ic h  e x p r e s s e s  t h e  e x c i t a t i o n  l e v e l )  v a r i e s  p r o p o r t i o n a l l y  
t o  T , t o  m a i n t a i n  t h e  r a t i o  v / X  c o n s t a n t ,  t h e  A(0) v a l u e s  
c o n c e n t r a t e  n e a r  a  s i n g l e  v a l u e .  Now t h e  A(0) v a l u e s  a r e  
p r o p o r t i o n a l  to  t h e  r a t i o  B(0) /S ,  , b u t  a s  a l r e a d y  s e e n  t h e  
v a l u e  o f  B(0) f o r  some e x c i t a t i o n  l e v e l  and c o n s t a n t  X de­
p e n d s  m a i n l y  on X , Hence t h e  c o n c e n t r a t i o n  o f  t h e  A(0)
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v a l u e s  show a  n e a r l y  p r o p o r t i o n a l  d ep en d en ce  ■-o f  t h e  z e ro  
f r e q u e n c y  r e s p o n s e  on  t h e  damping p a r a m e t e r  , The p l o t s  o f  
A a r e  r e m i n i s c e n t  o f  t h e  t r a n s f e r  f i n c t i o n  o f  a  l i n e a r  sy s te m  
f o r  d i f f e r e n t  v a l u e s  o f  damping and in d e e d  t h e  d e f i n i t i o n  o f  
A = k 8 / S ,  would be t h e  t r a n s f e r  f u n c t i o n  i f  t h e  s y s te m  were 
l i n e a r .  However t h e r e  i s  no s u c h  t h i n g  a s  a  t r a n s f e r
f u n c t i o n  f o r  t h e  n o n l i n e a r  sy s te m  s i n c e  t h e  q u a n t i t y  b e a r s  no 
c o n n e c t i o n  w i t h  any o t h e r  form o f  e x c i t a t i o n  b u t  t h e  one t h a t  
c a u se d  i t  (Broad b a n d ) .  The f a c t  t h a t  A(0) v a l u e s - - c o n c e n t r a t e  
i n  a  p a r t i c u l a r  r a n g e  f o r  a  g i v e n  v a l u e  o f  r / r  i s  a  f u r t h e r  
p r o p e r t y  o f  t h e  sy s te m .  I t  d e m o n s t r a t e s  t h e  e f f  e c t . o f  damping 
on t h e  low f r e q u e n c y  com ponents  o f  t h e  r e s p o n s e .  One t e n d s  
t o  t h i n k  o f  t h e  v a l u e  A = k^S^/S^ a t  z e ro  f r e q u e n c y  a s  t h e  
s t a t i c  s o l u t i o n  f o r  a  g i v e n  e x c i t a t i o n  l e v e l  d i v i d e d  by t h a t  
e x c i t a t i o n  l e v e l .  However t h i s  i s  f a r  f rom  b e i n g  t h e  c a se  
h e r e .  F o r  a l i n e a r  s y s t e m  t h e  q u a n t i t y  A(0) = B ( 0 ) / r  would 
be t h e  v a l u e  o f  t h e  t r a n s f e r  f u n c t i o n  a t  z e ro  f r e q u e n c y  and 
e q u a l  t o  u n i t y .
From t h e  above d i s c u s s i o n  t h e  f o l l o w i n g  c o n c l u s i o n s  may be 
drawn. The B(0) v a l u e s  depend m a in ly  on t h e  v a l u e  o f  C t h e  
damping c o e f f i c i e n t  and t h e  A(0) v a l u e s  m a in ly  on t h e  v a l u e  
o f  t h e  r a t i o  r / ?  . A l th o u g h  t h e  s t a t i c  s o l u t i o n  m ust
c o n t r i b u t e  to  t h e  z e r o  f r e q u e n c y  r e s p o n s e  i t s  c o n t r i b u t i o n  i s  
n e g l i g i b l e  ( e x p r e s s e d  t h r o u g h  t h e  s m a l l  v a r i a t i o n  o f  B(0) 
v a l u e s  f o r  c o n s t a n t  ? and t h e  s c a t t e r  o f  v a l u e s  o f  A(0) f o r  
d i f f e r e n t  damping r a t i o s  and c o n s t a n t  r / ç  ) .
O b s e r v i n g  t h e  s p e c t r a l  p l o t s  t h e  f o l l o w i n g  g e n e r a l  c o n c l u s ­
i o n s  may be drawn. The r e s o n a n t  f r e q u e n c y  ( #r) , t h e  w i d t h  
o f  t h e  s p e c t r a l  peak  (W),  t h e  v a l u e  o f  B (# r )  and t h e  a r e a  
u n d e r  t h e  B c u r v e s ,  a l l  i n c r e a s e  a s  t h e  r a t i o  o f  r / ^  i s  
i n c r e a s e d .  The o p p o s i t e  i s  t r u e  f o r  t h e  v a l u e  o f  A (0 ) .
These  p r o c e s s e s  a r e  smooth  a s  can  be s e e n  f rom  F i g u r e s  (21— 
2 5 ) ,  w here  t h e s e  q u a n t i t i e s  a r e  p l o t t e d  a g a i n s t  t h e  r a t i o  
r /X .  F u r t h e r  t h e  s p e c t r a l  p e a k s  a p p e a r  sym m etr ic  a b o u t  t h e  
r e s o n a n t  f r e q u e n c y
Harmonic  r e s p o n s e  i s  o b s e r v e d  a t  t h r e e  t im e s  t h e  r e s o n a n t  
f r e q u e n c y  o f  t h e  r e s p o n s e  sp e c t ru m .  F o r  t h e  d i s p l a c e m e n t
-  72 -
s p e c t r u m  t h e  t h i r d  h a rm o n ic  r e s p o n s e  i s  a t  a  c o n s t a n t  t h r e e  
o r d e r s  o f  m a g n i tu d e  s m a l l e r  t h a n  t h e  r e s p o n s e  a t  r e s o n a n c e  
i . e .  B ( 3 # r )  —"B( #y)/lOOO. The t h i r d  h a rm o n ic  r e s p o n s e  i s  
b e s t  o b s e r v e d  i n  t h e  v e l o c i t y  s p e c t r a  F i g u r e s  (27—2 9 b ) , T h i s  
t y p e  o f  r e s p o n s e  i s  f u r t h e r  d i s c u s s e d  i n  t h e  n e x t  C h a p te r ,
As m en t io n ed  e a r l i e r  t h e  p r o p e r t i e s  o f  t h e  sy s te m  may be 
o b s e r v e d  more a c c u r a t e l y  i n  t e r m s  o f  F and C i n s t e a d  o f  
t h e i r  r a t i o .  However s u c h  a  r e p r e s e n t a t i o n  would be more 
s u i t a b l e  f o r  a  m a t h e m a t i c a l  a p p ro a c h .  F o r  e n g i n e e r i n g  app­
l i c a t i o n s ,  where  more p r a c t i c a l  c o n s i d e r a t i o n s  a r e  o f  
i m p o r t a n c e ,  t h e  r e p r e s e n t a t i o n  o f  r e s p o n s e  p r o p e r t i e s  i n  
t e r m s  o f  t h e  r a t i o  r / x  seems more a d v a n t a g e o u s .  The
a d v a n t a g e s  b e i n g  a  l e s s  complex d e s c r i p t i o n  o f  r e s p o n s e  by 
u s e  o f  one  v a r i a b l e  ( F / \ )  i n s t e a d  o f  two ( F and X ) and th e  
d e p en d e n ce  o f  t h e  s t a t i s t i c a l  and s p e c t r a l  v a l u e s  o f  t h e  
same p a r a m e t e r  (F /X ) ,  F u r t h e r  i f  t h e  f a c t  t h a t  t h e  s p e c t r a l  
v a l u e s  c a l c u l a t e d  t h r o u g h  t h e  s i m u l a t i o n  p r o c e s s  a r e  n o t  
e x a c t  ( b i a s ,  n u m e r i c a l  i n t e g r a t i o n  e r r o r s  e t c . ) ,  i s  t a k e n  
i n t o  a c c o u n t ,  t h e n  t h e  p r e s e n t a t i o n  o f  t h e s e  v a l u e s  a s  
f u n c t i o n s  o f  t h e  r a t i o  F /X s im p ly  d o e s  away w i t i i c o m p l i c a t e d  
and n o t  so a c c u r a t e  i n f o r m a t i o n  and a t  t h e  same t im e  p r e ­
s e r v e s  e s s e n t i a l  f e a t u r e s  o f  t h e  r e s p o n s e .  F o r  example  
F i g u r e  ( 2 4 ) a s s i g n s  a  s i n g l e  v a l u e  o f  B( #^) f o r  e a c h  v a l u e  
o f  F /X  sa y  B( #^) = 3 ,7 5  a t  F /x  = 5OO, Whereas t h e  s p e c t r a l  
p eak  v a l u e s  i n  F i g u r e  (18d)  s c a t t e r e d  b e tw ee n  B (# r )  = 3 ,6
and 4 , F o r  f o r t y  r e a l i s a t i o n s  t h e  e r r o r  i n v o l v e d  i n
t h e  c a s e  o f  G a u s s i a n  d a t a  i n  t h e  c a l c u l a t i o n  o f  s p e c t r a l  
v a l u e s  i s  ^  15%, Hence i t  seems p o i n t l e s s  to  q u o te  t h e
above  v a l u e s  o f  B( #r)  s e p a r a t e l y  a s  i t  would be t h e  c a s e  i f  
t h e  r e s u l t s  were  p r e s e n t e d  i n  t e r m s  o f  F and X i n s t e a d  o f  
t h e i r  r a t i o .  F i n a l l y  t h e  r e p r e s e n t a t i o n  o f  r e s u l t s  i n  t e rm s  
o f  f / x d o e s  n o t  e x c l u d e  t h e  p o s s i b i l i t y  o f  p r o d u c i n g  th e  
s e t s  o f  c u r v e s  w h ich  would p r e s e n t  t h e  r e s u l t s  i n  t e r m s  o f  
F and X a s  i n  F i g u r e  ( 2 6 ) ( s m a l l  a d j u s t m e n t s  would have  t o  
be made and t h e  s p e c t r a l  r e s p o n s e  c u r v e s  e n c l o s e d  would be 
u s e f u l  ) ,
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Table  5,3
V a lu e s  o f
0 . 2 0 0 . 1 0 0 . 0 5 0 . 0 1
10 1 , 1 9 1 . 3 5 1 .4 5 1 . 2 8
40 2 .05 1 . 9 8 2 .0 0 2 . 12
160 2 . 85 2 .9 6 3 .03 2 .9 2
500 3 .62 3 .87 3 .7 3 3 .97
3200 6 .25 6 .06 6 .30 7 . 4 0
V a lu e s  o f  B(0)
' î v V ^ 0 . 2 0 0 . 1 0 0 . 0 5 0 . 0 1
10 0 . 1 2 0 . 0 6 0 . 0 4 0 . 0 1
40 0 . 2 0 0 . 1 0 0 . 0 6 0 . 0 1
160 0 . 2 2 0 . 1 4 0 . 0 6 0 . 0 1
500 0 . 2 1 0 . 1 5 0 . 0 9 0 . 0 2
: 3200 0 . 3 2 0 .1 9 0 .0 9 0 . 0 3
V a lu e s  o f  A(0)
0 . 2 0 0 . 1 0 0 ,0 5 0 . 0 1
10 0 . 0 6 0 . 0 6 0 . 0 8 0 . 1 0
40 0 . 0 2 5 0 . 0 2 5 0 . 0 2 8 0 . 0 3
160 0 .0 07 0 .0 09 0 . 0 0 8 0 . 0 09
500 0 . 0 0 2 1 0 . 0 0 3 0 .0 03 5 0 .0 0 4
3200 0 .000 5 0 .0 00 5 0 . 0 00 6 0 .0 0 1
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J , 5
0 . 5
0 . 0
B = pS%w,
I’A  = 500
r
D I S P L A C E M E N T  
C ^ O . 0  5
( r  =: ps ,uyk"  )
r / t  = i6o |  ;
r  A =40
F i g u r e  17a
F i g u r e s  1 7 a - 1 7 f  I l l u s t r a t e  r e s p o n s e  
s p e c t r a  f o r  c o n s t a n t  'S = 0 ,0 5
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D I S P L A C E M E N T
,-4
20 à 6 6 /O / 2  /4  M  / g
P i m i r e  1 7 t  
See a l s o  F i g u r e  17a
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 ^ = 160
20 6 d
P i g u r e  17c 
See a l s o  f i g u r e  17a
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1 2 0
1 0 0
60
20
0 2 6
F i g u r e  ITd 
See a l s o  F i g u r e  17a
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2 A â 6 /O / 2  74
gjff l i re  1 7 e 
See a l s o  F i g u r e  1 7 a
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/•J =10 V E L O C I T Y  
Z~ 0- 0 5
Y' / t  = 40
= 50(p
0 2 (5 /O /2  /4A 8 ! 8
P i g g r e  17f  
See a l s o  P i g u r e  l ? a  
(Av = k ‘Si/CS, W: ))
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0
5
0
0
0 2 6 8
F i g u r e  18a
F i g u r e s  1 8 a —20e i l l u s t r a t e  r e s p o n s e  s p e c t r a  o f  l / ^  
v a l u e s  w i t h  ^ = 0 , 2 ,  0 . 1 ,  0 . 0 5 , 0 .0 1  
F o r  B s p e c t r a  t h e  v a l u e  o f  f o r  t h e  p a r t i c u l a r  
c u rv e  i s  judged  by t h e  m a g n i tu d e  o f  t h e  B(0) v a l u e  
o f  t h a t  c u rv e .  The o r d e r  f rom  t o p  to  b o t to m  i s  
'Ç = 0 . 2 ,  0 . 1 ,  0 . 0 5 ,  0 . 0 1 .  As shown above.
F o r  A s p e c t r a  s e e  F i g u r e s  2 0 a —20e.
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r / r -  4 0 , 0
0
5
0
0
0 2 4 6
f i g u r e  18b 
See a l s o  F i g u r e  18a
8
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F i g u r e  18c 
See a l s o  F i g u r e  18a
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r / ' ^ ^  5 0 0 . 0
X 5
Q
5
0
0
0 2  4 6 g /O /2  /4  /d  /O
F i g u r e  16d 
See a l s o  F i g u r e  18a
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F i g u r e  18e 
See a l s o  F i g u r e  18 a
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Q 2 8
g j g u r e  19a
F i g u r e s  1 9 a —19e as  F i g u r e s  
1 8 a —18e l o g a r i t h m i c  s c a l e s
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F i g u r e  19b 
See a l s o  F i g u r e  19a
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? ig a i r e  19 c 
See a l s o  F i g u r e  19 a
-  88
D I S P L A C E M E N T  
5 0 0 , 0
r J
0 2 6 8 /O /4 /d
F i g u r e  19d 
See a l s o  F i g u r e  19a
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r /X ^  3200.0
1-4
0 2 6 d 104 /4 6
F i g u r e  I 9 e  
See a l a o  F i g u r e  19a
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01
2 64 8
F i g u r e  20a
F o r  A s p e c t r a  t h e  v a l u e  o f  'I f o r  t h e  p a r t i c u l a r  
c u rv e  i s  judged  by t h e  m a g n i tu d e  o f  t h e  A( Qr) 
v a l u e  of t h a t  c u rv e  i n  t h e  o r d e r  shown above.
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F i g u r e  20b 
See a l s o  F i g u r e  20a
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P i ^ r e  20 0 
See a l s o  F i g u r e  20a
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r J
0 2 /I 8 10
F i g u r e  20d 
See a l s o  F i g u r e  20a
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F i g u r e  20e 
See a l s o  F i g u r e  20a
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figure 21
Second and f o u r th  momenta o f re sp o n se  d isp la c e m e n t 
T e rsu s  I ' / t v a lu e s  ( T = ( i i / k '  )
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LT\ ^
P lg u re  22
R esponae d is p la c e m e n t r e s o n a n t  freq u en c y  Qr "versus F /p
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Value o f  th e  n o n -d im en a io n a l q u a n t i ty  A(= kf 3^/S, ) a t  n e a r  ze ro  
fre q u en c y  v e r  su  a F  / \  .
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F ig u re  24
Maximum v a lu e  o f  B(= 8S%w^) v e rs u s  F/g
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W idth o f B cu rv es  a t  8( Of)/2 v e r s u s  F /^
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( a )
6
4
2
0
0 6
P i g u r e ( a )  R e so n a n t  f r e q u e n c y  o f  r e s p o n s e  d i s p l a c e m e n t  
v e r s u s  r  f o r  d i f f e r e n t  v a l u e s  o f  % ,
P i g u r e ( b )  R esponse  mean s q u a r e  d i s p l a c e m e n t  —v— r  f o r  
d i f f e r e n t  v a l u e s  o f  “S . ( c u r v e s  i n  b r o k e n  l i n e  
show r e s u l t s  o f  c o n v e n t i o n a l  e q u i v a l e n t  
l i n e a r i s a t i o n  t e c h n i q u e .
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F i g u r e  27a
F i g u r e s  2 7 a —29c
S e l e c t e d  n o n - d i m e n s i o n a l  r e s p o n s e  v e l o c i t y  s p e c t r a  
f o r  '5 f rom 0 . 0 1  to  0 . 2  
(Bv = pSii/io, , Ay = k  ' S j / (  8, ui  ) )
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^Figure 27b 
See a l s o  F i g u r e  2?a
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F i g u r e  27c 
See a l s o  F i g u r e  2 ? a
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F i g u r e  28a  
See a l s o  F i g u r e s  2 7 a —c
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f i g u r e  28b 
See a l s o  F i g u r e s  2 7 a —c
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See a l s o  F i g u r e s  2 7 a —c
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F i g u r e  29a 
See a l s o  F i g u r e s  2 7 a —c
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Fifflire 29b 
See a l s o  F i g u r e s  2 7 a —c
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Figure 29c 
See a lso  Figures 27a—c
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5.4- Connection with E x is t in g  Theory
In t h i s  se c t io n  an attempt w i l l  be made to express some of  
the response p rop erties  in  simple mathematical r e la t io n s  by 
in v e s t ig a t in g  th e ir  connection with e x is t in g  theory.
I t  has been es tab lish ed  in  S ection  5.2 that the response of  
the Duffing system under a ’ s u ita b le '  broad band random 
process approximates, to a good degree the response of the 
system under white n o ise  e x c ita t io n .  This makes p o ss ib le  
the use of the exact expression  fo r  the jo in t  p ro b a b il ity  
d en sity  fu n ction  of the response displacement and v e lo c i t y ,  
(which i s  derived through the so lu t io n  of the appropriate  
Pokker — Planck equation. S ection  2,1) to c a lc u la te  the 
response s t a t i s t i c s .  The p ro b a b il ity  d en sity  fu n ction  for  
the non-dimensional response displacement may be expressed  
in  terms of the r a t io  f / t  (S e c t io n  4 .2)
P (x /p )  = o exp | - ^ / ( r [ ^ x ’' +i(3‘'x'‘] |  (5-1)
where c i s  the normalising constant governed by
,co
P ( x/p ) dx = l / l ?
I
The odd moments of displacement are zero s in ce  equation( 5—1) 
i s  an even function . The non zero moments are best  
calcu lated  through numerical in te g r a t io n  s in ce  the x"*" term 
in  equation (5—1) dim inishes the importance of the t a i l s  of  
the function , R .H ,L y o n [l7 ]  has developed exact expressions  
fo r  the momenta of response displacement in v o lv in g  parabolic  
cy lin d er  function . However i t  i s  p o ss ib le  t© derive a 
simple expression  fo r  the displacement variance using the 
equivalent l in e a r iz a t io n  technique. As already mentioned 
(S ection  2 ,3) Wolaver [ 1 2 ]  has proved that the equivalent  
l in e a r  system w i l l  have the same response displacement 
variance as the Duffing system, provided that the natural  
frequency of the equivalent l in e a r  system i s  ca lcu lated  
using the exact response p r o b a b il ity  d en sity  fu n ction  of the  
nonlinear system. Thus fo r  the system
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X + 2 X X  + w^Cl+px  ^ )x = F (t) /m  ( 5-2)
the equivalent l in e a r  system
Xi + 2 'S^ Wg^ x, + WqX, = F (t)/m  (5-3)
where Wt =%
Wc = ( l+ p E (]^ ) /E (x )  )
W ill have the same variance provided the r a t io  E(j^)/E(x) i s  
ca lcu la ted  u sing  the equation (5—1 ) .  The s t a t i s t i c a l  value
of K urtosis (Eu) evaluated by the sim ulation  process a lso
provides an estim ation  of t h i s  r a t io
K.U = ( 22 (%.,' -  â) )/Mat ( 5 - 4 )
L = i
where M i s  the number of p o in ts  involved in  the c a lc u la t io n  
and X  the mean value o f  these  p o in ts . Since
X 0 th erefore  E(x) =
2Zxi/M = Ku a î  -  E(x)I'l
th erefore  Eu ^ E(]É)/E(]^)^
therefore  EuE(3d) ^ E(3^)/E(x) ( 5—5)
Hence the equivalent l in e a r  frequency becomes
Wt = (l+|3Euoi ) (5-6)
and equation ( 5—3) becomes
X,  + 2Ioj^x, + ( 1+^Euo  ^ ) X  »  F(t)/m  (5-7)
ai; = S, 7r/41tt4 m 
= S, We m'
= S, (l+^Euai )ni^  = Ox ( 5—8)
where S, i s  the in t e n s i ty  of the e x c ita t io n  spectrum. 
Rearranging equation (5—8)
{ o i f  ^ u l ' E + oj = S,7c/m^  (5—9)
m ultip ly ing  both s id e s  with m^ j3w^/k'l
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( g < )  4KuA  + go: 4 A  = gs, = r / t  (5 -1 0 )
or
pOx = (—1+ V l-fKuTclA ) / 2Ku ( 5—11 )
Provided the correct value of Ku i s  used in  the above
equation, i t  should provide the exact value o f  pcj" fo r  the  
response displacement fo r  a g iven  value o f  r A  . K urtosis  
i s  a fu n ction  of V / x  as indeed a l l  s t a t i s t i c a l  va lues of  
the system that can be derived from equation (5—1 ).
Ku = |3^  E(x)XpE(x) ) = E(x)X.E(x))
Figure 30 shows the asymptotic behaviour of K urtosis  
v e r s u s r / r .  The va lu es  were ca lcu la ted  num erically from 
the exact expression  fo r  the p ro b a b il ity  d en sity  fu n ction
of displacem ent. I t  can be seen that as r A  — — 2. 2
and as r/^-^0,K u—3 ( l in e a r  case , G-aussian d is t r ib u t io n ) .
This behaviour j u s t i f i e s  p o ss ib le  use of equation (5—10) 
as an em pirical r e la t io n  with a su ita b le  constant value  
fo r  Ku. Table (5.4)  d isp la y s  the va lu es  of Ku ca lcu la ted  
by the sim ulation  process and the exact p ro b a b il ity  fu n ction .  
Also d isp la y s  the va lu es o f  paj ca lcu lated  by the s im ulation  
p rocess , the exact p r o b a b il ity  fu n ct io n , and equation (5—10) 
with Ku as evaluated by the sim ulation  process. The
corresponding fourth  moments are a lso  d isp layed . The e n tr ie s  
in  that ta b le  are a l l  non-dimensional. Further the e n tr ie s  
with s u f f ix  eqc. are ca lcu la ted  with a constant value of  
Ku = 2.3.
Figure (31) shows the displacement response spectrum of  the 
nonlinear system fo r  V / \  = 5OO and the corresponding spectrum 
o f the equivalent l in e a r  systems fo r  Ku = 2 .2  
(Ku = 3 i s  the value used in  the equivalent l in e a r iz a t io n  
technique when the exact p ro b a b il ity  d en sity  fu n ction  i s  
ignored as in  S ection  2 . 2 ) .  Although the sp ec tra l shapes 
are d i f f e r e n t  th e ir  resonant freq uencies  seem to be the same 
Looking back at equation (5-6)
w l = ( l+ p K u o t  )
f o r  0 = Wg /w^
114
in
<D(H
'§E4
/ T CO r n CM c n i n i n r n CO
fH r n c n CO t— ! CM CO c - o * •H "
CO. O o o CM VO r n 0 - CO c n d
rH CM i n rH c - CO
rH r n c n
CM
tr
i n CT\ H - CM c n CM 1— I O CM r n CM
w H m CO 1— 1 CM n - CM r n rH
QCL o o o CM VO r n [ - c - CO c n CO
1— 1 CM i n (— 1 c -
rH r n c n
CM
0.
/ < - i n c n i n CM o CO O CO i n i n o
rH r n CO CM r n O r n 0 0 o
^ \ y
q c l O o O CM VO m CO c - CO c n c n
rH CM in rH C - O '
rH r n
CM
VÛ c n •H * CO CO O CO c n O CO o
H r n c n n - 1—! CO H rH CO CM •H -
<TL O o o CM VO r n VO C ^ CP> c n i n
rH CM i n O in c n
rH r n CM
CM
in o CM c n i n m CM o o o
i n T h ■H- r n CM CM CM CM CM CM CM
0
w
C \j CM CM CM CM CM CM CM CM CM CM
C\J VO CO O C ^ CM i n cr\ r n o
i n T j- m r n CM CM 1— 1 1— 1 rH H O
: : j
W
O J CM CM CM CM CM CM CM CM CM CM
i n H H 'H - Q 0 0 1— 1 CO i n 'H -iS" CM Tf- VO H VO o rH CO COoQQ. O o o H 1— 1 CM m i n CM CM
rH r n
O r n iH i n o r n in "H" o
t Î CM VO rH VO VO H ■H- -H - VO
" t l
c a O o o rH H CM r n i n t - - r n -rh
rH r n
i n o r n O i n CM r n o rH t> -CM VO rH VO i n rH r n rH i n
to
o a o o o H I— 1 CM r n i n c - r n r n
1— 1 r n
m c n r n O in CT\ 'H * O VO CO O
CM r n VO rH VO ■H" in 1— 1 CM o r ntooa o o o i— I rH CM m i n l> - r n r n
rH r n
i n o o O O O O O O o o
X d rH CM i n d d d d d d d
rH CM CO VO o oL , rH i n CM
r n
03
03
"cd
O
■H-P
I—I C\l
CO
l—i
oo
in
i rn. C3 CM
a H
o o II
•H Ü
-p pcd w Ui
a* 'H TD
03 CQ to
cd
rWÜ 03 03
s pj PÎCd cr*
rH ‘d •HpH g
I
A o o
03 03 03
-p p
o
fH Sp p
•H •H
H f—t
bO
0 ■p p
o PÎ PI
p 03 03
rH rH+3 cd cd
l> >
‘H •H
w pi ps
cr* cn
PH 03 03
0 a a
o o o
ÎH fH Pt
PH pH
o
CO cn l—i
VO rn ■H-
-  115 -
D I S P l A C E M E N T  
r / z ^  5 0 0 . 0
2  -
: ( i )  g s .w ,
- ( 2 ) 0 S HI w.
J -
( 1)
20 A 6 6
F i g u r e  31
C om parison  o f  r e s p o n s e  d i s p l a c e m e n t  s p e c t r a
(1) D u f f in g  sy s te m  = 0 , 0 5 ,  = 500
(2 ) C o r re s p o n d in g  E q u iv a l e n t  l i n e a r  sy s te m
(Sx, = Se(w) S, )
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n^= 1 + 0K-ua^ (5 -1 2 )
i f  e q u a t io n  (5—10) i s  so lv e d  f o r  pa ( p o s i t i v e  r o o t  o n ly )  and 
s u b s t i t u t e d  a b o v e ,  t h e  f o l l o w i n g  r e l a t i o n  may be o b ta in e d
( n''- n' ) +/(Kuji) = r A  (5-i3)
o r
Ü =  ( 1 + V l+KuTtlA ) /  2 (5 -1 4 )
The above e q u a t i o n  p r o v i d e s  a  s im p le  r e l a t i o n s h i p  b e tw ee n  
th e  n a t u r a l  f r e q u e n c y  o f  t h e  e q u i v a l e n t  l i n e a r  sy s te m  and 
t h e  r a t i o  T/p * T a b le  5 ,5  d i s p l a y s  th e  computed v a lu e s  o f  
r e s o n a n t  f r e q u e n c y  o f  t h e  d i s p l a c e m e n t  r e s p o n s e  s p e c t r a  o f  
t h e  n o n l i n e a r  sy s te m  and t h e  r e s o n a n t  f r e q u e n c i e s  o f  th e  
e q u i v a l e n t  l i n e a r  sy s te m s  f o r  d i f f e r e n t  v a l u e s  o f  T A  * Thus 
t h e  c o m b in a t io n  o f  t h r e e  f u n d a m e n ta l ly  d i f f e r e n t  m ethods 
h a s  p ro d u ced  two u s e f u l  f o r m u la e ,  e q u a t io n  (5—10) w h ich  
d e s c r i b e s  a  p a r a b o l i c  r e l a t i o n s h i p  be tw een  t h e  n o n d im e n s io n a l  
r e s p o n s e  d i s p l a c e m e n t  v a r i a n c e  paî ( o r  a r e a  u n d e r  B c u rv e s )  
and r A  y and e q u a t i o n  ( 5—12) w h ich  d e s c r i b e s  a  s i m i l a r  v a l i d  
r e l a t i o n s h i p  b e tw e e n  t h e  n a t u r a l  f r e q u e n c y  o f  th e  e q u i v a l e n t  
l i n e a r  sy s te m  and r A • From t h i s  l a s t  r e l a t i o n s h i p  th e  
r e s o n a n t  f r e q u e n c y  o f  t h e  r e s p o n s e  d i s p la c e m e n t  sp e c t ru m  may 
be p r e d i c t e d  s i n c e  t h e  r e s o n a n t  f r e q u e n c y  o f  t h e  two sy s te m s  
( i . e .  l i n e a r  and n o n l i n e a r )  seem s to  be t h e  same o v e r  a 
l a r g e  ra n g e  o f  r  A  v a l u e s .
T a b le  5 .5
V s 10 40 160 500 3200
« r 2 .1 1 3. 01 4 .0 7 5 .2 8 8 .6 0
2 .1 7 2 .3 5 4 .1 0 5 .4 0 8 .5 2
2 .1 6 2 .37 4 .1 4 ■ 5 .4 6 8 .6 5
2 .3 2 3 .1 9 4. 46 5 .9 0 3 .3 5
As m en tio ned  b e f o r e  th e  p r o p e r t y  o f  t h e  e q u i v a l e n t  l i n e a r  
sy s te m  t h a t  was u t i l i s e d  to  o b t a i n  e q u a t io n  (5—10) was p ro v ed
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m a t h e m a t i c a l l y  by W olaver ['12 ] .W olaver h a s  a l s o  p ro v ed  t h a t  
t h e  M a c la u r in  s e r i e s  e x p a n s io n  o f  t h e  a p p ro x im a te  a u to  
c o r r e l a t i o n  f u n c t i o n  R x x ( t )  o f  t h e  s t a t i o n a r y  d i s p l a c e m e n t  
o b t a i n e d  from  t h e  e q u i v a l e n t  l i n e a r  sy s tem  a g r e e s  w i t h  t h e  
e x a c t  a u t o c o r r e l a t i o n  f u n c t i o n  up  to  t h e  te rm . However 
t h e  s i g n i f i c a n c e  o f  t h i s  can  o n ly  be a p p r e c i a t e d  when t h e  
a u t o c o r r e l a t i o n  f u n c t i o n s  o f  t h e  n o n l i n e a r  sy s te m  and i t s  
c o r r e s p o n d in g  e q u i v a l e n t  l i n e a r  sy s te m  a re  compared as i n  
F i g u r e  32. I t  i s  s e e n  t h e r e  t h a t  th e  f r e q u e n c y  o f  
o s c i l l a t i o n  o f  t h e  two f u n c t i o n s  a r e  a lm o s t  i d e n t i c a l  f o r  
t h e  f i r s t  c y c le  a t  l e a s t .  T h is  o f  c o u rs e  d e te r m in e s  t h e  
r e s o n a n t  f r e q u e n c y  o f  t h e  r e s p o n s e .  The d i f f e r e n c e  i n  
w id th  o f  r e s p o n s e  s p e c t r a l  p e a k s  i s  a l s o  o b v io u s  from  
F i g u r e  32. The c o r r e s p o n d in g  s p e c t r a  a re  shown i n  F ig u r e  31.
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0
5
0
0
5
0
5
A t
(a )  E q u iv a l e n t  l i n e a r  sy s te m  A t = 0 .0 1 6 6 5
Rxx
u
5
0
0
5
0
A t
(b) D u f f in g  sy s te m  A t = 0 ,0 166 5
E lg u r e  32
R esponse  d i s p l a c e m e n t  a u t o c o r r e l a t i o n  f u n c t i o n  
f o r  "5 = 0 , 0 5 ,  r / ' i  = 500 , w„ = it/2
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5 .5  G rap h ica l R e p r e se n ta t io n
I n  t h i s  s e c t i o n  t h e  p r o p e r t i e s  o f  t h e  r e s p o n s e  d i s p l a c e m e n t  
s p e c t ru m  sum m arised  i n  F i g u r e s  .21—25 a r e  u t i l i s e d  to  
p r o v id e  a s im p le  g r a p h i c a l  method o f  s k e t c h i n g  t h e  r e s p o n s e  
d i s p l a c e m e n t  sp e c t ru m  i n  i t s  n o n - d im e n s io n a l  fo rm  as  
B = f o r  a  g iv e n  v a lu e  o f  F , The method may he
s p l i t  i n  two s t a g e s .  G iven  a  p a r t i c u l a r  v a lu e  o f  F / l , i n  
t h e  f i r s t  s t a g e  an i s o s c e l e s  t r i a n g l e  o f  a r e a  e q u a l  to  
jBoJ; (= f  ( r / t  ) ) i s  d e s ig n e d  to  r e p r e s e n t  t h e  s p e c t r a l  r e s p o n s e  
( F i g u r e  33) w i th  i t s  ap ex  a t  and i t s  h e i g h t  a p p ro x im a te ly
e q u a l  to  B( 0 J  . The t r i a n g u l a r  sh ap e  g i v e s  a  ro u g h  i d e a  o f  
t h e  sy s te m s  s p e c t r a l  r e s p o n s e ,  t h a t  may he a d e q u a te  f o r  some 
p r a c t i c a l  a p p l i c a t i o n s .  A more d e t a i l e d  s k e t c h  may he 
d e v e lo p e d  from  t h i s  b a s i c  f i g u r e ,  i f  t h e  d a t a  p ro v id e d  by 
F i g u r e s  2 3 ,2 4 ,2 5  a r e  u se d  to  c l i p  t h e  p e a k ,  o b t a i n  th e  
v a lu e  o f  B(0) = A(0) T and m o d ify  t h e  w id th  a t  1 8 (0 ^ )  
h e i g h t s .
As i t  c an  be s e e n  from  F i g u r e  ,/3 3.. t h e  i d e a  o f  a p p ro x im a t in g  
t h e  r e s p o n s e  sp e c t ru m  by a  i s o s c e l e s  t r i a n g l e  i s  s u g g e s te d  
by th e  symmetry o f  th e  s p e c t r a  a b o u t  and t h e  s i m i l a r  
s lo p e  o f  t h e  peak  s i d e s .  Once i t  was d e c id e d  t h a t  t h e
e s s e n t i a l  f e a t u r e s  o f  t h e  a p p ro x im a te  sh ape  would be
a) i t s  a r e a  = (30x ( f ro m  e q u a t i o n  (5—10) ) and
b) i t s  ap ex  p o s i t i o n e d  a t  ( f ro m  e q u a t io n  ( 5 - 1 2 ) ) ,  a  
s lo p e  had to  be found  t h a t  would b e s t  f i t  t h e  s p e c t r a l  sh a p e .  
Thus i f  t h e  h e i g h t  o f  t h e  t r i a n g l e  i s  d e n o te d  by h  and i t s  
b a s e  by 2a t h e n
pOx = h a  ( 5—15)
t a n  e  = h / a  
w here  0 i s  t h e  b a se  a n g le ,
t h e r e f o r e  a  -  /jSOx ' / T / t a n 0 (5—16)
h  = /pC x/ t a n 0
By t r i a l  and e r r o r  t h e  v a lu e  o f  t a n 0  = 1.428 was judged  to  
g iv e  b e s t  o v e r a l l  r e s u l t s .  Hence i n  o r d e r  to  draw  th e
t r i a n g u l a r  f i g u r e  one would have  to  e v a l u a t e  (a s su m in g  Ku =
2 .2 )  f o r  a  g iv e n  v a lu e  o f  F / l
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G r a p h ic a l  r e p r e s e n t a t i o n  method o f  
n o n r-d im e n s io n a l  r e s p o n s e  d i s p l a c e m e n t  
s p e c t r a
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a) Ht = [  (1  + /  l + 2 . 2 7 t r / r ) / 2 f
to  p o s i t i o n  t h e  f i g u r e  ( o r  more a c c u r a t e l y  n ,  = ç i j  1—1, )
b) pa* = (- 1 +Vl+2.2%r/t )A.4
c) h  = 1 .1 9 5  /p a ,
a  = 0 .8 3  /p a .
Then s im p ly  draw  t h e  i s o s c e l e s  t r i a n g l e  w i th  i t s  ap ex  
p o s i t i o n e d  a lo n g  a l i n e  a t  h e i g h t  h ,  and b a s e  2a. T h is  
i s  d e m o n s tr a te d  i n  F i g u r e  33 and o v e r  e s t i m a t e s  th e  
computed v a lu e s  o f  B( by 6 . 5 ,  1 0 ,7 ,  6 ,8 ,  1 4 . 7 % f o r r / T  =
1 0 ,4 -0 ,1 6 0 ,5 0 0  r e s p e c t i v e l y .  F o r  a  G a u s s ia n  s i g n a l  ( t h i s  i s  
n o t  such ) th e  c o n f id e n c e  l i m i t s  f o r  f o r t y  - a v e r a g e s  
s u g g e s t  an  e r r o r  + 1 5 . 8 %  .
An im provem ent on t h i s  f i g u r e  may be b ro u g h t  a b o u t  by 
r e a d i n g  t h e  a p p r o p r i a t e  computed v a lu e  o f  ) f ro m  F ig u r e  
,24 and t h e  v a lu e  o f  A(0) from  F ig u r e  23- to  f i n d  B(0) » 
A(0)r and a d j u s t i n g  t h e  shape  f r e e  han d . T h is  l a s t  im prove­
ment becom es more i m p o r t a n t  a s  i n c r e a s e s  s i n c e  B ( 0 ) — O a s  
t  —"0. I n  F ig u r e  33 i t  seems t h e r e  i s  v e r y  l i t t l e  
c o r r e c t i o n  t o  be made f o r  t h e  w id th  o f  t h e  c u rv e  a t  t h e  
h e i g h t  o f  i B ( O r ) '  However F i g u r e  25 can  a lw ay s  be u se d  
t o  d o u b le  check  t h e  w id th  o f  t h e  r e f i n e d  s k e t c h  a t  f r e q u e n -  _ 
c i e s  w here B(rj) = i B ( r J ^ ) ,  The r e s p o n s e  s p e c t r a  o f  a c c e l ­
e r a t i o n  and v e l o c i t y  may be  o b ta in e d  from  th e  d i s p l a c e m e n t  
sp e c t ru m  th r o u g h
Bv ( 0 ) =  {3Sx.Co)/w^=:|3S:x(n)Wn = B(Q)
Ba( si) = pS" (si)/u)\i = p8^(#)w^n^= B(si ) SI*
and Av(si) = B v ( s i ) / r ,  Aa = B a ( s i ) / r ( s e e  a l s o  s e c t i o n  4 , 2 ) .
N ote  t h e  n o n - d im e n s io n a l  fo rm  o f  t h e  a r e a s  u n d e r  p a r t i c u l a r  
s p e c t r a
-  122
= j '  p o s . ( n ) w % d n  
0
a CO
E xam ples o f  a c c e l e r a t i o n  s p e c t r a  shown i n  F ig u r e  34  and 
v e l o c i t y  s p e c t r a  i n  F i g u r e s  27—28h ,
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ACCEL ERA T I O N  
r / < ^  5 0 0 . 0
0  5  1 0  1 5  2 0  2 5  3 0  3 5
F ig u r e  34
K o n -d im e n a io n a l  r e s p o n s e  a c c e l e r a t i o n  sp e c t ru m  
See a l s o  f i g u r e  5
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CHAPTER 6
EPEECTS OF PIPPERENT FORMS OP EXCITATION SPECTRA
T h is  c h a p t e r  may be th o u g h t  o f  a s  a  f i r s t  a t t e m p t  i n  
i n v e s t i g a t i n g  t h e  r e s p o n s e  o f  t h e  D u f f in g  sy s te m  u n d e r  
band l i m i t e d  and h i g h  p a s s  f i l t e r e d  random e x c i t a t i o n s .  I t  
i s  a l s o  hoped t h a t  t h i s  work w i l l  p ro v id e  more i n s i g h t  t o  
t h e  b e h a v io u r  o f  th e  sy s te m  u n d e r  b ro ad  band e x c i t a t i o n  and 
p r e p a r e  t h e  g round  f o r  f u t u r e  r e s e a r c h  r e g a r d i n g  t h e s e  
t y p e s  o f  e x c i t a t i o n .  An a t t e m p t  w i l l  be made to  answ er 
m a in ly  two q u e s t i o n s .  P i r s t ,  w h e th e r  i t  i s  p o s s i b l e  to  
d e s c r i b e  t h e  r e s p o n s e  s p e c t r a  f o r  t h e  D u f f in g  system , u n d e r  
t h e  a fo re m e n t io n e d  e x c i t a t i o n s  u s i n g  th e  r a t i o  r / ç  i n s t e a d  
o f  t h e  s e p a r a t e  p a r a m e te r s  r  and I and s e c o n d ,  w h e th e r  th e  
e q u i v a l e n t  l i n e a r i z a t i o n  t e c h n i q u e ,  e i t h e r  i n  i t s  conven­
t i o n a l  o r  im proved  fo rm , i s  a p p l i c a b l e  f o r  t h i s  ty p e  o f  
e x c i t a t i o n  f o r  t h e  l a r g e  n o n l i n e a r i t i e s  i n v e s t i g a t e d .  
F i n a l l y , i n  S e c t i o n  ( 6 . 3 )  an  a rgum en t i s  p u t  fo rw a rd  i n  
f a v o u r  o f  a  p o s s i b l e  p r o p e r t y  o f  th e  sy s te m  t h a t  cou ld  p ro ­
v i d e  a  l i n k  b e tw ee n  t h e  r a d i c a l l y  d i f f e r e n t  b e h a v io u r s  o f  
t h e  sy s te m  u n d e r  t h e  d i f f e r e n t  fo rm s  o f  e x c i t a t i o n  s p e c t r a  
c o n s id e r e d .
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6 .1  R esponse  S p e c t r a  U nder Sand L im ite d  P r o c e s s
L oo k ing  back  i n  S e c t i o n  ( 4 , 2 )  i t  can  be s e e n  t h a t  t h e  
f o r m u l a t i o n s  d e r i v e d  t h r o u g h  d im e n s io n a l  a n a l y s i s  f o r  th e  
sy s te m  u n d e r  b ro a d  band e x c i t a t i o n ,  a r e  s t i l l  v a l i d  f o r  th e  
sy s te m  u n d e r  band l i m i t e d  random e x c i t a t i o n .  T h is  i s  due 
t o  t h e  f a c t  t h a t  t h e  d e f i n i t i o n  o f  th e  e x c i t a t i o n  sp e c t ru m  
re m a in s  p r a c t i c a l l y  t h e  same. Hence th e  r e s p o n s e  s p e c t r a  
may be e x p re s s e d  i n  t h e  fo rm
k^S, (w )/S , = 4), [ ^ S , / / ^  » c /2 /k m , w , / / k / m ,  w/^'k/m] (6 -1 )
o r
A = •!>,
and
^8 (w ) /k /m  = [ pS, X/'mk' , c /2 /k m , w ^ / /k /m ,  w / /k /m ]  (6 -2 )
o r
B = «t,[ r , î ,  n., n]
H a t u r a l l y  f u n c t i o n s  <î>, , 4^ , a r e  i n  g e n e r a l  d i f f e r e n t  f rom  th e  
c o r r e s p o n d in g  f u n c t i o n s  4>, ^  o f  e q u a t io n s  ( 4 ^ 8 ) ,  (4^9 )  , u se d  
t o  d e s c r i b e  t h e  r e s p o n s e  u n d e r  b ro a d  b a n d .A n o th e r  n o t i c a b l e  
d i f f e r e n c e  i n  t h e  f o r m u l a t i o n  o f  t h e  p ro b lem  i s  th e  im por­
t a n c e  o f  t h e  Og te rm  ( t h e  c u t  o f f  f r e q u e n c y ) .  The i n f l u e n c e  
o f  t h i s  te rm  on t h e  r e s p o n s e  o f  t h e  sy s te m  u n d e r  b ro a d  band 
e x c i t a t i o n  h a s  b e e n  p ro v ed  u n im p o r t a n t .  H ere  how ever th e  
t h e  v a lu e  o f  t h e  c u t  o f f  f r e q u e n c y  (#%) i s  e x p e c te d  t o  have  
a  d e c i s i v e  i n f l u e n c e  on t h e  r e s p o n s e  o f  th e  sy s te m . A gain  
t h e  a r e a  u n d e r  a s i n g l e  B c u rv e  r e p r e s e n t s  a  n o n d im e n s io n a l  
mean s q u a r e  r e s p o n s e  d i s p l a c e m e n t  o f  th e  sy s tem .
00
pOy' = J '  3S^(f2)/k7m dQ (6 - 3 )
o
w here  Q. = o j//k /m .
I t  i s  s e e n  h e r e  t h a t  t h e  number o f  p a r a m e te r s  n e c e s s a r y  to  
d e s c r i b e  t h e  sy s te m  r e s p o n s e  h a s  i n c r e a s e d  by one ( S l j .  How 
e v e r  i n  t h e  b ro a d  band c a se  th e  num ber o f  p a r a m e te r s  were 
f u r t h e r  re d u c e d  by d e s c r i b i n g  t h e  sy s te m  i n  te rm s  o f  th e  
r a t i o  r / i  i n s t e a d  o f  t h e  s e p a r a t e  p a r a m e te r s  T and ? a s  
s u g g e s te d  by e q u a t io n s  ( 4 - 8 ) » ( 4 - 9 ) ,  Hence i t  i s  i m p o r t a n t
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D I S P L A C E M E N T  
r / r : =  4 0 , 0
J . 5
J. 0
0
5
0
0
2 A 6 8
F ig u r e  35a 
■S = 0 ,0 5
F i g u r e s  3 5 a —36b R espon se  d i s p la c e m e n t  
s p e c t r a  w i t h  e x c i t a t i o n  sp e c tru m  
Cut o f f  f r e q u e n c i e s  = 4 , 3 , 2 , 1  ( T = pS, Wv,/k  ^ )
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D I S P L A C E M E N T
r/^cT 40,0
J . 5
0
5
0
0 , 5
0
0 2 6 8
f i g u r e  35b 
t = 0 . 2  
See a l s o  F ig u r e  35a
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D I S P L A C E M E N T  H 
ij
r / u  4 0 . 0  J
2 c
F ig u r e  36a  
ï  = 0 .0 5
See a l s o  F ig u r e  35a
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D I S P L A C E M E N T  : 
4 0 . 0  [
KTc
2 6z. 6
f l m x r e  36b
See a l s o  F i g u r e  36a 
I = 0 ,2
— 130 —
D I S P L A C E M E N T  
5 0 0 . 0
6
5'
4
J
2
0 2 84 6
f i g u r e  37a  
X = 0 , 05
P i g u r e s  3 7 a —38b R esponse  d i s p l a c e m e n t  
s p e c t r a  w i th  e x c i t a t i o n  
Cut o f f  f r e q u e n c i e s  a t  Qc -  6 , 5 , 4 , 3 , 2 , 1  ( f o r i  = 0 , 0 5 )  
and c u t  o f f  f r e q u e n c i e s  a t  = 6 , 5 , 4 , 3  ( f o r  1 = 0 , 2  )
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D I S P L A C E M E N T  
r / r -  5 0 0 , 0
6
5
4
J
2
0
0 2 6 8
f i g u r e  37b
See a l s o  F ig u r e  37a  
I = 0 . 2
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D I S P L A C E M E N T :  
5 0 0 .  0  :
5  -
J -
lO"
0 2 6A 8
f i g u r e  38a
See a l s o  F i g u r e  37a 
1 = 0 . 0 5
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5 0 0 , 0  :J  -
J  -
J  -
2 6 e
Fifflire  38b
See a l s o  F ig u r e  37a 
5^ =  0 . 2
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D I S P L A C E M E N T  
5 0 0 . 0
5
4
J
2
0
20 (5 8
P i g u r e  39
Sample o f  r e s p o n s e - s p e c t r a  b e f o r e  
f r e q u e n c y  a v e r a g in g  (T = 0 . 2 )
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1^61 OCT r x
r/^ :T 500.0
/4 0
1 2 0
1 0 0
20
0 2 6
F ig u r e  40
Example o f  v e l o c i t y  r e s p o n s e  s p e c t r a  
( I = 0 . 2 )  c o r r e s p o n d in g  to  F ig u r e  (37b)
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t o  i n v e s t i g a t e  i f  t h i s  s i m p l i f i c a t i o n  can  a p p ly  f o r  t h i s  
c a se  to o .
F i g u r e s  35 to  40 show t h e  r e s p o n s e  s p e c t r a  f o r  v a l u e s  o f  
r / 1  = 40 and 500 f o r  d i f f e r e n t  c u t  o f f  f r e q u e n c i e s  and f o r  
two damping r a t i o s  t  = 0 . 0 5 , 0 ,  20. F ig u r e  4 I  shows t h e  a r e a  
u n d e r  t h e  s p e c t ru m  as  t h e  band l i m i t  i s  re d u c e d  and a l s o  
shows t h e  a r e a  u n d e r  th e  r e s p o n s e  sp e c tru m  to  t h e  c o r r e s ­
p o n d in g  b ro ad  band s i g n a l  (sam e i n t e n s i t y )  up  to  th e  c u t  
o f f  f r e q u e n c y  o f  t h e  band l i m i t e d  p r o c e s s .  As m en tio n ed  
e a r l i e r  t h e  p a r a m e te r s  d e s c r i b i n g  th e  sy s te m  h av e  i n c r e a s e d  
by o n e ,  nam ely t h e  f r e q u e n c y  c u t  o f f  o f  t h e  band l i m i t e d  
p r o c e s s .  T h is  may be  d e f i n e d  s im p ly  a s  /w ^ , But a
more c o m p l ic a te d  d e f i n i t i o n  i n v o l v i n g  th e  b ro a d  band 
r e s o n a n t  f r e q u e n c y  and t h e  p e ak  w id th  (h en c e  i n d i r e c t l y  
r / ^ )  may be more m e a n in g fu l  sa y  = ^<1 aW w here  a C R
and W th e  w id th  o f  t h e  r e s o n a n t  p eak  a s  d e f in e d  i n  C h a p te r  
5. The work done i n  t h i s  s e c t i o n  d id  n o t  i n d u lg e  i n  
e s t a b l i s h i n g  su c h  p r e c i s e  r e l a t i o n s h i p s ,  b u t  a t t e m p t s  p r o ­
v id e  a  f i r s t  l o o k  i n t o  t h i s  s u b j e c t  w hich  may be found 
b e n e f i c i a l  to  f u r t h e r  r e s e a r c h  i n t o  th e  s u b j e c t .  I t  may 
be s a i d  t h a t  t h e  g e n e r a l  p a t t e r n  e s t a b l i s h e d  i n  t h e  
p r e v i o u s  c h a p t e r  on th e  b e h a v io u r  o f  th e  r e s p o n s e  s p e c t r a  
to  a  b ro ad  band e x c i t a t i o n  i s  i n  g e n e r a l  r e t a i n e d  l e s s  so 
how ever a s  0^  i s  r e d u c e d  b e lo w  ( t h e  r e s o n a n t  f r e q u e n c y  
f o r  t h e  b ro a d  band e x c i t a t i o n  ) .  As f a r  a s  t h e  m ain  body 
o f  t h e  sp e c t ru m  i s  c o n c e rn e d ,  t h e  shape  o f  th e  r e s p o n s e  
s p e c t r a  f o r  0,. < i s  t h e  l i m i t  f e q u e n c y  ( s e e
S e c t i o n  5 . 2 ) )  c o u ld  hav e  b e e n  p ro d u ced  ( t o  a  good approx­
im a t io n )  by a  s im p le  t r u n c a t i o n ,  a t  C!c, o f  t h e  b ro a d b a n d  
r e s p o n s e  s p e c t r a .  F u r t h e r  f o r  a  g iv e n  p a i r  o f  v a lu e s  o f  
r / 'g  and 0^, t h e  c o r r e s p o n d in g  r e s p o n s e  s p e c t r a  h av e  th e  
same B maximum, A( 0 ) , W and v a lu e s  w hich  a r e  d i f f e r e n t  
f rom  th e  c o r r e s p o n d in g  ones o f  t h e  b ro ad  band c a se  ( i . e .  
same T / i  b u t  n,, ) ,  Hence i f  t h e  r e s p o n s e
s p e c t r a  f o r  t h i s  c a s e  may be d e s c r i b e d  f o r  e a c h  v a lu e  o f  
^c., i n  t h e  m anner t h e  r e s p o n s e  s p e c t r a  f o r  t h e  b ro ad  band 
c a s e  w ere d e s c r i b e d  i . e .  i n  te rm s  o f  f i g u r e s  s i m i l a r  to  
F i g u r e s  (21—25) w h ich  may be th o u g h  o f  a s  d e r i v e d  f o r  
However f u r t h e r  r e d u c t i o n s  o f  # c i . e .  ,
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seems t o  s u g g e s t  t h a t l / t  c a n n o t  any l o n g e r  a d e q u a t e l y  
d e s c r i b e  t h e  r e s p o n s e  s p e c t r a  and t h a t  T and I s h o u ld  be 
t r e a t e d  a s  s e p a r a t e  p a r a m e t e r s .
At t h i s  p o i n t  i t  may seem s t r a n g e  f o r  t h e  u s e f u l n e s s  o f  
t h e  r  / r  p a r a m e t e r  t o  d i m i n i s h .  T h i s  p a r a m e t e r  h a s  s e r v e d  
t h e  p u r p o s e  o f  a  g e n e r a l  s y s te m  p a r a m e t e r ,  com bin ing  b o t h  
e x c i t a t i o n  and damping v a l u e s .  As d i s c u s s e d  e a r l i e r  t h i s  
s t r a n g e  c o m b i n a t i o n ,  a l t h o u g h  i t  may s e r v e  t h e  p u r p o s e  o f  
d e s c r i b i n g  t h e  s p e c t r a l  q u a n t i t i e s  A,B w i t h  a  v a r y i n g  
d e g r e e  o f  s u c c e s s  d e p e n d in g  on t h e  ty p e  o f  e x c i t a t i o n  and 
t h e  i n d i v i d u a l  v a l u e s  o f  T and T , i t  i s  more s u i t a b l e  f o r  
d e s c r i b i n g  s t a t i s t i c a l  q u a n t i t i e s .  A p o s s i b l e  f u t u r e  
m a t h e m a t i c a l  s o l u t i o n  o f  t h e  p r o b le m ,  w i l l  p r o b a b l y  f i n d  
t h e  c o m b i n a t i o n  u n s u i t a b l e  f o r  t h e  p u r p o s e  o f  d e s c r i b i n g  
s p e c t r a l  q u a n t i t i e s  and s p l i t  i t  i n  i t s  components  F and !  . 
F o r  t h e  p r e s e n t  t a k i n g  i n t o  a c c o u n t  t h e  l i m i t a t i o n s  o f  t h e  
n u m e r i c a l  t e c h n i q u e s  to  d e s c r i b e  s p e c t r a l  v a l u e s  ( B i a s  , 
l e n g t h  o f  r e c o r d s ,  n u m e r i c a l  i n t e g r a t i o n  a c c u r a c y , e t c . )  i t  
seems a  v e r y  a t t r a c t i v e  p r o p o s i t i o n  e s p e c i a l l y  f o r  e n g i n ­
e e r i n g  p u r p o s e s .  The m o t i v a t i o n  b e h in d  t h e  u s e  o f  t h e  
r a t i o  V / \  a s  a s i m p le  p a r a m e t e r  d e s c r i b i n g  t h e  r e s p o n s e  
u n d e r  b ro ad  band e x c i t a t i o n ,  was i t s  a p p e a r a n c e  i n  t h e  
n o n - d i m e n s i o n a l  fo rm  o f  t h e  p r o b a b i l i t y  d e n s i t y  o f  t h e  
r e s p o n s e  d i s p l a c e m e n t  d e r i v e d  t h r o u g h  t h e  s o l u t i o n  o f  t h e  
a p p r o p r i a t e  F o k k e r  — P l a n c k  e q u a t i o n  ( C h a p t e r  4 ) .  T h i s  
s o l u t i o n  i s  n o t  a v a i l a b l e  how ever  f o r  band l i m i t e d  e x c i ­
t a t i o n ,  The s t a t i s t i c a l  q u a n t i t i e s  c a l c u l a t e d  by t h e  
n u m e r i c a l  s i m u l a t i o n  t e c h n i q u e  s u g g e s t  a  d i f f e r e n t  - 
a r r a n g e m e n t  f o r  t h e  j o i n t  p r o b a b i l i t y  f u n c t i o n ,  a l t h o u g h  
t h e  q u e s t i o n  o f  s t a t i s t i c a l  i n d e p e n d e n c e  o f  v e l o c i t y  and 
d i s p l a c e m e n t  was n o t  a t t a c k e d  t h e  v a l u e s  o f  K u r t o s i s  f o r  
v e l o c i t y  s u g g e s t  t h a t  i t s  p r o b a b i l i t y  d i s t r i b u t i o n  i s  no 
l o n g e r  G-aussian and d e p e n d s  on Qc, I n  f a c t  by o b s e r v i n g  
t h e  K u r t o s i s  v a l u e s  i n  T a b le  6 . 1 , i t  i s  s e e n  t h a t  as  
i s  r e d u c e d  f rom  t h e  b ro a d  band v a l u e  ( 0 ^) ,  t h e  v a l u e  o f  
Ku f o r  t h e  r e s p o n s e  v e l o c i t y  d r o p s  g r a d u a l l y  f rom  3 
( G a u s s ia n )  t o  some minimum v a l u e  ( 2. 3 ) .  T h i s  seems
t o  h a p p en  a s  i s  i n  t h e  r a n g e  o f  f r e q u e n c i e s  n e a r  t h e  
r e s o n a n t  f r e q u e n c y  o f  t h e  sy s te m  u n d e r  b ro ad  band
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e x c i t a t i o n  ( . As i s  f u r t h e r  r e d u c e d ,  t h e  K u r t o s i s
v a l u e  g r a d u a l l y  i n c r e a s e s  t o w a rd s  t h e  G a u s s i a n  v a l u e  3. The 
K u r t o s i s  v a l u e s  o f  t h e  d i s p l a c e m e n t  r em a in ed  r o u g h l y - a t -  t h e  
same l e v e l  a s  f o r  t h e  b ro a d  band i n p u t ,  how ever  t h i s  i s  n o t  
c o n c l u s i v e  s i n c e  t h e  e r r o r  i n v o l v e d  i n  t h e  e v a l u a t i o n  o f  
t h i s  q u a n t i t y  d e p en d s  on t h e  f o u r t h  moment and may r e q u i r e  
much l o n g e r  r e c o r d s  i n  o r d e r  t h a t  s m a l l  changes  a r e  c o n f i ­
d e n t l y  d e t e c t e d . T a b le  6 .1
r / g  = 40 •Vr=500
D is p la c e m e n t  
0 .0 5  0 . 2 0
V e l o c i t y  
0 .0 5  0 .2 0
D is p l a c e m e n t  
0 .0 5  0 .2 0
V e l o c i t y  
0 .0 5  0 .2 0
2 ,15 2 .2 3 2 .6 4 2 .9 0 2 .1 4 2 .17 2 .6 3 2 .7 9
6 — — — — 2 .05 2 .11 2 .3 3 2 .4 0
5 — ■— — — 2 .0 3 2 .08 2 .2 2 2 .3 0
4 2 ,1 8 2 ,19 2 .6 7 2 .6 3 2 .0 2 2 .10 2 .15 2 .3 0
3 2 .09 2 .15 2 .3 1 2 .3 8 2 .1 1 2 .0 9 2 .30 2 .4 6
2 2 .1 3 2 .1 3 2 .27 2 .3 9 2 .1 1 — 2 .5 0 —
1 2 .1 1 2 .15 2 .8 1 2 .7 0 2 .0 0 — 2 .8 0 —
The mean r e s p o n s e  v a l u e s  f o r  d i s p l a c e m e n t  and v e l o c i t y  were 
z e r o  a s  e x p e c t e d .  T h e re  w ere  no t e s t s  c a r r i e d  o u t  on t h e  
s t a t i o n a r i t y  o f  t h e  r e s p o n s e ,  a l t h o u g h  t h e  c o n s i s t a n t  
s p e c t r a l  e s t i m a t i o n s  s u g g e s t  s t a t i o n a r i t y .
An i n t e r e s t i n g  o b s e r v a t i o n  can  be made on t h e  r e s p o n s e  
s p e c t r a l  shape  when t h e  c u t  o f f  f r e q u e n c y  i s  r e d u c e d  be low  
t h e  r e s o n a n t  f r e q u e n c y  o f  t h e  b ro ad  band c a s e .  I n  F i g u r e  
35a  f o r  example  i t  i s  s e e n  t h a t  t h e r e  a r e  two p e a k s  i n  t h e  
r e s p o n s e  s p e c t ru m  f o r  = 1 one t h a t  c o i n c i d e s  w i t h  t h e  
f r e q u e n c y  c u t  o f f  o f  t h e  i n p u t  and t h e  second  a p p e a r s  a t  a  
s l i g h t l y  h i g h e r  f r e q u e n c y  ( ^ -  1 . 7 5 ) .  T h i s  i s  a  phenomenon 
t h a t  may be l i n k e d  w i t h  t h e  b e h a v i o u r  o f  t h e  sy s te m  r e s p o n s e  
a t  low f r e q u e n c i e s  i n  t h e  c a s e  o f  t h e  b ro ad  band e x c i t a t i o n
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( t h e  e f f e c t  o f  dam p in g  a t  t h e s e  f r e q u e n c i e s )  and t h e  r e s p o n s e  
u n d e r  h i g h  p a s s  f i l t e r e d  e x c i t a t i o n .  An a t t e m p t  t o  l i n k  
t h e s e  phenomena w i l l  f o l l o w  t h e  o b s e r v a t i o n s  on t h e  r e s p o n s e  
o f  t h e  sy s te m  u n d e r  a  h i g h  p a s s  f i l t e r e d  p r o c e s s .
The a p p l i c a b i l i t y  o f  t h e  e q u i v a l e n t  l i n e a r i z a t i o n  t e c h n i q u e  
was a l s o  i n v e s t i g a t e d .  The a n a l y s i s  p r e s e n t e d  i n  S e c t i o n
2 .2  i s ,  up t o  e q u a t i o n  (2—2 6 ) ,  i n  p r i n c i p l e  v a l i d  f o r  any 
t y p e  o f  random e x c i t a t i o n .  Hence f o r  t h e  sy s te m
X + 2"^ w^  X ■¥ (jOn(x+px" ) = P ( t )  ( 6—4)
t h e  e q u i v a l e n t  l i n e a r  s y s te m
X, + = F ( t ) :  ( 6 - 5 )
where
 ^ and ( l+g  ) ( 6—6)
i s  e x p e c te d  to  g i v e  t h e  b e s t  a p p r o x i m a t i o n  t o  t h e  r e s p o n s e  
o f  t h e  n o n l i n e a r  sy s te m  i n  t h e  mean s q u a r e  s e n s e .  T h is  was 
p ro ved  t r u e  when F ( t )  i s  b ro a d  band p r o v i d e d  t h e  r a t i o  
E ( x" ' ) /E ( x'') i s  g i v e n  t h e  e x a c t  v a l u e  ( S e c t i o n  5 , 4 ) ,  I n  t h e  
c a s e  o f  band l i m i t e d  e x c i t a t i o n  an  a p p ro x im a te  e v a l u a t i o n  
o f  t h i s  r a t i o  was p o s s i b l e  t h r o u g h  t h e  s i m u l a t i o n  t e c h n i q u e .  
Hence
Wt = wt, ( 1+pEuOx ) ( 6-7 )
where  Ku i s  t h e  v a l u e  o f  K u r t o s i s  and ai t h e  v a r i a n c e  o f  t h e  
r e s p o n s e  d i s p l a c e m e n t  a s  c a l c u l a t e d  by t h e  n u m e r i c a l  
s i m u l a t i o n .  The v a r i a n c e  o f  t h e  e q u i v a l e n t  l i n e a r  s y s te m  
may be c a l c u l a t e d  t h r o u g h
t h e r e f o r e
= /  s,
o
= /
HXw) dw
H, (n) ( 6- 8 )
where  S, i s  t h e  i n t e n s i t y  o f  t h e  band l i m i t e d  rsindom p r o c e s s  
and He(w) t h e  t r a n s f e r  f u n c t i o n  o f  t h e  e q u i v a l e n t  l i n e a r  
sy s te m .  The i n t e g r a l  may be e v a l u a t e d  a s  p e r
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■ / w, s H (n) dn
a; = [ l (  -  I ( n „ T ) ]  tiS A  üjp
where  q = wA. and
I ( S ^ , T )  =  ( 1/ Tc ) t  an, [ 2"^  Q /  ( 1  — ) ]  +  ( 6—9 )
+ ( ï / 27t/  X— ) I n  [ ( 1+ (1 +2ilA-“ ) / (  1+ n — 2f2\/ 1—T ' ) ]
Hence t h e  r e s u l t s  o f  t h e  e q u i v a l e n t  l i n e a r i z a t i o n  t e c h n i q u e
can be compared w i t h  t h o s e  o f  t h e  s i m u l a t i o n ,  by compar ing
t h e  v a l u e  o f  aj, f rom  e q u a t i o n  (6—8) w i t h  t h e  v a l u e  o f  Ok 
f o r  t h e  n o n l i n e a r  sy s te m  o b t a i n e d  from e q u a t i o n  (6—3) numer­
i c a l l y ,  T ab le  ( 6 , 2 )  d i s p l a y s  t h e  c o r r e s p o n d i n g  v a l u e s  o f  
(3o^ , and poi" , The v a l u e s  o f  pai, were o b t a i n e d  by e v a l u a t ­
i n g  e q u a t i o n  (6—7) u s i n g  t h e  v a l u e  o f  Ku qu o ted  i n  th e  
s i m u l a t i o n  r e s u l t s  f o r  t h e  p a r t i c u l a r  c a s e .
Also  d i s p l a y e d  i n  T ab le  6 .2  a r e  t h e  v a l u e s  o f  pa^c ,po^
The v a l u e  pa^c was c a l c u l a t e d  t h r o u g h  t h e  e q u i v a l e n t  
l i n e a r i z a t i o n  method by making u s e  o f  t h e  v a l u e  pCy (ob­
t a i n e d  t h r o u g h  s i m u l a t i o n )  and a c o n s t a n t  v a l u e  o f  K u r t o s i s  
Ku = 2 .2  ( t h e  a s s y m p t o t i c  v a l u e  o f  K u r t o s i s  f o r  b ro ad  band 
e x c i t a t i o n ) .  The pCx\ v a l u e  was c a l c u l a t e d  u s i n g  t h e  con­
v e n t i o n a l  e q u i v a l e n t  l i n e a r i z a t i o n  t e c h n i q u e  i . e .  t h e  
e q u i v a l e n t  l i n e a r  f r e q u e n c y  was c a l c u l a t e d  u s i n g  th e  v a l u e  
o f  pcj", o b t a i n e d  from  t h e  l i n e a r i z e d  sy s tem  e q u a t i o n  (p = 0) 
f o r  t h e  g i v e n  e x c i t a t i o n  u s i n g  e q u a t i o n  (6—9) and Ku = 3»
The va lues  o f  pCx a r e  a l s o  sho^wn i n  F i g u r e  4 1 .  I t  can  
be s e e n  t h a t  t h e  e q u i v a l e n t  l i n e a r i z a t i o n  t e c h n i q u e  u n d e r  
i t s  p r e s e n t  fo rm  p r o d u c e s  p o o r  r e s u l t s  e s p e c i a l l y  f o r  l a r g e  
r / p  v a l u e s  and e s p e c i a l l y  when i s  i n  t h e  v i c i n i t y  o f  . 
I n  p a r t i c u l a r  t h e  c o n v e n t i o n a l  e q u i v a l e n t  l i n e a r i z a t i o n  
t e c h n i q u e  i s  p roved  t o t a l l y  u n s u i t a b l e  f o r  t h e  sy s te m  u n d e r  
band l i m i t e d  e x c i t a t i o n .
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Table 6, 2
t  — 0. 20 T = 0 .0 5
Pol, PO^xc poll po: pel, pcL PG%
Q. 40
0. 3 ,47 3 .5 4 3 .56 3 .07 3 .49 3 .70 3 .5 6 3 ,07
4 3 .3 1 3 ,7 1 3 ,7 0 0 .0 0 4 3 .35 3 ,76 3 ,7 4 0 ,0 0 1
3 2,85 3 ,9 4 3 .7 6 0 ,0 0 3 2 .77 4 .5 0 4. 28 0 ,0 00 7
2 1 .8 5 1 . 9 1 1 .7 2 0 .0 0 2 1 .55 1 .5 9 1. 23 0 , 0 0 4 6
1 1 .1 4 1 .0 7 0 .8 0 0 .0 0 2 0, 66 0 ,4 9 0 .4 7 0 .00 0 7
FA == 500
Ou1 3 ,2 4 13, 22 1 3 .1 4 11. 28 1 3 .4 3 1 3 .3 1 13-14 1 1 .2 8
6 1 1 .3 3 1 5 ,15 14 ,4 7 0 .0 0 0 4 11 .3 9 1 5 .9 4 1 4 ,8 9 0 .0 0 0 1
5 9 .5 8 1 6 ,7 2 1 5 .1 8 0 .0 0 0 3 9 .2 2 1 9 .5 3 1 7 ,8 6 0 .0 0 0 0 1
4 7 . 4 5 10, 28 7 .3 6 0 ,0 0 0 2 6 .9 0 23 .5 2 9 . 3 4 0 . 0 0 0 0 5
3 5 .5 4 4 ,5 8 3 .85 0 .0 0 0 2 4 ,47 3 .15 2 ,3 9 0 . 0 0 0 0 7
F o r  b ro a d  band t h e  e x a c t  v a l u e  o f  pC;^  f rom t h e  F o k k e r - F l a n c k  
a p p ro a c h  i s  3 , 5 3 ,  1 3 ,1 4  f o r  F/'g = 4 0 , 1500 r e s p e c t i v e l y .
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6 ,2  R esponse  S p e c t r a  U nder  H igh  P a s s  F i l t e r e d  P r o c e s s
F i g u r e s  4 3 a .  t o  44%^ show t h e  r e s p o n s e  d i s p l a c e m e n t  and 
v e l o c i t y  s p e c t r a  o f  t h e  P u f f i n g  sy s te m  u n d e r  h i g h  p a s s  
f i l t e r e d  p r o c e s s ,  f o r  a  v a l u e  o f  500 and damping r a t i o  
1 =  0 , 2 ,  0 ,0 5  a t  d i f f e r e n t  . c u t  o f f  f r e q u e n c i e s .  The number 
o f  p a r a m e t e r s  d e s c r i b i n g  t h e  sy s te m  a r e  t h e  same as  f o r  t h e  
band l i m i t e d  c a s e .  A l th o u g h  t h e r e  a r e  two c u t  o f f  
f r e q u e n c i e s  f o r  t h e  i n p u t  s p e c t r u m ( F i g u r e  42 ) o n l y  t h e  
l o w e r  one i s  o f  s i g n i f i c a n c e  t o  t h e  s y s te m ,  s i n c e  t h e  u p p e r  
f r e q u e n c y  i s  p o s i t i o n e d  s u c h  t h a t  i t  i s  above  t h e  l i m i t  
f r e q u e n c y  f o r  t h e  b ro ad  band c a s e  ( S e c t i o n  5 . 1 ) ,  The u p p e r  
c u t  o f f
S(QJ
F i g u r e  42
f r e q u e n c y  would become i m p o r t a n t  i f  i t  were  lo w e r  t h a n  
t h e  l i m i t  f r e q u e n c y  and i n  t h a t  c a s e  t h e  i n p u t  would p r o b a b l y  
be d e s c r i b e d  as  n a r ro w  band .  A ga in  t h e  n o n - d i m e n t i o n a l  
d e f i n i t i o n  o f  t h e  low c u t  o f f  f r e q u e n c y  u s e d  h e r e  i s  = 
Wo./w^ b u t  a  more u s e f u l  d e f i n i t i o n  may be i n  t e r m s  o f  t h e  
r e s o n a n t  f r e q u e n c y  t h a t  would be p o s s i b l e  f o r  t h e  sy s te m  
u n d e r  b r o a d  band e x c i t a t i o n  o f  t h e  same i n t e n s i t y  and t h e  
w i d t h  o f  t h e  c o r r e s p o n d i n g  p e a k , a s  d e s c r i b e d  f o r  t h e  band 
l i m i t e d  c a s e .  Hence t h e  r e l a t i o n s h i p s  p r e d i c t e d  t h r o u g h  
t h e  d i m e n t i o n a l  a n a l y s i s  i n  S e c t i o n  ( 4 . 2 )  a r e  s t i l l  v a l i d
k S^..(w)/S^ = [ pS,/vHmk^, c/2/km,WcL/ /W m ,ü j / / k 7 m ]
o r  (6—10)
A = <f>, [ r , r ,  fie, n]
and
pSx (w) k/m = ^  [  pS /v'mk" , c/2\/km,wcu / /  k / m , cj/ / k/m ] 
o r  (6—11)
B = [ r, t , , 0 1
-  144 -
D I S P L A C E M E N T  
r / ? =  5 0 0 . 05
3  = pSxlA,0
S . S
J .  0
5
0
= 7
2 (5
F i g u r e  43a  
= 0 .0 5 )
F i g u r e s  4 3 a —44b R esponse  d i s p l a c e m e n t  
s p e c t r a  u n d e r  h i g h  p a s s  f i l t e r e d  p r o c e s s  
f o r  v a r i o u s  low c u t  o f f  f r e q u e n c i e s  (i2^)
145
J/SPL/tCcÆ/vr:
2 6 o
g j g u r e  43b 
l o g a r i t h m i c  p l o t  o f  F i g u r e  4 3a
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DI5P LACE. MEN1  
r / r ^  500. 0
\ArA/V\/V
f i g u r e  43C
As F i g u r e  4.3b ‘b e f o r e  f r e q u e n c y  a v e r a g i n g  ( 1 = 0 ,0 5 )
— 14-7 —
DI SPLACEMENT  
5 0 0 , 05
0
5
1
0
5
0
2 6
F i g u r e  44a  
( -S = 0 , 2 )
-  14-8 -
1.8 D I S P L A C E M E N T  :
=5.3
,-J
1-4
c
F i g u r e  44b 
('Ç = 0 . 2 )  
l o g a r i t h m i c  p l o t  o f  F i g u r e  4 4 a
149 -
O b s e rv in g  t h e  r e s p o n s e  s p e c t r a  and s t a t i s t i c s  i t  i s  s e e n  
t h a t  a s  t h e  low c u t  o f f  f r e q u e n c y  OcL i s  i n c r e a s e d  g r a d u a l l y  
f rom  z e ro  ( b r o a d  band c a se )  t h e  r e s p o n s e  r e m a in s  p r a c t i c a l l y  
u n a f f e c t e d , and a lm o s t  i d e n t i c a l  t o  t h e  r e s p o n s e  u n d e r  b ro a d  
band e x c i t a t i o n .  At some v a l u e  o f  fht above 0 = 1  and w e l l  
be low  Or t h e r e  i s  a  d ro p  o f  t h e  r e s p o n s e  - s p e c t r a  t o  n e a r l y  
n o i s e  l e v e l .  T h i s  . t r a n s i t i o n  depend s  on t h e  damping o f  t h e  
sy s te m  and o c c u r s  more a b r u b t l y  and a t  a  l o w e r  f r e q u e n c y  as  
damping i s  r e d u c e d .  Thus i t  i s  s e e n  t h a t  t h e  r a t i o  T / ^  i s  
n o t  a  s u i t a b l e  p a r a m e t e r  f o r  t h e  d e s c r i p t i o n  o f  t h e  r e s p o n s e  
o f  t h e  s y s te m  u n d e r  t h i s  t y p e  o f  e x c i t a t i o n  e x c e p t  when 
Oc>.<l. The c r i t i c a l  f r e q u e n c y  ( Ocu^ r) where  t h i s  t r a n s i t i o n  
o c c u r s  i s  a  f u n c t i o n  o f  b o t h  F and t  t r e a t e d  a s  i n d e p e n d e n t  
p a r a m e t e r s  i . e .
z  [ r  , %] ( 6 - 1 2 )
The e q u i v a l e n t  l i n e a r i z a t i o n  t e c h n i q u e  can  be a p p l i e d  f o r  
t h i s  t y p e  o f  e x c i t a t i o n  a s  w e l l . E q u a t i o n  (6—9) can  be u sed  
to  e v a l u a t e
Qc
= f  w, 8,
n.
df! ( 6 - 1 3 )
‘•cv
where  (jo& = (l+Ku^aJ ) , e t c ,  and w i t h  t h e  v a l u e s
o f  Ku and o% a s  c a l c u l a t e d  t h r o u g h  t h e  s i m u l a t i o n .
T a b le  6 .3  shows t h e  v a l u e  o f  gOx a s  computed t h r o u g h  t h e  
s i m u l a t i o n ,  t h e  v a l u e s  o f  jSoxi a s  d e s c r i b e d  a b o v e ,  t h e  v a l u e  
o f  c a l c u l a t e d  a s  pOx, o n l y  w i t h  Ku = 2 . 2  and t h e  v a l u e s
o f  f3a« c a l c u l a t e d  t h r o u g h  t h e  c o n v e n t i o n a l  e q u i v a l e n t  l i n e a r  
i z a t i o n  t e c h n i q u e .  F o r  v a l u e s  o f  ( p r a c t i c a l l y  no
r e s p o n s e )  a l l  t h r e e  v a l u e s  o b t a i n e d  t h r o u g h  t h e  e q u i v a l e n t  
l i n e a r i z a t i o n  t e c h n i q u e  a g r e e  w e l l  w i t h  t h e  s i m u l a t i o n  v a l u e s .
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Table 6. 3
F/V= 500
C^L
t  = 0 . 2 T = 0 . 0 5
Po: pci Pc» PCx pc,; p c i p c i
7 , 0 0 0 . 0 9 9 0 . 0 9 7 0 . 0 9 7 0 . 0 9 7 0 . 0 5 7 0 . 0 2 4 . 0 . 0 2 4 0 . 0 2 4
5 , 3 0 0 , 2 4 9 0 . 2 4 2 0 . 2 4 0 0 . 2 4 2 0 .1 9 0 .0 6 0 0 . 0 5 9 0 .0 6 3
4 . 0 0 1 .6 6 0 .9 9 0 .7 7 5 0 .6 4 3 — ------- ------ ------
3 . 5 0 9 ,2 2 1 3 .2 6 1 .4 4 3 1 . 1 0 5 2 .8 4 0 .4 3 6 0 .5 2 4 0. 22
2 . 5 0 — ------ ------ ------ 1 2 .5 7 1 3 . 61 1 3 .6 1 1 .1 3 6
1 .8 0 1 2 .6 2 1 3 .0 8 1 3 . 4 2 1 3 .5 4 1 2 .9 8 1 3 , 58 1 3 .2 3 4 6 .8 0
0 . 0 0 1 3 . 2 4 1 3 . 2 2 1 3 . 1 4 1 1 .2 8 1 3 . 4 3 1 3 . 3 1 1 3 . 1 4 1 1 .2 8
However when i s  in  the v ic in i t y  of th is  agreement
i s  no longer th ere , |30x, seems to  be a more r e l ia b le  e s t­
imate in  th is  range w hile the value obtained through the 
conventional eq u iva len t l in e a r iz a t io n  technique (pOo ) i s  
in  t o ta l  disagreem ent w ith the sim u lation  r e s u lt s .
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6 .3  D i s c u s s io n
A l l  t h r e e  t y p e s  o f  e x c i t a t i o n  c o n s i d e r e d  up t o  now, may be 
t h o u g h t  o f  a s  s p e c i a l  c a s e s  o f  a  more g e n e r a l  t y p e  o f  
e x c i t a t i o n  o f  t h e  form shown i n  F i g u r e  44 .
F i g u r e  44
Where f o r  b ro a d  band e x c i t a t i o n  = 0 ,  
f o r  band l i m i t e d  e x c i t a t i o n  0 ,  ^
and f o r  h i g h  p a s s  f i l t e r e d  p r o c e s s  ü^> ü^> Q. and 
where  i s  t h e  r e s o n a n t  f r e q u e n c y  o f  t h e  r e s p o n s e  d i s p l a c e ­
ment s p e c t r u m  u n d e r  b ro a d  band e x c i t a t i o n .  A l th o u g h  t h e  
r e s p o n s e  s p e c t r a  o f  t h e  s y s te m  u n d e r  t h e s e  e x c i t a t i o n s  
e x h i b i t  r a d i c a l l y  d i f f e r e n t  b e h a v i o u r  f o r  c e r t a i n  v a l u e s  o f  
and t h e  r e s p o n s e s  a r e  a l m o s t  i n d i s t i n g u i s h a b l e .  The. 
f o l l o w i n g  i s  an a t t e m p t  t o  t h r o w  some l i g h t  on t h i s  phenom­
enon ,
The r a n g e  o f  f r e q u e n c y  c u t  o f f s  beyond w hich  t h e  l e v e l  o f  
r e s p o n s e  d r o p s  t o  n o i s e  l e v e l ,  f o r  t h e  sy s te m  u n d e r  h i g h  
p a s s  f i l t e r e d  p r o c e s s ,  seems t o  o v e r l a p  w i t h  t h e  r a n g e  o f  
f r e q u e n c i e s  a t  w h ich  t h e  r e s p o n s e  u n d e r  band l i m i t e d  e x c i ­
t a t i o n  d e v e l o p s  t h e  second  peak .  These f r e q u e n c y  r a n g e s  
c a n n o t  be d e f i n e d  c l e a r l y  w i t h  t h e  p r e s e n t  amount o f  d a t a .  
However t h e  s i m u l a t i o n  f o r  r / f  = 500,  S' = 0 . 2  s u g g e s t  t h a t  
t h e  r e s p o n s e  u n d e r  h i g h  p a s s  f i l t e r e d  p r o c e s s  d r o p s  t o  n o i s e  
l e v e l  r o u g h l y  above 4 ^ w h e re a s  u n d e r  band l i m i t e d  e x c i t a t i o n  
t h e  d o u b le  peaked  s p e c t r u m  o c c u r s  f o r  c u t  o f f  f r e q u e n c i e s  
be low  3^. The two r a n g e s  o v e r l a p  by 10, C l e a r l y  t h e  
c o i n c i d e n c e  o f  t h e  two phenomena i n  t h i s  n a r r o w  - r a n g e  
d e s e r v e s  f u r t h e r  i n v e s t i g a t i o n .  I t  may s u g g e s t  t h a t  t h e  
m ost  s i g n i f i c a n t  p a r t  o f  t h e  e x c i t a t i o n  w h e th e r  b ro a d  band 
o r  band l i m i t e d  o r  h i g h  p a s s  f i l t e r e d  i s  t h e  one e n c l o s e d  
by t h i s  n a r ro w  band .  At t h i s  s t a g e  one co u ld  t h i n k  o f  t h e  
t h i r d  h a rm o n ic  e x c i t a t i o n .  The phenomenon i s  a  r e s u l t  o f
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e x c i t a t i o n  f r e q u e n c i e s  n e a r  t h e  r e s o n a n t  f r e q u e n c y  o f  t h e  
s y s te m  and n o t  o f  e x c i t a t i o n  o f  t h e  same f r e q u e n c y . N a t u r a l l y  
t h e s e  a r e  n o t  t h e  o n l y  h a rm o n ic s  w h ich  r e s u l t  f rom  t h e  
e x c i t a t i o n  o f  t h e  s y s te m  b u t  t h e y  a r e  t h e  m ost  r e a d i l y  
o b s e r v a b l e  o n e s .  I t  co u ld  be t h a t  t h e  e x c i t a t i o n  w i t h i n  
t h e  o v e r l a p p i n g  f r e q u e n c y  r a n g e s  s t a t e d  above i s  r e s p o n s i b l e  
f o r  t h e  b u l k  o f  t h e  r e s p o n s e .  I n  o t h e r  w o r d s ,m o s t  o f  t h e  
r e s p o n s e  o b s e r v e d  i s  a  c o m b i n a t i o n  o f  r e s p o n s e  o v e r  . t h a t  
s m a l l  f r e q u e n c y  r a n g e .  I t  can  be  s e e n  from t h e  r e s p o n s e  
s p e c t r a  u n d e r  band l i m i t e d  and h i g h  p a s s  f i l t e r e d  p r o c e s s e s  
t h a t  su ch  a  n a r ro w  band can  be d e f i n e d  by a s s i g n i n g  a s  i t s  
u p p e r  f r e q u e n c y  t h e  h i g h e s t  f r e q u e n c y  u se d  i n  t h e  band 
l i m i t e d  e x p e r i m e n t s  and as  i t s  l o w e s t  t h e  l o w e s t  one u se d  
f o r  t h e  h i g h  p a s s  f i l t e r e d  p r o c e s s  e x p e r i m e n t s .  F o r  su ch  
an e x c i t a t i o n  t h e  r e s p o n s e  w i l l  p r o b a b l y  be  v e r y  c l o s e  to  
t h e  r e s p o n s e s  o b t a i n e d  u n d e r  t h e  c o r r e s p o n d i n g  band l i m i t e d  
and h i g h  p a s s  f i l t e r e d  p r o c e s s  w h ich  a r e  t h e m s e l v e s  com­
p a r a b l e  w i t h  t h e  r e s p o n s e  u n d e r  b r o a d  band e x c i t a t i o n .
F i g u r e  4 4 a  shows t h e  f o u r  p o s s i b l e  t y p e s  o f  e x c i t a t i o n  
t h a t  co u ld  r e s u l t  t h e  same r e s p o n s e  f o r  a  g i v e n  sy s te m .
S.
( a )
( 0 )
Q
( c)
Narrow Band (b).
High  P a s s  F i l t e r e d  (d)
F i g u r e
( d )
Band L im i te d  
Broad Band 
(44a)
-  153
The q u e s t i o n  t h e r e f o r e  i s  how n a r r o w  hand can  t h i s  
e x c i t a t i o n  become b e f o r e  i t s  r e s p o n s e  i s  r a d i c a l l y  d i f f e r e n t .
On t h e  q u e s t i o n  o f  t h e  s u i t a b i l i t y  o f  t h e  e q u i v a l e n t  l i n e a r  
i z a t i o n  t e c h n i q u e  i n  p r e d i c t i n g  t h e  mean s q u a r e  r e s p o n s e  
d i s p l a c e m e n t  o f  t h e  D u f f i n g  s y s te m  u n d e r  t h e  two t y p e s  o f  
e x c i t a t i o n  c o n s i d e r e d  i n  t h i s  c h a p t e r  t h e  f o l l o w i n g  c o n c lu ­
s i o n s  may be  drawn.  The c o n v e n t i o n a l  e q u i v a l e n t  l i n e a r i z a ­
t i o n  t e c h n i q u e  i s  t o t a l y m i s l e a d i n g  i n  i t s  p r e d i c t i o n s  
( v a l u e  i n  T a b l e s  6 .2  and 6 ,3 )  f o r  b o t h  c a s e s .  I n  t h e
band l i m i t e d  c a s e  t h e  e q u i v a l e n t  l i n e a r i z a t i o n  method w i t h  
pOx f rom  s i m u l a t i o n  and Ku = 2 .2  p r o v i d e d  t h e  b e s t  approx­
i m a t i o n  to  t h e  s i m u l a t i o n  r e s u l t s .  F u r t h e r  t h e  p r e d i c t i o n s  
o f  t h i s  v e r s i o n  o f  t h e  e q u i v a l e n t  l i n e a r i z a t i o n  t e c h n i q u e s  
a r e  v e r y  m i s l e a d i n g  o v e r  a  r a n g e  o f  f r e q u e n c y  c u t  o f f s  i n  
t h e  v i c i n i t y  o f  5^  ^ ( t h e  r e s o n a n t  f r e q u e n c y  o f  t h e  sy s te m  
u n d e r  b road  band e x c i t a t i o n ) .
F o r  t h e  h i g h  p a s s  f i l t e r e d  p r o c e s s  t h e  method w i t h  b o t h  
pOx and Ku a s  computed t h r o u g h  t h e  s i m u l a t i o n  p r o v i d e d  t h e  
b e s t  a p p r o x i m a t i o n  t o  t h e  s i m u l a t i o n  v a l u e s .  F u r t h e r  f o r  
v e r y  low v a l u e s  o f  F / p ( < i )  i t  i s  e x p e c te d  t h a t  a l l  t h r e e  
t y p e s  o f  e q u i v a l e n t  l i n e a r i z a t i o n  methods  w i l l  p r o v i d e  
b e t t e r  a g re e m e n t  w i t h  s i m u l a t i o n  due t o  t h e  f a c t  t h a t  t h e  
r e s o n a n t  f r e q u e n c y  ( H^ ) o f  t h e  n o n l i n e a r  s y s te m  u n d e r  b ro ad  
band e x c i t a t i o n  w i l l  be c l o s e  t o  t h e  n a t u r a l  f r e q u e n c y  and 
t h e  s h a p e s  o f  t h e  two s p e c t r a ,  ( D u f f i n g  and - e q u i v a l e n t  
l i n e a r  . sy s te m s )  w i l l  be v e r y  s i m i l a r .
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CHAPTER 7 DISCUSSION
The p r im e  o b j e c t i v e  o f  t h i s  s t u d y  h a s  b e e n  t o  o b t a i n  t h e  
r e s p o n s e  s p e c t r a  o f  t h e  D u f f i n g  sy s tem  e x c i t e d  by a  C a u s s i a n  
b ro a d  band random p r o c e s s ,  t h r o u g h  t h e  u s e  o f  n u m e r i c a l  
s i m u l a t i o n s  and to  i d e n t i f y  b e h a v i o u r a l  p a t t e r n s  o f  t h e s e  
s p e c t r a .  The t a s k  was g r e a t l y  s i m p l i f i e d  by t h e  u s e  o f  
d i m e n s i o n a l  a n a l y s i s  which  i n d i c a t e d  a  u s e f u l  way o f  r e d u c i n g  
t h e  number o f  p a r a m e t e r s .  I n  f a c t  t h e  d i m e n s i o n a l  a n a l y s i s  
a p p l i e d  t o  t h i s  m e c h a n i c a l  s y s t e m s  r e d u c e s  t h e  number o f  
i n d e p e n d e n t  v a r i a b l e s  by  t h r e e .  I n  C h a p te r  4 i t  was shown 
t h a t  t h e  d e s c r i p t i o n  o f  t h e  n o n - d i m e n s i o n a l  , s p e c t r a  i s  
p o s s i b l e  i n  t e r m s  o f  two b a s i c  p a r a m e t e r s  nam e ly  F and T . 
However when t h e  a c t u a l  s p e c t r a  were  p ro d u ce d  i t  was p o s s i b l e  
to  d e s c r i b e  most  o f  t h e i r  p r o p e r t i e s  as  a  f u n c t i o n  o f  one 
v a r i a b l e  o n l y ,  t h e  r a t i o  F / ‘^ . The a p p e a ra n c e  o f  t h i s  r a t i o  
i n  t h e  e x p r e s s i o n  f o r  t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  f o r  
t h e  s t a t i o n a r y  sy s te m  r e s p o n s e ,  d e r i v e d  t h r o u g h  t h e  s o l u t i o n  
o f  t h e  a p p r o p r i a t e  F o k k e r  — P l a n c k  e q u a t i o n ,  makes i t  p a r ­
t i c u l a r l y  s u i t a b l e  f o r  d e s c r i b i n g  such  s t a t i s t i c a l  q u a n t i t i e s  
t h a t  can  be o b t a i n e d  f rom  t h i s  f u n c t i o n .  The r e s o n a n t  
f r e q u e n c y  i s  a l s o  a  f u n c t i o n  o f  t h e  r a t i o  F A  a s  h a s  b e e n  
p ro ved  by t h e  s i m u l a t i o n s  and c o n f i rm ed  to  some e x t e n t  by 
t h e  e q u i v a l e n t  l i n e a r i z a t i o n  t e c h n i q u e  i n  S e c t i o n  . 5 ,4  *
Thus i t  i s  p o s s i b l e  to  e x p r e s s  two i m p o r t a n t  p r o p e r t i e s  o f  
t h e  r e s p o n s e  s p e c t r u m  a s  f u n c t i o n s  o f  t h e  r a t i o  r./'ç *,namely  
t h e  a r e a  u n d e r  t h e  s p e c t r u m  and t h e  r e s o n a n t  f r e q u e n c y .  
S t r i c t l y  s p e a k i n g  t h e  s p e c t r a l  s h a p e s  a r e  n o t  a  f u n c t i o n  o f  
r /% ,  a s  i t  i s  p rov ed  m a i n l y  f ro m  t h e  n e a r  z e r o ,  f r e q u e n c y  
r e s p o n s e ,  and can  o n l y  be a c c u r a t e l y  d e s c r i b e d  i n  t e r m s . o f  
t h e  s e p a r a t e  v a r i a b l e s  F and ' i . However t h e  s i m i l a r i t y  o f  
t h e  s p e c t r a l  s h a p e s  f o r  c o n s t a n t  FA  and t h e  i n h e r e n t  i n ­
a c c u r a c i e s  o f  t h e  s i m u l a t i o n s ,  makes i t  p o s s i b l e  to  d e s c r i b e  
t h e  r e s u l t i n g  s p e c t r a l  s h a p e s  i n  t e r m s  o f  t h e  r a t i o F / ^ w i t h ­
i n  t h e  c o n f i d e n c e  l i m i t s  o f  t h e  n u m e r i c a l  s i m u l a t i o n .  A 
r e s u l t  o f  t h i s  i s  t h e  g r a p h i c a l  method d e s c r i b e d  i n  S e c t i o n  
.5*5 f o r  s k e t c h i n g  t h e  r e s p o n s e  sp e c t ru m  f o r  t h e  D u f f i n g  
sy s te m  u n d e r  b ro a d  band e x c i t a t i o n  f o r  a  g i v e n  v a lu e - o f  f A ,
I n  e n s u i n g  t h e  a ims o f  t h i s  s t u d y  i t  was p o s s i b l e  to  make 
s e c o n d a r y  o b s e r v a t i o n s  w h ich  a r e  w o r th  n o t i n g  a t  t h i s  p o i n t ,
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Most i m p o r t a n t  o f  t h e s e  i s  p e r h a p s  t h e  l i g h t  shed  on t h e  
t e r m  'w e a k '  n o n l i n e a r i t y  u s e d  i n  c o n n e c t i o n  w i t h  t h e  approx­
i m a t e  t e c h n i q u e s .  N o n - d i m e h s i o n a l i z i i i g  t h e  e x p r e s s i o n  f o r  t h e  
mean s q u a r e  r e s p o n s e  o f  t h e  s y s te m  d e r i v e d  by t h e  
p e r t u r b a t i o n  t e c h n i q u e  ( E q u a t i o n  1—8) and t h e  h e u r i s t i c  
a p p ro a c h  t h e  f o l l o w i n g  e x p r e s s i o n  i s  o b t a i n e d  *
^  Y ) (7—1)
To a v o id  n e g a t i v e  v a l u e s  h e r e  F /^  must  be < 0 ,4 2  and t h e  
e q u a t i o n  i s  e x p e c t e d  t o  b r e a k  down much e a r l i e r .  I n  f a c t . f o r  
F A  = 0 . 1  p<(xA = 0 ,0 6  w h ich  u n d e r  e s t i m a t e s  t h e  t r u e  answ er  
by ^  10 , F o r  t h i s  v a l u e  o f  F /^  = 0 . 1 ,  # r=  1 ,0 8 5  i . e .  a  m in o r  
s h i f t  f rom  t h e  n a t u r a l  f r e q u e n c y .  Also t h e  p e ak  v a l u e  o f  
t h e  l i n e a r  sy s te m  i .  e. w i t h  |3 = 0
5*(Wf) = 8, /4wtm f o r  l i g h t  damping (7—2)
s i n c e  8. =Fk%gw^ p8x(w r)w ^=r / '4%  (7—3)
f o r  F/ 'g  = 0 , 1  B(Wf) = (wr)w^ = 0 ,0 2 5  w h ich  compares  
w i t h  t h e  e x t r a p o l a t e d  v a l u e  shown i n  F i g u r e  2 4 . .  T hese
v a l u e s  i n d i c a t e  a  n o n l i n e a r i t y  t h a t  cou ld  be s a f e l y  i g n o r e d  
f o r  most  a p p l i c a t i o n s ,  s i n c e  t h e  sy s te m  i s  p r a c t i c a l l y
l i n e a r .  I t  was m en t io n ed  i n  t h e  i n t r o d u c t i o n  t h a t  a  number 
o f  s i m u l a t i o n s  ( m a i n ly  a n a lo g )  h av e  b e en  p e r fo rm e d  by v a r i o u s  
r e s e a r c h e r s  f o r  t h e  p u r p o s e  o f  v e r i f y i n g  r e s u l t s  o b t a i n e d  by 
d i f f e r e n t  a p p r o x i m a t e  m e th o ds .  U n f o r t u n a t e l y  t h e  s i m u l a t i o n s  
were  p e r fo rm ed  f o r  sy s te m s  w i t h  weak n o n l i n e a r i t i e s .  F o r  
exam ple  t h e  h i g h e s t  v a l u e  o f  F/'g u s e d  by A, B .B udgor  and c o -  
w o r k e r s  [ 28 ] t o  p r o v e  t h e  a c c u r a c y  o f  i K r a i n c h m a n ' s ’
method was F/'g = 0 , 1  and J .E .M a n n in g  [ 2 4 ] . (New h e u r i s t i c ,  
a p p ro a c h )  F / ^  = 1 . 2 .  I t  i s  a t  l e a s t  a m b i t i o u s  t o  e x p e c t  
o b s e r v a t i o n s  b a se d  on r e s u l t s  f o r  su ch  low v a l u e s  t o  h o ld  
t r u e  when t h e  r e a l  n o n l i n e a r  b e h a v i o u r  o f  t h e  sy s te m  mani­
f e s t s  i t s e l f .
I n  E q u a t i o n  (1—8) a j  = i i .  e.  r e s p o n s e  f o r  ^ = 0 b u t  
§ ^ 0  and go* “  ^  f
-  156 -
s t i l l  on t h e  t o p i c  o f  ’d e g r e e ’ o f  n o n l i n e a r i t y , i t  may be  
s t a t e d  t h a t  i n  g e n e r a l ,  i t  i s  o n l y  -  t h r o u g h  
d i m e n s i o n a l  a n a l y s i s  and c e r t a i n  t h e o r e t i c a l  c o n s i d e r a t i o n s  
t h a t  one can  d e f i n e  a  m easu re  o f  t h e  amount o f  n o n l i n e a r i t y  
i n h e r e n t  i n  a  s y s t e m ’ s r e s p o n s e .  I n  p a r t i c u l a r  f o r  t h e  D u f f i n g  
s y s te m  t h e  amount o f  n o n l i n e a r i t y  i s  by d e f i n i t i o n  t h e  t e rm  
g z t  f o r  s i n u s o i d a l  e x c i t a t i o n  and pOx f o r  random. However 
t h e s e  t e r m s  im p ly  p r e v i o u s  know ledge  o f  t h e  r e s p o n s e  and I t .  
i s  p e r h a p s  more c o n v e n i e n t  t o  t h i n k  o f  t h e  s y s te m  becom ing  
more n o n l i n e a r  a s  i t s  Y, ( s i n u s o i d a l  ) o r  F , ( random ) 
v a l u e s  i n c r e a s e ,  The a d v a n ta g e  b e in g  t h a t  t h e s e  q u a n t i t i e s  
(Y,F)  i n v o l v e  o n l y  sy s te m  and e x c i t a t i o n  p a r a m e t e r s .
Of t h e  a p p ro x im a te  t e c h n i q u e s  t h e  e q u i v a l e n t  l i n e a r i z a t i o n  
t e c h n i q u e  d e s e r v e s  a  f u r t h e r  m e n t i o n  h e r e .  As a l r e a d y  s e e n  
i n  ( S e c t i o n  2 .2 )  t h e r e  a r e  two ways one can  e v a l u a t e  t h e  
e x p e c t a t i o n s  ^ q u a t i o n  (2—25)) r e q u i r e d  f o r  c a l c u l a t i n g  t h e  
n a t u r a l  f r e q u e n c y  (w&) and damping c o e f f i c i e n t  ( t, ) o f  t h e  
e q u i v a l e n t  l i n e a r  system',  e i t h e r  by , u s e  o f  t h e
l i n e a r i z e d  e q u a t i o n ( c o n v e n t i o n a l  e q u i v a l e n t  l i n e a r  t e c h n i q u e )  
o r  by  u s e  o f  t h e  e x a c t  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  o f  t h e  
n o n l i n e a r  r e s p o n s e .  B o th  a p p r o a c h e s  f o r  t h e  D u f f i n g  s y s te m  
u n d e r  b ro a d  band e x c i t a t i o n ,  ( o r  i n d e e d  w h i t e  n o i s e ) l e a d  t o  
e q u a t i o n s  (7—4) and (7—5)
((3Cx ) 4Ku/ tï + {30x 4/% = (7—4)
( Q — Q ) 4 / (K u7t) = (7—5)
The two a p p r o a c h e s  d i f f e r  o n l y  i n  t e r m s  o f  t h e  v a l u e  o f  Ku 
u s e d .  F o r  t h e  c o n v e n t i o n a l  e q u i v a l e n t  l i n e a r i z a t i o n  t e c h ­
n i q u e  ( S e c t i o n  2 . 2 )  Ku i s  c o n s t a n t  and e q u a l  t o  3 ,  s i n c e  i t  
u s e s  t h e  l i n e a r  s y s te m  t o  e v a l u a t e  e q u a t i o n  (2—25)» I n  t h e  
o t h e r  c a se  Ku i s  d e t e r m i n e d  by t h e  e x a c t  p r o b a b i l i t y  d e n s i t y  
o f  t h e  n o n l i n e a r  r e s p o n s e ,  and v a r i e s  i n  t h e  r a n g e  3 to  2 . 2 .  
F o r  Ku = 3 e q u a t i o n  (7—4) s y s t e m a t i c a l l y  u n d e r  e s t i m a t e s  t h e  
v a l u e  o f  00%^  w h e r e a s  e q u a t i o n  (7—5) o v e r  e s t i m a t e s  Of t h e
r e s o n a n t  f r e q u e n c y  o f  t h e  s p e c t r u m .  When t h e  t r u e  v a l u e  o f
Ku i s  u se d  e q u a t i o n  (7—4) g i v e s  t h e  c o r r e c t  v a l u e  o f  |3aJ f o r  
a  g i v e n  v a l u e  o f  F /p  , T h i s  how ever  i s  n o t  o r i g i n a l
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i n f o r m a t i o n  s i n c e  to  c a l c u l a t e  Ku, paj h a s  t o  be found  
b e f o r e h a n d  u s i n g  t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n .  The one 
and o n l y  o r i g i n a l  c o n t r i b u t i o n  o f  t h e  e q u i v a l e n t  l i n e a r ­
i z a t i o n  t e c h n i q u e  t o  o u r  p ro b le m  i s  e q u a t i o n  (7—5 ) .  T h is  
e q u a t i o n  p r o v i d e s  t h e  r e s o n a n t  f r e q u e n c y  o f  t h e  ■. r e s p o n s e  
d i s p l a c e m e n t  s p e c t r u m  o f  t h e  D u f f i n g  sy s te m  i n  t e r m s  o f  t h e  
e x c i t a t i o n  p a r a m e t e r  P .  A l th o u g h  i t  was known [ l 2 ]  
(A ppend ix  B. 1) t h a t  t h e  a u t o c o r r e l a t i o n s  o f  t h e  two sy s te m s  
( e q i v a l e n t  l i n e a r  and D u f f i n g )  were s i m i l a r  i n  some r e s p e c t s , 
i t  was p o s s i b l e  t o  o b s e r v e  t h e  c o i n c i d e n c e  o f  t h e i r  r e s o n a n t  
f r e q u e n c i e s  o n l y  t h r o u g h  t h e  n u m e r i c a l  s i m u l a t i o n s .  The 
d i f f e r e n c e s  i n  o t h e r  r e s p e c t s  b e tw e e n  t h e  s p e c t r a  o f  t h e  two 
sy s te m s  f o r  = 500 was shown i n  F i g u r e  31. However f o r  
s m a l l  v a l u e s  o f  F / p  ( ^ 0 . 1 )  t h e  s p e c t r u m  o f  t h e  e q u i v a l e n t  
l i n e a r  s y s te m  i s  r e m a r k a b l y  s i m i l a r  to  t h e  n o n l i n e a r  one a s  
A, B .Budgor  and co w o r k e r s  [ 2 8 ]  have  shown w i t h  t h e i r  own 
s i m u l a t i o n s .  T h i s  s u p p o r t s  t h e  n o t i o n  t h a t  f o r  ’w eak ’ non 
l i n e a r i t y  t h e  D u f f i n g  s y s te m  b e h a v e s  l i k e  a  l i n e a r  s y s te m  
w i t h  a  s l i g h t  s h i f t  o f  r e s o n a n t  f r e q u e n c y  a s  f a r  a s  i t s  
r e s p o n s e  s p e c t r u m  i s  c o n c e rn e d .
I n  C h a p te r  5 i t  was shown t h a t  t h e  p r o p e r t i e s  o f  t h e  
r e s p o n s e  o f  t h e  D u f f i n g  s y s te m  u n d e r  m a t h e m a t i c a l  w h i t e  
n o i s e  ( d e r i v e d  t h r o u g h  t h e  s o l u t i o n  o f  t h e  a p p r o p r i a t e  
F o k k e r  — P l a n c k  e q u a t i o n )  a l s o  a p p l y  t o  t h e  r e s p o n s e  o f  t h e  
s y s te m  u n d e r  G a u s s i a n  b ro a d  band random e x c i t a t i o n .  I t
seems h o w ev er  t h a t  t h i s  i s  n o t  a lw ay s  t h e  c a s e ,  I .W,Wedig 
h a s  p ro d u ce d  t h e  r e s p o n s e  s p e c t r a  o f  t h e  t r i l i n e a r  s y s te m
m X + 2cx+ g ( x )  = F ( t )  (7—6)
g (x )  = k [ ( l + Y ) x -  Yxo]
w i t h  Y = 0 f o r  | x | < x ,  and x^ = -x ,  f o r  x < — x«
u n d e r  m a t h e m a t i c a l  w h i t e  n o i s e .  F i g u r e  45 i s  r e p r o d u c e d  
f rom  r e f e r e n c e  [ 3 3 ]  t h e  symbol i n  t h i s  f i g u r e  s t a n d s  
f o r  t h e  mean s q u a r e  r e s p o n s e  o f  t h e  l i n e a r i z e s  sy s te m  ( i , e .
Y = 0) u n d e r  w h i t e  n o i s e  f o r c e  e x c i t a t i o n  o f  i n t e n s i t y  S», 
i . e .  On = t c S , / ( 4  in ), Q u a l i t a t i v e l y  t h e  b e h a v i o u r  shown 
i n  F i g u r e  45 may be e x p l a i n e d  a s  f o l l o w s .  The r e s p o n s e  
s p e c t r u m  h a s  two r e s o n a n t  f r e q u e n c i e s  to, = \J k /m and = 
\ /k ( l+ Y ) /m ,  The amount o f  r e s p o n s e  a t  e ac h  f r e q u e n c y  i s
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d e te r m in e d  by t h e  q u a n t i t y  Xo/a„ • F o r  low v a l u e s  o f  o„ m ost  
o f  t h e  e x c i t a t i o n  r e s u l t s  i n  d i s p l a c e m e n t s  x  < |xoj h e n ce  
most  o f  t h e  r e s p o n s e  h a s  r e s o n a n t  f r e q u e n c y  oj, , As a„ i n ­
c r e a s e s  most  v a l u e s  o f  F ( t )  p r o d u c e  r e s p o n s e  w h ich  i s  o u t  
s i d e  t h e  — x„ to  x.  r a n g e ,  h e n c e  most  o f  t h e  r e s p o n s e  h a s  
r e s o n a n t  f r e q u e n c y  . The e x i s t e n c e  o f  su c h  c l o s e d  fo rm  
s o l u t i o n  was c o n s i d e r e d  a  good t e s t  c a se  f o r  t h e  s i m u l a t i o n  
p ro g ram s .  However a s  i t  can  be s e e n  f rom  F i g u r e  46  t h e  
s i m u l a t e d  r e s p o n s e  d i s p l a c e m e n t  s p e c t r a  f o r  t h i s  s y s t e m  
u n d e r  b ro a d  band e x c i t a t i o n  a r e  r a d i c a l l y  d i f f e r e n t  f rom  
F i g u r e  45 # The f a c t  t h a t  t h e  s y s te m  p a r a m e t e r s  f o r  t h e  
two f i g u r e s  a r e  d i f f e r e n t  i s  i r r e l e v a n t .  What i s  i m p o r t a n t  
i s  t h a t  t h e  s i m u l a t i o n  s p e c t r a  do n o t  have  two p e a k s  a t  w, 
and Wx b u t  a s  t h e  r a t i o  x ^ / c n  i s  r e d u c e d  t h e r e  i s  a  g r a d u a l  
s h i f t  i n  a  s i n g l e  r e s o n a n t  f r e q u e n c y  i n  t h e  r a n g e  w , t o  
T h i s  d i s c r e p a n c y  b e tw e e n  t h e  r e s p o n s e s  u n d e r  m a t h e m a t i c a l  
w h i t e  n o i s e  and b ro ad  band was a l s o  c o n f i rm ed  by  P r o f e s s o r  
I .W.Wedig i n  a  p r i v a t e  o o m u n ic a t i o n  t o  P r o f e s s o r  J .D .E o b s o n  
and i s  a l s o  d i s c u s s e d  i n  a  second  p a p e r  by  I .W,W edig  [ 3 4 ] • 
F u r t h e r  i f  t h e  p i e c e w i s e  l i n e a r  s t i f f n e s s  o f  e q u a t i o n  (7—6) 
i s  t h o u g h t  o f  a s  an  a p p r o x i m a t i o n  f o r  p a r t  o f  t h e  P u f f i n g  
c u b ic  s t i f f n e s s  o r  v i c e  v e r s a  t h e n  t h e  g e n e r a l  b e h a v i o u r  o f  
t h e  s p e c t r a  o f  F i g u r e  46  a g r e e s  w i t h  t h e  r e s p o n s e  s p e c t r a  
shown i n  C h a p te r  5 , b e t t e r  t h a n  t h o s e  f o r  w h i t e  n o i s e  
e x c i t a t i o n  i n  F i g u r e  45 ,
I n  g e n e r a l  i t  may be s t a t e d  t h a t  i n  i n v e s t i g a t i n g   ^ t h e
r e s p o n s e  o f  n o n l i n e a r  s y s t e m s ,  t h e r e  i s  a lw ay s  t h e  d a n g e r  
on t h e  p a r t  o f  t h e  r e s e a r c h e r  i n  t h i n k i n g  w i t h  a  l i n e a r  ba ck  
g ro un d .  The i n a p p l i c a b i l i t y  o f  t h e  l i n e a r  i n t u i t i o n  and 
t h e o r y  was w e l l  d e m o n s t r a t e d  f o r  t h e  r e s p o n s e  o f  t h e  P u f f i n g  
sy s te m  u n d e r  t h e  t h r e e  d i f f e r e n t  t y p e s  o f  e x c i t a t i o n  c o n s id ­
e re d  i n  t h i s  work. I ,W ,W e d ig ’ s example  i s  a  f u r t h e r  w a rn in g  
p o s s i b l e  u n s u i t a b i l i t y  o f  m a t h e m a t i c a l  w h i t e  n o i s e  e x c i t a t i o n  
to  d e s c r i b e  r e a l i s t i c  e x c i t a t i o n s  f o r  n o n l i n e a r  sy s te m s .
I n  t h i s  p r o j e c t  t h e  r e s p o n s e  power s p e c t r a  o f  t h e  P u f f i n g  
sy s te m  u n d e r  b r o a d  band e x c i t a t i o n  were d e s c r i b e d  i n  r e l a t i v e  
d e t a i l .  However t h e  d e s c r i p t i o n  o f  t h e  r e s p o n s e  i n  g e n e r a l
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i s  f a r  f rom  c o m p le te .  The r e s p o n s e  b e i n g  non — G a u s s i a n  
n e e d s  t o  be d e s c r i b e d  i n  t e r m s  o f  h i g h e r  o r d e r  s p e c t r a  a s  
w e l l .  I n  t h i s  r e s p e c t  t h e  s i m u l a t i o n  p r o c e s s  u s e d  h e r e  
may be found  u s e f u l ,  a l t h o u g h  t h e  number o f  r e a l i s a t i o n s  
p e r  e s t i m a t i o n  w i l l  p r o b a b l y  have  t o  be i n c r e a s e d , C e r t a i n  
a s p e c t s  o f  t h e  r e s p o n s e  u n d e r  band l i m i t e d ,  and h i g h  p a s s  
f i l t e r e d  p r o c e s s e s  were  b r i e f l y  i n v e s t i g a t e d  p o s i n g  more 
q u e s t i o n s  t h a n  p r o d u c i n g  a n sw e rs .  F u t u r e  r e s e a r c h  i n  t h i s  
d i r e c t i o n  w i l l  p r o b a b l y  r e v e a l  much more i n t e r e s t i n g
b e h a v i o u r  i n  t e r m s  o f  p r o b a b i l i t y  d i s t r i b u t i o n s  a n d ' j u m p s '  
o f  t h e  t y p e  s e e n  i n  S e c t i o n  6 . 2 , ,  The v a r i e t y  o f  geom et­
r i c a l l y  shaped e x c i t a t i o n  s p e c t r a  t o  be u se d  i s  enorm ous ,  
b u t  p e r h a p s  more i n t e r e s t i n g  would be t h e  c a s e  where  t h e  
r e s p o n s e  o f  a  l i n e a r  sy s te m  u n d e r  b ro a d  band e x c i t a t i o n  
was u s e d  a s  e x c i t a t i o n  f o r  t h e  n o n l i n e a r  sy s te m  o r  t h e  
s i m p l e r  c a s e  o f  t h e  P u f f i n g  sy s te m  u n d e r  n a r r o w  band
e x c i t a t i o n .  T h i s  p ro b le m  was t r e a t e d  by  -R,.H, Lyon and E .H e c k l  
[ 3 2 ] i n  t e r m s  o f  t h e  e q u i v a l e n t  l i n e a r i z a t i o n  t e c h n i q u e ,
R,H, Lyon h a s  a l s o  p ro v e d  t h a t  m u l t i —v a lu e d  b e h a v i o u r  ( jump) 
c a n n o t  e x i s t  when t h e  e x c i t a t i o n  i s  b ro ad  band,  A b ro ad  
band s i g n a l  may be t h o u g h t  o f  a s  a  random s e q u e n c e  o f  
i m p u l s e s ,  e a c h  i m p u l s e  i m p a r t i n g  a c e r t a i n  - amount  o f  
K i n e t i c  e n e rg y  t o  t h e  mass r e g a r d l e s s  o f  i t s  „ s t a t e  o f  
m o t io n .  I n  t h i s  way, t h e  power o f  t h e  s i g n a l ' . i s  n o t  
a f f e c t e d  by t h e  s t a t e  o f  m o t i o n  b u t  d e p en d s  on t h e  i m p u l s e  
s t a t i s t i c s .  T h i s  f o r c e s  t h e  d i s s i p a t i o n  to  be c o n s t a n t  and 
e q u a l  t o  t h e  power i n p u t  (when t h e  sy s te m  _ r e a c h e s  i t s  
s t e a d y  s t a t e )  and c o n s e q u e n t l y ,  i t s  mean s q u a r e  v e l o c i t y  
w h ich  i s  p r o p o r t i o n s  to  t h e  d i s s i p a t i o n  i s  d e t e r m i n e d .
C l e a r l y  f rom t h e  a b o v e ,  what  i s  needed  f o r  t h e  o c c u r a n c e  o f  
jumps i s  an e x c i t a t i o n  which  can  exchange  e n e rg y  w i t h  t h e  
s y s te m  o v e r  a  c y c l e  o r  so i n  o r d e r  t h a t  more t h a n  one
’ e q u i l i b r i u m '  l e v e l  may be a t t a i n e d  c o n s i s t e n t  w i t h  t h e  
e q u a t i o n s  o f  m o t io n .  I t  i s  w e l l  known t h a t  s i n u s o i d a l  ex­
c i t a t i o n  s a t i s f i e s  t h i s  r e q u i r e m e n t  [ 3 5 ]  , b u t  t h e  a rgu ­
ment a l s o  s u g g e s t s  t h a t  a  random s o u r c e  w hich  c o r r e l a t e s  
w i t h  i t s e l f  and h e n ce  w i t h  i t s  r e s p o n s e  o v e r  a  few c y c l e s  
o f  m o t i o n  can  p r o d u c e  t h e  same e f f e c t .  As i t  was s e e n  
i n  C h a p te r  3 t h e  p r e s e n t  n u m e r i c a l  s i m u l a t i o n  can  cope
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w i t h  jump phenomena f o r  d e t e r m i n i s t i c  e x c i t a t i o n ,  however  
i t  sh o u ld  be u se d  w i t h  c a u t i o n  f o r  random a n a l y s i s  and t h e  
r e s p o n s e  s p e c t r a  f o r  su c h  an  e x c i t a t i o n  w i l l  p r o b a b l y  p r e ­
s e n t  p ro b lem s  o f  i n t e r p r e t a t i o n .
An i n v e s t i g a t i o n  o f  t h e  s o f t e n i n g  D u f f i n g  s y s te m  (p < 0 ) 
would a l s o  be  v e r y  i n t e r e s t i n g .
The e q u i v a l e n t  l i n e a r i z a t i o n  t e c h n i q u e  
is a p p l i c a b l e  f o r  n e g a t i v e  p. F i g u r e  47, shows a p l o t  o f  
POx v e r s u s  F / l  f o r  n e g a t i v e  v a l u e s  o f  p u s i n g  t h e  e q u i var­
i e n t  l i n e a r i z a t i o n  t e c h n i q u e  a c c o r d i n g  to
|3ct: = ( -  1 + /  l+Ku7trA ) / 2Ku ( 7 - 7 )
f o r  a  c o n s t a n t  v a l u e  o f  Ku = 3,
A l th o u g h  t h e  p r e s e n t  s i m u l a t i o n  t e c h n i q u e  i s  i n  p r i n c i p l e  
c a p a b l e  o f  d e a l i n g  w i t h  a  n e g a t i v e  p t h e  p ro b lem  o f  
s i n g u l a r i t i e s  i n  t h e  s o l u t i o n  s h o u ld  be  c l o s e l y  o b s e r v e d ,  
s i n c e  t h e  n u m e r i c a l  i n t e g r a t i o n  t e c h n i q u e s  c a n n o t  f u n c t i o n  
i n  a r a n g e  where  s i n g u l a r i t i e s  o c c u r .  I t  i s  w o r t h  n o t i n g  
t h a t  a c c o r d i n g  t o  e q u a t i o n  (7—7) t h e r e  a r e  two p o s s i b l e  
v a l u e s  f o r  poL f o r  g i v e n  F A  ( f o r  p o s i t i v e  p t h e r e  a r e  a l s o  
two v a l u e s  f o r  poî. b u t  one i s  n e g a t i v e  h e n ce  i n a d m i s s a b l e ) ,  
and t h a t  t h e  v a l u e  o f  T / \  c a n n o t  exceed  — 0 ,1 0 6 1  w i t h o u t  
pGx becoming a  complex  number.
The s i m u l a t i o n  p ro g ram s  a r e  l i s t e d  i n  Appendix  04 . I t  can  
be s e e n  from a  c l o s e r  s t u d y  o f  t h e s e  l i s t s ,  t h a t  t h e  o n l y  
m a j o r  change needed  t o  d e a l  w i t h  d i f f e r e n t  fo rm s  o f  non 
l i n e a r i t y  w i l l  h a v e  t o  be made i n  s u b r o u t i n e  FOR o f  t h e  
n u m e r i c a l  i n t e g r a t i o n  p rog ram  w h ich  d e f i n e s  t h e  s e t  o f  d i f ­
f e r e n t i a l  e q u a t i o n s  d e s c r i b i n g  t h e  sy s te m  o f  i n t e r e s t .  T h i s  
n a t u r a l l y  w id e n s  t h e  c h o ic e  o f  p o s s i b l e  f u t u r e  i n v e s t i g a t ­
i o n s  enorm o us ly .  F u r t h e r  i t  may be c o n f i d e n t l y  s t a t e d  t h a t  
any s i m u l a t i o n  work w i t h  n o n l i n e a r  sy s te m s  w i l l  h ave  a  l o t  
t o  b e n e f i t  f rom p r e v i o u s  d i m e n s i o n a l  a n a l y s i s  o f  t h e  p r o b ­
lem ,  w hich  w i l l  f a c i l i t a t e  t h e  p l a n n i n g  o f  s i m u l a t i o n
e x p e r i m e n t s  and t h e  d e s c r i p t i o n  o f  t h e  outcome
— I 6 4  —
0.0
0.1
0 , 2
0 . 3
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P r e d i c t i o n  o f  t h e  n o n - d i m e n s i o n a l  r e s p o n s e  
d i s p l a c e m e n t  v a r i a n c e  o f  t h e  s o f t e n i n g  
h u f f i n g  s y s te m  (—ve p) u n d e r  b ro ad  band 
e x c i t a t i o n ,  t h r o u g h  t h e  e q u i v a l e n t  
l i n e a r i z a t i o n  method
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A .1. The D u f f in g  System  U nder S i n u s o i d a l  E x c i t a t i o n
T h is  s e c t i o n  w i l l  g i v e  a  b r i e f  r e v ie w  o f  t h e  p r o p e r t i e s  o f  
t h e  D u f f in g  sy s te m  u n d e r  s i n u s o i d a l  e x c i t a t i o n  and s e r v e  a s  
a  r e m in d e r  o f  t h e  n o n l i n e a r i t i e s  o f  t h e  sy s te m , w h ic h  had 
to  be t a k e n  i n t o  a c c o u n t  when s e t t i n g  up th e  n u m e r i c a l  sim ­
u l a t i o n ,  T h is  ty p e  o f  e x c i t a t i o n  was u se d  a s  a  check  o f  t h e  
r e l i a b i l i t y  o f  t h e  s i m u l a t i o n  p r o c e s s  i n  t h e  f i r s t  s t a g e s  o f  
t h i s  work.
L e t  u s  c o n s i d e r  t h e r e f o r e  a  D u f f in g  sy s te m  h a v in g  ' t h e  
e q u a t io n  o f  m o tio n
m X + cx + k (l+ |3x’' )x  = F* cos (wt+tp) (A, 1—1)
w here = v k / m
by c o n s i d e r i n g  o n ly  t h e  fu n d a m e n ta l  component o f  t h e  r e s p o n s e  
a s  a s u i t a b l e  a p p r o x im a t io n  i t  i s  e a sy  to  show t h a t  t h e  amp­
l i t u d e  r e s p o n s e  x« , m ust s a t i s f y  ( s e e  a l s o  S e c t i o n  A ,2 ) ,
[ ( i + ^ g x „  -  + ( 2 r n ) ‘' ] x :  = p /  (A. 1 -2 )
w here  = w/w.^
f ,  = % / ^ \  and -5 =
F o r  f i x e d  e x c i t a t i o n  a m p l i tu d e  and l i g h t  damping t h e  r e s p o n s e  
c u rv e s  g e n e r a l l y  h av e  t h e  fo rm  s k e tc h e d  i n  F i g u r e  ( A. 1—1) 
w h ich  d e p i c t s  t h e  s t e a d y —s t a t e  p e ak  r e s p o n s e  a m p l i tu d e  a s  a 
f u n c t i o n  o f  th e  f r e q u e n c y  o f  e x c i t a t i o n .  The c u rv e d  r e s o n a n t  
peak  o f  F ig u r e  (A, 1—1) l i e s  a t  t h e  h e a r t  o f  one o f  t h e  more 
im p o r t a n t  n o n l i n e a r  phenom ena, t h e  jump. I n  t h e  shaded  r e g i o n  
th e  t h e o r e t i c a l  r e s p o n s e  i s  t r i p l e —v a lu e d  b u t  t h e  l o c u s  be­
tw een  p o i n t s  two and f i v e  i s  u n s t a b l e .  When th e  f r e q u e n c y  o f  
e x c i t a t i o n  i s  v e r y  s lo w ly  i n c r e a s e d  from  z e r o ,  t h e  s t e a d y  
r e s p o n s e  a m p l i tu d e  f o l lo w s  t h e  c u rv e  o f  F ig u r e  ( A. 1—1 ) from .one 
to  two. I f  th e  e x c i t a t i o n  f r e q u e n c y  i s  i n c r e a s e d  f u r t h e r ,  
t h e r e  i s  an  i r r e g u l a r  t r a n s i e n t  m o t io n ,  a f t e r  w h ich  a  s t e a d y  
s t a t e  i s  a c h ie v e d  w i t h  a m p l i tu d e s  on t h e  b r a n c h  o f  t h e  c u rv e  
from  t h r e e  to  f o u r .  Now when t h e  e x c i t a t i o n  f r e q u e n c y  i s  
s lo w ly  d e c r e a s e d ,  t h e r e  i s  no p e c u l i a r i t y  i n  t h e  r e s p o n s e  from  
p o i n t  f o u r  u n t i l  t h e  p o i n t  f i v e  i s  r e a c h e d .  H ere  i f  t h e
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e x c i t a t i o n  f r e q u e n c y  i s  f u r t h e r  d e c r e a s e d ,  t h e r e  i s  a g a i n
an  i r r e g u l a r  t r a n s i e n t  fo l lo w e d  by  a  r e t u r n  to  t h e  s t e a d y
s t a t e  a lo n g  th e  b r a n c h  o f  th e  c u rv e  from  s i x  to  one . I n
C h a p te r  ( 4 ) t h e  n o n - d im e n s io n a l  fo rm  o f  th e  D u f f in g  sy s te m  
was o u t l i n e d  and i t  can  be s e e n  i n  F i g u r e s  (7 and 8) t h a t
t h e  c h a r a c t e r i s t i c  sh a p e  o f  t h e  F ig u r e  (A, 1—1) i s  s t i l l
t h e r e .
W hile  t e s t i n g  t h e  s i m u l a t i o n  p r o c e s s ,  u s i n g  s i n u s o i d a l  ex  
c i t a t i o n ,  i t  was p o s s i b l e  to  e s t a b l i s h  a  g e n e r a l  p a t t e r n  f o r  
t h e  b e h a v io u r  o f  t h e  s e t l i n g  t im e  o f  t h e  sy s te m  when e x c i t e d  
f ro m  r e s t .  The te rm  s e t l i n g  t im e  i m p l i e s  th e  t im e  i n t e r v a l  
a f t e r  w hich  t h e  sy s te m  s e t t l e s  i n t o  a  s t e a d y  o s c i l l a t i o n ,  
and sh o u ld  be d i s c r i m i n a t e d  from  th e  te rm  ’ t r a n s i e n t ’ w hich  
a p p l i e s  to  l i n e a r  sy s te m s  o n ly  b e c a u s e  o f  i t s  p r o p e r t i e s , I t  
i s  beyond th e  scop e  o f  t h i s  work to  e s t a b l i s h  d e t a i l e d
a c c o u n t  o f  t h i s  b e h a v io u r .  I t  was o n ly  n e c e s s a r y  to  o b t a i n  
a  ro u g h  i d e a  o f  th e  amount on d a t a  t h a t  sh o u ld  be e x c lu d e d  
fro m  t h e  r e a l i s a t i o n s  when c a l c u l a t i n g  th e  r e s p o n s e  s p e c t r a  
o f  t h e  sy s te m  u n d e r  random  e x c i t a t i o n .  I t  was o b s e rv e d  t h a t  
t h e  d u r a t i o n  o f  th e  s e t l i n g  t im e  d e c re a s e d  w i th  i n c r e a s e d  
dam ping r a t i o  a s  e x p e c te d ,  t h e  e f f e c t  o f  ch an g es  i n  t h e  non 
l i n e a r i t y  p a r a m e te r  p o r  th e  l e v e l  o f  e x c i t a t i o n  F  ^ was 
r e l a t i v e l y  i n s i g n i f i c a n t  ( a l l  o t h e r  p a r a m e te r s  r e m a in in g  con­
s t a n t ) ,  F ig u r e  (A, 1—2) shows th e  e f f e c t  o f  d i f f e r e n t  dam^ 
p in g  v a l u e s  on t h e  n o n - d im e n s io n a l  q u a n t i t y  a = k x / F ^ , The 
f o l l o w i n g  a r e  some o f  th e  b e s t  known p r o p e r t i e s  o f  t h e
D u f f in g  sy s tem .
a) The f r e e  v i b r a t i o n s  o f  t h e  sy s te m  a r e : —
1) S y m m etr ica l  p e r i o d i c  o s c i l l a t i o n s  b u t  n o t  s i n u s o i d a l .
2) P e r io d  and o s c i l l a t i o n s  depend on th e  a m p l i tu d e  
th e  r e s p o n s e ,
3) The f r e e  v i b r a t i o n  f r e q u e n c i e s  form  a  l o c u s  on an  
a m p l i tu d e  — v  — f r e q u e n c y  g ra p h  c a l l e d  t h e  f r e e  
v i b r a t i o n  b a ck b o n e ,
b) The s t e a d y  s t a t e  r e s p o n s e  o f  th e  sy s tem  to  a  p e r i o d i c
f o r c e  e x c i t a t i o n
1) i s  g e n e r a l l y  p e r i o d i c  w i th  same p e r io d  a s  th e  
e x c i t a t i o n ,
— 17 3 —
f i g u r e  A .1—1 R e sp o n se  d i s p l a c e m e n t  a m p l i tu d e  a s  a  f u n c t i o n  
o f  n o n - d im e n s io n a l  f r e q u e n c y  f o r  t h e  D u f f in g  
s y s te m  u n d e r  s i n u s o i d a l  e x c i t a t i o n .
F i g u r e  A ,1—2 R o n - d im e n s io n a l  r e s p o n s e  d i s p l a c e m e n t  a m p l i tu d e  
a s  a  f u n c t i o n  o f  f r e q u e n c y  f o r  t h e  D u f f in g  
sy s te m  u n d e r  s i n u s o i d a l  e x c i t a t i o n  and d i f f e r e n t  
dam ping r a t i o s ,
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2) The wave sh ape  o f  t h e  r e s p o n s e  o s c i l l a t i o n  i s  i n  g e n e r a l
d i f f e r e n t  f rom  t h a t  o f  th e  e x c i t a t i o n  and a l s o  from  th e  
f r e e  v i b r a t i o n .  M oreover t h e  r e s p o n s e  wave sh a p e  chang es  
w i th  th e  l e v e l  o f  e x c i t a t i o n  and w i th  th e  n o n l i n e a r  te rm ,
3) P a r t i c u l a r l y  when t h e  e x c i t a t i o n  i s  s i n u s o i d a l  o f  s lo w ly
v a r y in g  f r e q u e n c y  i t  i s  p o s s i b l e  to  o b s e rv e  t h e  jump
phenomenon.
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A. 2. A pprox im ate  S o l u t i o n  I n v o l v i n g  T h ird  H arm onics  f o r  
th e  D u f f in g  System  U nder S i n u s o i d a l  E x c i t a t i o n .
The p o s s i b i l i t y  o f  im p ro v in g  th e  a p p ro x im a te  s o l u t i o n  g iv e n  
by e q u a t i o n  (A .1—2) was a l s o  i n v e s t i g a t e d  by i n c o r p o r a t i n g  
t h e  t h i r d  h a rm o n ic  i n  t h e  s o l u t i o n .  T h is  s e c t i o n  c o n t a i n s  
d e t a i l s  o f  th e  h a rm o n ic  b a la n c e  method to  o b t a i n  e x p r e s s i o n s  
w h ich  w i l l  p r o v id e  a  r e s p o n s e  w h ich  i s  a  m ix tu r e  o f  t h e  
fu n d a m e n ta l  and t h i r d  h a rm o n ic .
C o n s id e r  a g a i n  e q u a t i o n  (A. 1—1), I f  t h e  s o l u t i o n
X = X, cos  cot 4" X3 cos  3wt 4* y^  s i n  3wt (A, 2—1)
i s  assum ed. Then
x  ^ = x ’ 00 a (jjt + Xj 00 8^  3wt 4- y  s i n  3wt 
+ 3x^X3 cos’" 3wt + 3x" y^  cos* wt s i n  3wt
+ 3Xj X, c o s ’* 3wt cos  tot + 3 x  y  cos"* 3wt s i n  3wt ) A. 2—2)
+ 3 y ” X, s i n  3wt co s  cot + 3 y ’^ x  ^ s i n ’’ 3wt cos 3wt
+ 6x, X, y  cos cot co s  3cot s i n  3wt
S u b s t i t u t i n g  (A. 2—2) i n  ( A. 1—1 )
— mco^x,cos cot — Smw^x^cos — y  s in  3wt
— ocox, s in  cot — 3ccox  ^ s in  3wt + 3ccoy cos 3wt
( A, 2—3 )
+ k  X, cos wt + kXjCos 3wt + k y  s i n  3wt
+ kx^ — COS cot cos  9 + s i n  tot s i n  9 = 0
We can  o b t a i n  s u i t a b l e  c o e f f i c i e n t s  f o r  c o sw t,  cos3tot i n  
(A. 2—1) by r e q u i r i n g  t h a t  t h e  c o e f f i c i e n t s  o f  c o s w t , s i n w t ,  
c o s 3 w t ,s in 3 w t  i n  ( A ,2—3) sh o u ld  v a n i s h .
W ith  \  ^  p = ^  t h i s  r e q u i r m e n t  l e a d s  to  e q u a t io n  ( A, 2—4)XI XI
x , | — mw + k  + ^ kgx! j 1 + \  + 2\  + 2?c II = F  ^ COS9
x , j — cw + 3k px^ u I = — Fo s i n  9
— 9moX + 3 cw u + k X + j k p x " | l  + 3^ + + 3u"^  x |=  0
— 9mw — 3 cwX + ku + ^  kgx^ |  a + 2u + 2u ^ x | = 0
— ly  6 —
( A, 2—4 )
T hese  e x p r e s s io n s  e q u a t io n s ( A .  2—4 ) t c a n  he  re d u c e d  to  
e q u a t i o n  (A, 1—2) u n d e r  t h e  a s s u m p t io n  t h a t  t h e  t h i r d  h a rm o n ic  
com ponen ts  i n  t h e  s o l u t i o n  a r e  much s m a l l e r  t h a n  t h e  f u n ­
d a m e n ta l  i . e .  \ , u 1 , so t h a t  a l l  p r o d u c t s  o f  X, li v a n i s h  
and e q u a t io n s ( A .  2—4) become
X, [— mw'^  + k + ^  k ^ x |]  = coscp
X, (— cw) = — F^  s i n 9
t h e r e f o r e  x^ [(— mw^  + k + ^ k |3 x j  + (cw f]  = F«
(A. 2 -5 ) o r  (A. 1 -2 )
The s e t  o f  e q u a t io n s  (A, 2—4) w ere s o lv e d  n u m e r i c a l ly .  The 
s o l u t i o n  showed t h a t  t h e  r a t i o  o f  t h i r d  h a rm o n ic  to  fundsr- 
m e n ta l  i n  t h e  r e s p o n s e  d id  n o t  exceed  0 .1 5  f o r  th e  h i g h e s t  
n o n l i n e a r i t y  examined (Y = 0F^/k^' = 3 .1 1  se e  a l s o  S e c t i o n  
4 .1  f o r  th e  s i g n i f i c a n c e  o f  Y). I t  sh o u ld  be  n o te d  t h a t  
a l t h o u g h  th e  s o l u t i o n  i n  t h i s  a p p e n d ix  i s  e x p e c te d  to  p r o ­
v i d e  more a c c u r a t e  v a l u e s  f o r  t h e  r e s p o n s e ,  i t  i s  s t i l l  an 
a p p r o x im a t io n  to  th e  e x a c t  an sw er  s i n c e  i t  i g n o r e s  t h e  r e s t  
o f  th e  h a rm o n ic s .
T a b le  A2 shows th e  r e s p o n s e  p r e d i c t i o n s  f o r  th e  two 
a p p ro a c h e s  f o r  Y = 3 .1 1 ,  = 0 ,1 .  The v a l u e s  f o r  t h e
fu n d a m e n ta l  a r e  a l s o  p l o t t e d  i n  F i g u r e  (A. 2—1) i n  t h e i r  non 
d im e n s io n a l  fo rm  i . e .  a = kx^'/F/' v e r s u s  0 = w //km .
-  1-77 -
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E q u ation  ( A. 2—5 )
Equation. ( A. 2—4) i , e ,  in v o lv in g  th ird  harmonics
3!
2
0
0 2 3
Eigure A. 2—1
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A .3. The D u f f in g  System  U nder M odu la ted  S i n u s o i d a l  
E x c i t a t i o n __________________________________________
C o n s id e r  t h e  r e s p o n s e  t o  he e x p e c te d  from  t h e  D u f f in g  sy s te m  
e q u a t io n  (A. 1—1) due to  an  e x c i t a t i o n  o f  t h e  fo rm
E (t)= %  s i n  (w%t) cos (wt+(p) (A. 3—1)
w here  <K w
i n s t e a d  o f  t h e  e x c i t a t i o n  E ( t )  = Eo cos (cüt+(p) u se d  e a r l i e r  
e q u a t io n  ( A. 1—1 ) .  Hence t h e  D u f f in g  sy s te m  i s  now e x c i t e d  
u n d e r  a  s i n u s o i d  o f  s lo w ly  v a r y i n g  a m p l i tu d e .  I t  w i l l  he 
u n d e r s to o d  t h a t  t h i s  fo rm  o f  a m p l i tu d e  v a r i a t i o n  i s  q u i t e  
a r h i t r a r l y  cho sen : t h e  s i n  Wg. t  f u n c t i o n  i s  s im p ly  a  con­
v e n i e n t  f u n c t i o n  p r o v i d in g  a  f l u c t u a t i n g  e n v e lo p e  and so 
g i v i n g  some s l i g h t  r e s e m b la n c e  to  a  p a r t  o f  a  n a r ro w  ■ hand
random e x c i t a t i o n .  C o n s id e r  a g a i n  e q u a t io n  (A. 1—2 ) .  The
b e h a v io u r  i n d i c a t e d  by t h i s  e q u a t i o n  i s  u s u a l l y  p o r t r a y e d  by 
r e s p o n s e  c u rv e s  o f  t h e  fo rm  o f  F ig u r e  (A. 3—1) b u t  i t  w i l l  be 
more c o n v e n ie n t  h e r e  to  p l o t  r e s p o n s e  f o r  c o n s t a n t  v a lu e s -  ~ u>. 
and t h i s  i s  done by F ig u r e  (A. 3—2) f o r  p = 1 ,  I  = 0 ,1  a s
t y p i c a l  v a l u e s .  P ro v id e d  t h a t  t h e  r a t i o  Wg./w i s  s m a l l  enough
one can  u s e  F ig u r e  (A. 3—2) to  d e te r m in e  th e  a m p l i tu d e  o f  
r e s p o n s e  x„ a r i s i n g  from  any  a m p l i tu d e  o f  e x c i t a t i o n  o f  t h e  
g iv e n  f i x e d  f r e q u e n c y .  T h is  p r o v i d e s  t h e  e n v e lo p e  x^  ^ o f  th e  
r e s p o n s e  w h ich  c o r r e s p o n d s  to  t h e  e x c i t a t i o n  e n v e lo p e  F* s i n  
w&t, and t y p i c a l  x ^  , t  c u rv e s  a s  p l o t t e d  i n  F i g u r e  ( A, 3-3 ) « 
The e f f e c t s  o f  t h e  jump phenomena can  be s e e n  c l e a r l y  i n
F ig u r e  ( A .3—3 ) . F o r  s m a l l  enough e x c i t a t i o n s  t h e y  have  no
e f f e c t  a s  t h e  F^ , , x^ r e l a t i o n s h i p  i n v o l v e s  one b r a n c h  o f
F ig u r e  (A, 3—2 ) ,  b u t  g r e a t e r  e x c i t a t i o n  a m p l i tu d e s  i n v o lv e  th e  
a l t e r n a t i v e  b r a n c h  so t h a t  much g r e a t e r  a m p l i tu d e s  t h e n  a r i s e  
and r e s p o n s e  a m p l i tu d e s  o n ly  r e t u r n  to  lo w e r  v a lu e s  when th e  
fo rm  o f  F ig u r e  ( A ,3—2) p e r m i t s  i t .  The i m p o r t a n t  p o i n t  h e r e  
i s  t h a t  i n  g e n e r a l  th e  r e s p o n s e  o f  th e  sy s te m  to  a  p a r t i c u l a r  
e x c i t a t i o n  i s  a f f e c t e d  by b o th  u p p e r  and lo w e r  v a lu e s  o f  
F ig u r e  ( A .3 -2 ) d u r i n g  d i f f e r e n t  p o i n t s  o f  i t s  h i s t o r y .  Only 
i n  s p e c i a l  c a s e s  w i l l  a  s i n g l e  b r a n c h  p re d o m in a te  o v e r  an  
e x te n d e d  i n t e r v a l  o f  t im e .
180 -
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f i g u r e  A, 3 -1  R esp o n se  d i s p l a c e m e n t  a m p l i tu d e  a s  a  f u n c t i o n  
o f  n o n - d im e n s io n a l  f r e q u e n c y  f o r  t h e  D u f f in g  
sy s te m  u n d e r  s i n u s o i d a l  e x c i t a t i o n .
W i t We “b
We t
F i g u r e  A3—3
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APPENDIX B
— 183 —
B . l ,  ï ïo te s  on th e  E q u iv a le n t  L in e a r iz a t io n  Technique
C o n s id e r  t h e  n o n l i n e a r  sy s te m
X + bx + g (x )  = P ( t )  ( B . l —1)
Where F ( t )  i s  w h i te  n o i s e  G-aussian p r o c e s s .  The s o l u t i o n  o f  
t h e  c o r r e s p o n d in g  F o k k e r  — P la n c k  e q u a t i o n  ( S e c t i o n  2 .1 )  
r e s u l t s  i n  th e  f o l l o w i n g  s t a t i o n a r y  p r o b a b i l i t y  d i s t r i b u t i o n .
Ps ( x ,x )  = c e x p |— — G ( x ) |  ( B . l —3)
C(x) = 1“  y* g ( r ) } d T )  (B .1 -3 )
. .  o-K
w here
and So th e  i n t e n s i t y  o f  t h e  w h i te  n o i s e  e x c i t a t i o n .  Then
CQ
R x x ( t ) =  — J '  J  [2cx+g(x)j P5 ( x ,x )  P t - ( x ,x ,  t ) d x d x
t z o
w here  P r ( x , x , t )  = t h e  t r a n s i t i o n a l  p r o b a b i l i t y  d i s t r i b u t i o n  
and P i ( x , z , 0 )  = %
I ^
— “  f  f  2:g(x)Pi ( x ,x ) d x d x  = — Rxx(O)
-00
( B, 1—4-)
s i n c e  P ^ ( x ,x )  i s  odd sy m m etr ic  i n  x
00
b u t Rxx(O) = — J  J  x^ Pg ( x ,x ) d x d x  = ^  ( B . l —5 )2b
- C O
f o r  th e  n o n l i n e a r  s y s te m .A ls o  e q u a t i o n  ( B . l —4 )
Rxx(O) = E ( x g ( x ) )
b u t  ( s e e  S e c t i o n  2. 2 ( e q u a t i o n  2—22)) ( B . l —6)
t h e r e f o r e  .
, So
“ 2b E{x‘)
F o r  t h e  e q u i v a l e n t  l i n e a r  sy s te m  ( e q u a t i o n ( 2—18) ) S e c t io n  2. 2) 
X ,  + bx, + X,  = F ( t )  ( B . l —7)
-  184 -
( s .  1 -8 )
Which p ro v e s  t h a t  t h e  e q u i v a l e n t  l i n e a r  sy s te m  have  th e  same 
mean s q u a r e  r e s p o n s e  d i s p l a c e m e n t  a s  t h e  n o n l i n e a r  sy s te m -  
The same i s  a l s o  t r u e  f o r  t h e  r e s p o n s e  v e l o c i t y  o f  th e  two 
s y s te m s .
The M acL aurin  s e r i e s  e x p a n s io n  o f  t h e  a u t o c o r r e l a t i o n  
f u n c t i o n  i s
Exx(t) = a (O l  + R(0*) -V + |,e '(o‘) tV  R(Ol f  t > 0
I t  was p ro v ed  above t h a t  t h e  f i r s t  te rm  i s  t h e  same f o r  b o th  
t h e  n o n l i n e a r  sy s tem  and t h e  e q u i v a l e n t  l i n e a r .  F u r t h e r  f o r  
t h e  e q u i v a l e n t  l i n e a r  sy s te m .
R(0*) = 0 ,  R(0") = -  w2 R(0 ) , R(0") = b wl R(0 )
f o r  t h e  n o n l i n e a r  sy s te m
, ^
R(0*) = J  J  xxPs (x .,x )d x d x  = 0
-00
.OO.f  f  P s (x ,x )d x d x  = -
-C O
from  e q u a t i o n  ( B . l —4 ) and ( B . l —6)
III  ^ 00
and ^ ^  f  f  s^(x) P, ( x ,x ) d x d x =  b w%
-C O
where
CD
R(? ) = b f  f  [bx+g(x) -  I  ^ '^ " 1 P3 ( x , x ) P ^ ( x , ± , t ) d x d x
-  CO
b u t  ? = 0 ,  Ps i s  odd sy m m etr ic  i n  x  and ( x , x , 0 )  = x
CO
t h e r e f o r e  E (0) = b /  y x g (x )  P^  ( x ,x ) d x d x
-00
I» If
t h e r e f o r e  E (0) = — b R(0)
Hence t h e  M acL aurin  s e r i e s  e x p a n s io n  o f  t h e  a u t o c o r r e l a t i o n  
o f  th e  two sy s te m s  i s  i d e n t i c a l  f o r  th e  f i r s t  f o u r  te rm s .
— 18 5 “
B , 2, P e r tu r b a t io n  A n a ly s is
The p e r t u r b a t i o n  a p p ro a c h  i s  w e l l  d e v e lo p e d  i n  t h e  s tu d y  o f  
d e t e r m i n i s t i c  n o n l i n e a r  p ro b lem s  when t h e  n o n l i n e a r i t y  i s  
c o n s id e r e d  s m a l l .  F o r  n o n l i n e a r  random d i f f e r e n t i a l
e q u a t i o n s ,  th e  same t e c h n iq u e  c an  be a p p l i e d  u n d e r  c e r t a i n  
r e s t r i c t i o n s .
C o n s id e r  a g a in  t h e  s i n g l e  d e g re e  o f  f reed o m  n o n l i n e a r
sy s te m  '  whose r e s p o n s e  x ( t )  i s  r e l a t e d  to  an  e x c i t a t i o n
F ( t )  by th e  d i f f e r e n t i a l  e q u a t i o n
X + bx  + w ^ (x + e g (x ))  = F ( t )  (B. 2—1)
w here  (x + e g (x ))  i s  t h e  n o n l i n e a r  r e s t o r i n g  f u n c t i o n .T h e  t o t a l  
r e s t o r i n g  f o r c e  h a s  b e e n  s e p a r a t e d  i n t o  a  l i n e a r  c o n t r i b u t i o n  
p l u s  a  n o n l i n e a r  p a r t .  The sh ap e  o f  th e  n o n l i n e a r i t y  i s  
d e s c r i b e d  by t h e  f u n c t i o n  g (x )  and th e  r e l a t i v e  m ag n i tu d e  i s  
i n d i c a t e d  by t h e  p a r a m e te r  &. When e = 0 ,  th e  o s c i l l a t o r  i s
l i n e a r .  The p e r t u r b a t i o n  method i s  b a sed  on a  s e r i e s  expan­
s i o n  i n  pow ers  o f  e and i s  o n ly  e x p e c te d  to  be v a l i d  f o r  
m o t io n s  i n  w h ich  t h e  n o n l i n e a r  p a r t  o f  th e  r e s t o r i n g  f o r c e  
r e m a in s  s m a l l  i n  c o m p a r iso n  w i t h  t h e  l i n e a r  p a r t , T h e  p r e c i s e  
s e n s e  o f  t h e  word s m a l l  i s  se ldom  s p e c i f i e d  i n  m ost a p p l i — 
t i o n s  o f  th e  p e r t u r b a t i o n  m ethod. The b a s i c  s t e p  i n  t h e  
p e r t u r b a t i o n  m ethod i s  t o  assume t h a t  t h e  s o l u t i o n  to  
e q u a t i o n  (B. 2—1) p e r m i t s  an  e x p a n s io n  i n  pow ers  o f  e
X = x ^ ( t )  + ex, ( t )  + e X i ( t )  (B. 2 -2 )
T h is  e x p a n s io n  i s  assumed to  s a t i s f y  e q u a t io n  (B. 2—1) i d e n t i ­
c a l l y  i n  e. We t h e r e f o r e  i n s e r t  e q u a t io n  ( B .2—2) i n t o  
e q u a t i o n  (B, 2—1) and c o l l e c t  te rm s  h a v in g  th e  same power o f  e.
X, + b x ,+  w ^ x . -  F ( t ) ]  + e [ x ,  + bx^+ w%x,+ w%g(x, )] +
+ e [x ^ +  bx^+ w%x^+ w% xg(xj] + . . .  = 0 -  (B. 2 -3 )
I f  e q u a t io n  (B, 2—3) i s  to  be  s a t i s f i e d  i d e n t i c a l l y  i n  e , e ac h  
s q u a re  b r a c k e t  m ust s e p a r a t e  by v a n i s h .  T h is  p r o v i d e s  a  
c h a in  o f  l i n e a r  p ro b le m s  w hich  x,^^^(t) may be c o n s id e r e d  a s  a  
l i n e a r  r e s p o n s e  to  an  e x c i t a t i o n  t h a t  i s  n o n l i n e a r  f u n c t i o n  
o f  th e  p r e v i o u s l y  d e te rm in e d  x ^ ( t ) .  The f u n c t i o n  x ^ ( t )  t h a t
-  186 -
makes t h e  f i r s t  b r a c k e t  i n  e q u a t io n  (B. 2—3) v a n i s h  c an  be 
r e p r e s e n t e d  by t h e  c o n v o lu t i o n  i n t e g r a l
00
x , ( t )  = J h(T)dv (B. 2—4)
o
w here h ( t )  i s  th e  r e s p o n s e  f u n c t i o n  to  a u n i t  im p u lse
h(T ) = (w^ —b 2 /4 )  exp | — b v /2  j. s i n  (w^ —b2/4)^^ f
(B .2 -5 )
I n , t h e  same way, t h e  f u n c t i o n  x , ( t ) ,  w hich  c a u s e s  th e  second  
b r a c k e t  i n  e q u a t i o n  (B. 2—3) t o  v a n i s h ,  c an  be r e p r e s e n t e d  a s
CO
X ,( t)  = — J  g [ x ( t - T ) ]  h (T )dT  (B, 2—6)
o
and t h u s  t h e  e n t i r e  c h a in  o f  f u n c t i o n s  x ^ ( t)  needed  f o r  
e q u a t io n  ( B .2—2) can  be o b t a i n e d ,  a t  l e a s t  i n  p r i n c i p l e .  I n  
p r a c t i c e ,  t h e  i n t e g r a t i o n s  r e q u i r e d  f o r  r > 2  u s u a l l y  become 
i n t r a c t a b l e  and th e  a p p ro x im a t io n  (x^ + ex, ) i s  u s e d .
F o r  t h e  c a s e  u n d e r  s tu d y  t h e  p e r t u r b a t i o n  t e c h n iq u e  h a s  v e r y  
l i t t l e  to  o f f e r  and w hich  i s  w o r th  com paring  w i th  t h e  
r e s u l t s  o f  th e  n u m e r ic a l  t e c h n iq u e  s i n c e  i n  p r a c t i c e  i t  r e s ­
t r i c t s  i t s  f i n d i n g  f o r  v e r y  s m a l l  d e p a r t u r e s  from  th e  l i n e a r  
r a n g e .  F u r t h e r  th e  o r d e r  s o l u t i o n  [ 2 4 ]  l e a d s  t o  a  v e r y  
i m p o r t a n t  c o n c l u s i o n  *, nam ely  t h a t  th e  n o n l i n e a r i t y  p a r a ­
m e te r ,  e m ust be  s m a l l  compared to  th e  damping l o s s  f a c t o r  b 
i n  o r d e r  f o r  t h e  p e r t u r b a t i o n  s o l u t i o n  to  be a c c u r a t e  o r
£ 1 ^ « 1
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B . 3. The H e u r i s t i c  Approach
The u n d e r l y i n g  i d e a  o f  t h i s  a p p ro a c h  (named th u s  by C r a n d a l l  
^ 2 3 j] ) , i s  t h a t  p ro v id e d  t h e  sy s te m  damping i s  l i g h t ,  t h e  
s t a t i o n a r y  n o n l i n e a r  r e s p o n s e  can  be v iew ed a s  a  se q u e n c e  o f  
f r e e  undamped v i b r a t i o n  'c y c l e s *  i n  w hich  t h e r e  i s  a  s low  
random f l u c t u a t i o n  o f  a m p l i tu d e  and p h a se .  T h is  c o n c e p t  p ro ­
v i d e s  a  u s e f u l  v i e w p o in t  f o r  d e s c r i b i n g  th e  s t a t i s t i c a l
r e s p o n s e  o f  l i n e a r  sy s te m s  t o  G a u s s ia n  e x c i t a t i o n .  When
e x te n d e d  to  n o n l i n e a r  sy s te m s  t h e  same p i c t u r e  can  be , u se d  
and more o v e r  c o r r e c t  q u a n t i t a t i v e  r e s u l t s  can  be o b t a in e d  
f o r  s m a l l  n o n l i n e a r i t i e s ,  p r o v id e d  th e  d e t e r m i n i s t i c  
v a r i a t i o n  o f  p e r i o d  w i t h  a m p l i tu d e  i n  f r e e  v i b r a t i o n s  i s  ac ­
c o u n te d  f o r .  I t  sh o u ld  be n o te d  t h a t  th e  p ro c e d u re  i s  d e v o id  
o f  m a th e m a t ic a l  r i g o r .  F u r th e rm o re  i t  i s  n o t  e s p e c i a l l y  
a d v a n ta g e o u s  from  th e  s t a n d  p o i n t  o f  s i m p l i c i t y  o f  c a l c u l a t i o n  
and th e  ra n g e  o f  n o n l i n e a r i t i e s  w i th  w hich  i t  i s  c a p a b le  o f  
d e a l i n g  i s  t h e  same a s  t h a t  o f  t h e  p e r t u r b a t i o n  t e c h n i q u e , I n  
f a c t  t h e  e x p r e s s i o n s  d e r iv e d  f o r  th e  mean s q u a re  r e s p o n s e  and 
a u t o c o r r e l a t i o n  f u n c t i o n  a r e  i d e n t i c a l .
F o r  t h e  n o n l i n e a r  sy s te m
X + bx + w i ( x + c g ( x ) )  = F ( t )  ( B ,3 -1 )
w here  g (x )  = g, and e > 0 ,  t h e  s t a t i o n a r y  r e s p o n s e  to  w h i te  
G a u s s ia n  n o i s e  i s  s u c h  t h a t  a t  a  f i x e d  t im e  th e  v e l o c i t y  
f u n c t i o n  re m a in s  a  G a u s s ia n  random v a r i a b l e  w i t h  v a r i a n c e  aj , 
w h i le  t h e  d i s t r i b u t i o n  o f  x ( t )  becom es a non G a u s s ia n  random 
v a r i a b l e  w i th  unknown v a r i a n c e  ai , The peak  v e l o c i t y  V r e ­
t a i n s  i t s  R a y le ig h  d i s t r i b u t i o n  w h i le  th e  d i s t r i b u t i o n  o f  
peak  d i s p la c e m e n t  X becomes non  R a y le ig h .  B ecau se  o f  t h e  
i n v a r i a n c e  w i th  r e s p e c t  to  e o f  t h e  d i s t r i b u t i o n  o f  V one can  
employ V a s  th e  fu n d a m e n ta l  m ea su re  o f  c y c le  a m p l i tu d e .  The 
e x p r e s s i o n s  t h a t  c an  be d e r iv e d  th u s  a r e  a s  f o l l o w s  [ 23 ] » 
F o r  t h e  e x p e c te d  f r e q u e n c y  r e s p o n s e
w here  a t  = ë — and S i s  th e  e x c i t a t i o n  i n t e n s i t y .  F o r  th eD UJy\
mean s q u a re  r e s p o n s e
E (x) -  cl  — e A 
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w here
= (i/2 Oo) r
In d ee d  f o r  t h e  D u f f in g  e q u a t io n
E (x  ) = o! — 3 Got
a  r e s u l t  i d e n t i c a l  to  p e r t u r b a t i o n  and v a l i d  o n ly  f o r  1 .
F o r  t h e  a u t o c o r r e l a t i o n  f u n c t i o n
Ex x ( t ) =  a t  P , ( v )  -  £ a [ p, ( t ) +  p , ( t ) ]
w here
&(?) =e ( c o s  pT + ^  s i n  pT )
p, ( t ) = e [(p"f + ^  ) s i n  pv -  i  bT cos pv]
p  ^ = w t -  b /4
M anning [ 24 ] h a s  i n t r o d u c e d  some r e f i n e m e n t s  i n  t h e  above 
m ethod by u s i n g  th e  e x a c t  e x p r e s s i o n s  f o r  th e  e n v e lo p e
p r o b a b i l i t y  d i s t r i b u t i o n  f o r  th e  f r e e  o s c i l l a t i o n s  o f  d i s ­
p la c e m e n t  i n s t e a d  o f  v e l o c i t y  and o b ta in e d  th e  sp e c t ru m  o f  
t h e  r e s p o n s e  to  w h i te  n o i s e  by decom posing  e a c h  c y c l e  o f  non 
l i n e a r  v i b r a t i o n  ( o r  w hat i s  assumed to  be th e  r e s p o n s e )  i n t o  
i t s  F o u r i e r  components* However th e  l i m i t a t i o n s  o f  th e  
a p p ro a c h  rem ained  th e  same. i . e .  l i g h t  dam ping , s m a l l  non  
l i n e a r i t y .
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C . l ,  Theory o f  H um erical I n t e g r a t io n  Methods
I t  m ust f i r s t l y  he  s t a t e d  t h a t  t h e  th e o r y  o f  ' N u m e ric a l  
I n t e g r a t i o n  M ethods i s  v e r y  com plex . W hile  t h e  f u n d a m e n ta l  
i d e a s  b e h in d  t h e  i n t e g r a t i o n  t e c h n i q u e s  a r e  s i m p le ,  t h e i r  
p r a c t i c a l  a p p l i c a t i o n  i s  in d e e d  v e r y  c o m p l ic a te d .  T h is  i s  
e s p e c i a l l y  t r u e  o f  su c h  f a c t o r s  a s  e r r o r  e s t i m a t i o n ,  p r e ­
d i c t o r  c o r r e c t o r s ,  and s i m i l a r  p a r a m e te r s .  C o n s id e r a b le
r e s e a r c h  h a s  b e e n  c a r r i e d  o u t  to  d e v e lo p s  t h e s e  t e c h n i q u e s  
and s e v e r a l  c o m p u te r  'p a c k a g e s '  a r e  c u r r e n t l y  a v a i l a b l e .  
The s p e c i f i c  d e t a i l s  o f  t h e  t h e o r y  on w hich  t h e s e  p a c k a g e s  
a r e  b a sed  need  n o t  c o n c e rn  t h e  v i b r a t i o n  a n a l y s t .  I t  w i l l  
be s u f f i c i e n t  to  h a v e  a  g e n e r a l  g r a s p  o f  t h e  p r i n c i p l e s  i n ­
v o lv e d  so t h a t  p r u d e n t  c h o ic e  o f  th e  u s e r —s p e c i f i e d  v a r i a b l e s  
i n  su c h  p a c k a g e s  may be made.
To t h i s  end a  b r i e f  d e s c r i p t i o n  o f  th e  t h e o r y  w i l l  be g i v e n  
h e r e  and w i l l  be o f  a  s u f f i c i e n t l y  g e n e r a l  n a t u r e  to  be 
a p p l i c a b l e  to  a  w ide r a n g e  o f  i n t e g r a t i o n  p a c k a g e s .
As s t a t e d  a b o v e ,  i t  i s  r e q u i r e d  to  s o lv e  a  s e t  o f  d i f f e r e n t ­
i a l  e q u a t io n s .  T hese  e q u a t i o n s  a r e  g e n e r a l l y  o f  t h e  second  
o r d e r ,  b u t  to  a v o id  n e e d l e s s  c o m p l i c a t i o n  a  s i n g l e  e q u a t i o n  
o f  t h e  f i r s t  o r d e r  w i l l  s e r v e  to  i l l u s t r a t e  t h e  t e c h n iq u e s  
f o r  t h e  t im e  b e in g .  C o n s id e r  t h e  i n i t i a l  v a lu e  p ro b lem
y' = f ( x , y ) , y ( x , )  = y. ( c . i - i )
The f i r s t  s t e p  i s  to  f i n d  th e  v a lu e  y, w h ich  i s  t h e  s o l u t i o n  
o f  t h e  d i f f e r e n t i a l  e q u a t i o n  f o r  x =  x^ 4- h ,  w here  h  i s  some 
f i x e d  v a lu e  known a s  t h e  s t e p  l e n g t h  ( s i z e ) . R e c a l l  T a y l o r ' s  
s e r i e s  t o  e s t i m a t e  y,
y (x+h) = y (x )  + hy'(x) + | y y ' ( x )  , ( 0 ,1 - 2 )
w r i t i n g  y = f ( x , y )  = f * —
y(x+ h) = y (x )  + h f  + | - f ' + ^ f  ( 0 ,1 - 3 )
w here  f , f , f  a r e  e v a l u a t e d  a t  ( x , y ( x ) ) .
I f  h  i s  s m a l l ,  t e rm s  i n  h  , h  , . , e t c .  may be n e g l e c t e d  g i v i n g  
t h e  a p p r o x i m a t i o n ! -
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y(x+ h) = y ( x )  + h f  (C .1 -4 )
The c o m p u ta t io n  may now p r o c e e d ! —
y ( x , + h )  = y, = y, + h f ( x , , y , )  (C .1 -5 )
y (x ,+ 2 h )  = y, = y  + h f ( x  + h , y  ) e t c .
y(x;,+nh) = y^ = y.^_, + h f  (x .+ (n - l )h ,y ,^ _ ,  )
F i g u r e  ( C . l —1) i l l u s t r a t e s  t h i s  t e c h n iq u e  g r a p h i c a l l y .  I n  
an  a t t e m p t  to  f o l l o w  t h e  c u rv e  from  th e  p o i n t  (x^ ^y^) a
d i s t a n c e  h ,  i n  t h e  x  d i r e c t i o n  i s  moved a t  g r a d i e n t  f(Xo,y<,) .  
T h is  d e f i n e s  t h e  new p o i n t  ( x , + h , y  ) .  A f u r t h e r  d i s t a n c e  h  
i s  moved w i th  g r a d i e n t  f ( x , + h , y , ) to  th e  p o i n t  (Xg+2h,y^  ) .  
T h is  p r o c e s s  i s  r e p e a t e d  th r o u g h o u t  th e  ra n g e  o f  i n t e g r a t i o n .
I t  c a n  be s e e n  t h a t  a s  th e  i n t e g r a t i o n  p r o c e e d s  t h e  e s t im a te d  
p o i n t s  g r a d u a l l y  move away from  t h e  c u rv e .  F o r  c o n v e n ie n c e ,  
t h e  s t e p  l e n g t h  i s  k e p t  c o n s t a n t  b u t  t h i s  n o t  need  be th e  c a s e .  
T h is  v e r y  s im p le  p r o c e s s  i s  t h e  E u l e r  method i t  i s  a  f i r s t  
o r d e r  method s i n c e  o n ly  te rm s  up to  t h e  f i r s t  pow er o f  h  a r e  
c o n s id e r e d  i n  t h e  T a y l o r ' s  s e r i e s .  The o m is s io n  o f  o r d e r s  
o f  h  g r e a t e r  t h a n  o r  e q u a l  to  2 ,  c a u s e s  a  t r u n c a t i o n  e r r o r  o f  
o r d e r  h  , F u r t h e r  e r r o r  i s  i n t r o d u c e d  s i n c e  th e  e s t i m a t i o n  
o f  y ( x n )  i s  b a se d  u p o n  t h e  v a lu e  y ( x  ) w hich  i s  i t s e l f  an  
e s t i m a t e .  As i l l u s t r a t e d  g r a p h i c a l l y  t h e s e  e r r o r s  can  mount 
up  a s  th e  i n t e g r a t i o n  p r o c e e d s .
However a  much im proved  s o l u t i o n  can  be o b ta in e d  by a  s im p le  
m o d i f i c a t i o n .  T h is  i s  th e  a d a p t a t i o n  o f  a  c o r r e c t i o n  p ro ­
c e d u r e . R e f e r  to  F i g u r e  ( 0 , 1 - 2 ) .  As i n  t h e  p r e v i o u s  method 
t h e  p o i n t  y, i s  c a l c u l a t e d .  The d e r i v a t i v e  a t  t h i s  p o i n t  i s  
d e te rm in e d  i . e .  f ( x ^ 4 h , y ^ ) .  The a v e ra g e  o f  th e  d e r i v a t i v e s  
a t  y ,  and y, i s  fo u n d  and a  new a p p r o x im a t io n  y, i s  o b t a in e d  
i .  e ,
= Yo + | ( f ( x . , y .  ) + f (x * + h ,y ,  ) ) (C .1 -6 )
F u r t h e r  a p p r o x im a t io n s  can  be made by u s i n g  th e  c u r r e n t  
v a lu e  y  i ,  e,
y?’ = y. + | ( f ( 3î:,,y„) + f(%.+h,y,^ )) ( c .1 -7 )
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A f t e r  s u f f i c i e n t  c o r r e c t i o n s  h av e  b e en  made, t h e  f i n a l  v a lu e  
o f  y, can  be u se d  a s  a  s t a r t i n g  p o i n t  to  o b t a i n  t h e  p o i n t  y . 
S i m i l a r l y ,  c o r r e c t i v e  p r o c e d u r e s  can  now be a p p l i e d  to  y^ . 
T h is  p r o c e s s  i s  r e p e a t e d  o v e r  t h e  e n t i r e  i n t e r v a l  o f  i n t e ­
g r a t i o n .  T h is  i s  known a s  t h e  E u l e r - t r a p e z o i d a l  m ethod . I t  
p r o v i d e s  a  s im p le  exam ple o f  a p r e d i c t o r  c o r r e c t o r  f o r m u l a . . 
The p r e d i c t o r - c o r r e c t o r  m eth ods  employed i n  t h e  i n t e g r a t i o n  
p a c k a g e s  a r e  b a se d  upo n  t h e  same p r i n c i p l e  b u t  i n f o r m a t i o n  on 
s e v e r a l  p r e v i o u s  v a lu e s  a r e  u se d  to  o b t a i n  an  i n c r e a s e  i n  
a c c u ra c y .
The E u l e r  method would not- ,he  u s e d  i n  p r a c t i c e , .  i n  
v iew  o f  i t s  s i m p l i c i t y  and r e s u l t a n t  in a c c u r a c y .M o r e  r e f i n e d  
v e r s i o n s  b a se d  on th e  same p r i n c i p l e s  a r e  h o w e v e r ,  c u r r e n t l y  
i n  u s e .  The o t h e r  c l a s s  o f  m eth ods  i n  w id e s p re a d  u s e  i s  t h e  
Runge — K u t t a  ty p e .  Many v e r s i o n s  o f  t h i s  ty p e  e x i s t  b u t  a r e  
a l l  b a sed  on e s t i m a t e s  o f  th e  d e r i v a t i v e ,  n o t  o n ly  a t  t h e  ends 
o f  t h e  i n t e r v a l  h ,  b u t  a l s o  a t  i n t e r m e d i a t e  p o i n t s .  A f u r t h e r  
f e a t u r e  o f  t h e s e  m ethods i s  t h a t  t h e  c a l c u l a t i o n  u s e s  o n ly  
t h e  v a l u e s  a t  t h e  i n i t i a l  p o i n t  and p r e v i o u s  e s t i m a t e s  a r e  
n e i t h e r  u se d  n o r  s t o r e d ,  A t y p i c a l  exam ple o f  a Rung©—K u t t a  
m ethod w i l l  be o u t l i n e d  to  i n d i c a t e  th e  method o f  c o m p u ta t io n .  
The exam ple i s  a  f o u r t h  o r d e r  v e r s i o n .  The s t e p  s i z e  w i l l  be 
assum ed c o n s t a n t  b u t ,  a g a i n  n e ed  n o t  be so — i n  a  v a r i a b l e  
s t e p  v e r s i o n  th e  l e n g t h  o f  t h e  s t e p  would be d e te rm in e d  i n  
a c c o rd a n c e  w i th  some e r r o r  c r i t e r i o n .  Use o f  t h i s  method 
r e q u i r e s  f o u r  q u a n t i t i e s  to  be c a l c u l a t e d  a t  e a c h  i n t e g r a t i o n  
i n t e r v a l  n am e ly !—
a^ = h  f ( x ^ , y * )
b
( C .1 -6 )
= h  f  (x ^ + ^ ,y  )
0^ = h  f  ( x . , + | , y ^ + ^  )
d^ = h  f ( x , + h , y ^ + c „ )
The v a lu e  y„^ , i s  g iv e n  by
+ 2b,. + 2 c .  + dv,)
S in c e  y = f ( x , y )  = h y / h  i t  can  be  se e n  t h a t  a ^ , b„ , c. , 
a r e  e s t i m a t e s  o f  th e  i n c r e m e n t s  i n  y a t  t h e  l e f t  h a n d ,  tw ic e
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a t  th e  c e n t r e ,  and a t  t h e  r i g h t  hand o f  t h e  i n t e g r a t i o n  
i n t e r v a l .  I n  c a l c u l a t i n g  , t h e  p r e v i o u s  e s t i m a t e s  a*,
h „ , c ^ , d ^ ,  a r e  a v a i l a b l e  and a w e ig h te d - a v e r a g e  v a lu e  o f  
t h e s e  i n c r e m e n t s  i n  y p r o v i d e  th e  e s t i m a t e  o f  t h e  v a lu e  
y-^ v^ . Most dynam ic sy s te m s  can  be r e p r e s e n t e d  by s e t s  o f
second  o r d e r  d i f f e r e n t i a l  e q u a t io n s  o f  th e  fo rm
j  = f ( % , y , y '  ) (G .1 -9 )
The d e r i v a t i v e  o f  T a y l o r ' s  s e r i e s  i s  r e q u i r e d
y ' ( x + h )  = y ' ( x )  + h y ' ( x )  + - j y ' ( x ) . , .
The Runge — K u t t a  method when a p p l i e d  to  second  o r d e r  
e q u a t io n s  r e q u i r e s  c o m p u ta t io n  o f  t h e  f o l l o w i n g  v a r i a b l e s  
a t  e a c h  s t e p
= I  f  (x„ ,y^ )
n o t i n g  t h a t  y  ^ , yj^  a r e  e v a l u a t e d  up to  th e  te rm  i n  h^ i n  
t h e  r e l e v a n t  T a y lo r  e x p a n s io n .
b^  = I  f ( x *  + | , y ^  + a* , y*  + a^)
w here  q^ = |  (y^ + ^  )
c^ = I  f ( x ^  + | , y ^  + ,y j  + b j
d% = 2  + 2c^)
w here py, = h(y^  + c ^ ) .
The new v a lu e  y^ ^^  i s  now g i v e n  by
= y„ + + s j
w here
and
w here
R^ = i ( a v , +  b w+ 0 y i )
/  * 
y . . .  = y \  +
^  1
R* =  3 ( a ^  +  2 b  y, 4- 2Cy, + dy, )
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The n e x t  s t e p  i n  t h e  r o u t i n e  w i l l  r e q u i r e  , R e p e t i t i o n  
o f  t h e  above se q u en c e  i s  p e rfo rm ed  th r o u g h o u t  t h e  i n t e r v a l  
o f  i n t e g r a t i o n .  I n  t h e  m ethods d e s c r i b e d  ab o v e ,  t h e  s t e p  
l e n g t h  h  h a s  b e en  assum ed c o n s t a n t .  The f a c i l i t y  o f  a 
v a r i a b l e  s t e p  l e n g t h  i s  o f f e r e d  by many r o u t i n e s  and w i l l  
be m e n tio n ed  h e r e .  The o p e r a t i o n  o f  t h e s e  m ethods i s  a s  
f o l l o w s .  A v a lu e  o f  h  i s  c h o se n  w i t h i n  th e  p rog ram  — 
u s u a l l y  a s  some f r a c t i o n  o f  a  u s e r —s p e c i f i e d  p a r a m e te r  and 
th e  f i r s t  s t e p  e x e c u te d .  The v a lu e  o f  th e  s t e p  l e n g t h  i s  
re d u c e d  and th e  s t e p  r e —e x e c u te d .  I f  t h e  d i f f e r e n c e  b e tw ee n  
two computed v a lu e s  s a t i s f i e s  t h e  e r r o r  c r i t e r i o n ,  th e
s o l u t i o n  i s  a c c e p te d .  I f  i t  i s  o u t w i th  t h e  s p e c i f i e d  e r r o r ,  
h  i s  f u r t h e r  re d u c e d  u n t i l  t h e  e r r o r  c r i t e r i o n  i s  s a t i s f i e d .  
The s p e c i f i e d  e r r o r  may be a  r e l a t i v e  o r  an a b s o l u t e  e r r o r  
and i n  many p a c k a g e s  i s  s p e c i f i e d  e i t h e r  by th e  u s e r  o r  by 
d e f a u l t .  I n t e g r a t i o n  r o u t i n e s  v a ry  c o n s i d e r a b l y  i n  t h e  
ty p e  o f  e r r o r  c r i t e r i o n  a d a p te d .  I t  m ust be em p h asised  
t h a t  w h i le  th e  s i m p l e s t  i n t e g r a t i o n  method w i l l  c e r t a i n l y  
g iv e  o n ly  a p p ro x im a te  s o l u t i o n s ,  v e r y  s o p h i s t i c a t e d  r o u t i n e s  
need  n o t  g iv e  h i g h l y  a c c u r a t e  e s t i m a t e s .  I t  i s  a  f a c t  t h a t  
i n  s t r i v i n g  f o r  a  h i g h  d e g re e  o f  a c c u ra c y ,  p ro b lem s  o f  
s t a b i l i t y  can  a r i s e ;  i . e .  t h e  e r r o r s  become g r e a t l y  magni­
f i e d  a s  th e  c o m p u ta t io n a l  se q u e n c e  p r o g r e s s e s  u n t i l  t h e  
r o u t i n e  b r e a k s  down. I t  i s  p r a c t i c a l l y  i m p o s s ib l e  to  s t a t e  
w i t h  any  c e r t a i n t y ,  t h a t  a  p a r t i c u l a r  r o u t i n e  w i l l  g iv e  
good r e s u l t s  w i t h  a  p a r t i c u l a r  ty p e  o f  p ro b lem , w i t h o u t  
p r i o r  t e s t i n g .  C l e a r l y  g r e a t  c a r e  m ust be t a k e n  when u s i n g  
n u m e r ic a l  i n t e g r a t i o n  m ethods — t h i s  c a n n o t  be s t r e s s e d  to o  
h i g h l y  — s i n c e  t h e  m a rg in  b e tw ee n  a  v e ry  good e s t i m a t i o n  
and a  v e ry  p o o r  one can  be s l i g h t .
The above o u t l i n e  o f  th e  t h e o r y  o f  i n t e g r a t i o n  m ethods i s ,  
o f  n e c e s s i t y ,  b r i e f .  However, i t  sh o u ld  be s u f f i c i e n t  f o r  
m ost a p p l i c a t i o n s  when c o n s id e r e d  i n  c o n j u n c t i o n  w i th  th e  
i n f o r m a t i o n  p ro v id e d  i n  p ack ag e  u s e r - m a n u a l .
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E U L E R S  METHOD
F i g u r e  Cl—2
—  196
YlOJ
X
IMPROVED EULER METHOD
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C , 2. E x c i t a t i o n
a) S t a t i o n a r i t y  o f  t h e  S i g n a l
The e x c i t a t i o n  i s  d e f i n e d  by *
%
%(t)  = c ^ c o s  ( w . t  — cp^) (C .2—1)
VC
= 2 3  Cn ( c o s  Y *oos(w » t)+  s i n  (p,, s i n ( w ^ t ) )
v>x\
Where t h e  f r e q u e n c i e s  .a re  d i s t r i b u t e d  d e n s l y  i n  t h e
i n t e r v a l  ( 0 , w ^ ) ,  t h e  p h a se  cp„ a r e  u n i f o r m l y  d i s t r i b u t e d  
b e tw ee n  (0,2%) and t h e  a m p l i t u d e s  Cv, a r e  s u c h  t h a t  any s m a l l  
i n t e r v a l  o f  f r e q u e n c y  dw s a t i s f i e s ,
= S(u)du) (C, 2 -2 )
Uj„ 1.1-lJ
I t  w i l l  be shown t h a t  X ( t )  i s  s t a t i o n a r y  i n  t h e  wide  s e n s e  
( [ 7 ] p ,3 0 4 )  w i t h  z e r o  mean and f i n d  i t s  a u t o c o r r e l a t i o n .  
E q u a t i o n  (C .2—1) can  be w r i t t e n
X ( t )  = 2 Z ( a ^ c o s w ^ t  + b^ s i nw^ t)  ( 0 . 2 —3)
where
a , \  =  C wCOSCp n
b^, = c^ sincpvt
( f o r  o u r  i n p u t  c« = c o n s t  = 1)
< X ( t ) >  = < 2Z( a^ oosw ^t  + b ^ s i n w ^ t )  >
= < S g ( a . , , b „  ) >
a d d i t i v i t y  p r o p e r t y  o f  < >.
< X ( t ) >  = E < g „ >
b u t  g ( a ^ , b ^ )  i s  t h e  sum o f  two random v a r i a b l e s
t h e r e f o r e  < g( a^ ,bv, )> = < a^cosw^ t  > + < b„sinu)v^ t  > (C .2—4 )
s i n c e  a ^ , c o s w ^ t  a r e  i n d e p e n d e n t  t h i s  a v e r a g e  i s  e q u a l  to  
z e ro  f  o r  < a„> = <^ bv\) = 0
*N ote  t h a t  f o r  t h e  sa k e  o f  c o n v e n ie n c e  i n  n o t a t i o n  t h e  e x c i ­
t a t i o n  i s  d e n o te d  a s  X ( t )  n o t  a s  E ( t ) ,
-  198 -
E ( t ,  , t j  = < [lZ(a^cosüJ^ s inüJ^t ,  )j ,^2]( a^coscjü^t^ + b ^ a i n
w ^ t , ) ]  >
i f  <a^  bv, > = 0 a l l  o ro a a  t e r m s  a r e  e l i m i n a t e d  (C ,2—5)
h en ce  R ( t , , t i )  = a-T( ooaw^ t^ cosw^t^)  + b \ (  a inw ^ t ,  ainw^t)  )_
jcoawv, ( t, -n t^  ) + cosw*, ( t , + t ^ ) j  + ^  j^GosWw 
( t , —t ^ ) — c o sw ^ ( t ,  + t ^ )  j  >
i f  < bv, > =<
t h e r e f o r e  R ( t , , t ^ )  = S (a ^ >  oosu \T  = 2] coaw^T = R ( t )
where  t = t ,  —t^  (C,2—6)
Hence n e c e s s a r y  c o n d i t i o n s  f o r  X ( t )  t o  be s t a t i o n a r y  i n  t h e  
wide s e n s e  w i t h  z e ro  mean and a u t o c o r r e l a t i o n
%(?) =2^0^ COSWvi t
i s  t h a t  t h e  random v a r i a b l e s  a^,b% b o t h  have
1) z e ro  mean < a^> = < b ^ > =  0
2) a r e  u n c o r r e l a t e d  < avi -, bO> = 0
3) < a""^  >= <b  V, >= a i
These  c o n d i t i o n s  a r e  s a t i s f i e d  by o u r  p a r t i c u l a r  , b^,
< a^b^ )  = < sintp^ccscp:^ )
and s i n c e  t h e  p r o b a b i l i t y  d e n s i t y  f(cp) = l /2 m
g(cp) = sin(p Goscp = a b
ITT
1 1 r s i n 2cD 1< a l „  > = y  sincp ooscp d? = |_ — J = 0
a l s o
<( SLy^ y  = < ^ b ^ >  = 0 and ^ a \  } = ^ b^)> = 1 / 2
Note  a ^ , b ^ ,  a r e  u n c o r r e l a t e d  b u t  n o t  i n d e p e n d e n t  s i n c e  
av, = f ( b h )  , av, = / 1 —b%
The p r o b a b i l i t y  d e n s i t y  f u n c t i o n  o f  au = f ( a » )  = ~  7^ -,---\j ±—a.
and f ( l D j  =
Wtt
a
0
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b) The C e n t r a l  L im i t  Theorem
C o n s i d e r  a seq u en c e  x , o f  i n d e p e n d e n t  random
v a r i a b l e s  w i t h  r e s p e c t i v e  d e n s i t i e s  f - ( x ) .  I t  i s  known 
f ro m  t h e  law  o f  l a r g e  numbers  t h a t  t h e  v a r i a n c e  o f  t h e i r
mean x = (x ,+x^  + , . +x ^) /K  i s  s m a l l  f o r  l a r g e  K, Hence
( f ro m  t h e  T c h e b y c h e f f  i n e q u a l i t y )  t h e  d e n s i t y  f x ( x )  i s
c o n c e n t r a t e d  n e a r  i t s  mean. However t h e  law  s a y s  n o t h i n g  
a b o u t  t h e  shape  o f  t h i s  d e n s i t y  ( f % ( x ) ) .  I t  t u r n s  o u t  t h a t  
a s  K i n c r e a s e s  f j?(x)  t e n d s  t o  a  no rm al  c u rv e  r e g a r d l e s s  o f  
t h e  shape  o f  t h e  d e n s i t i e s  f i ( x )  ( [ 7 ]  p . 256) p r o v i d e d  t h a t
f I ( x )  h a s  f i n i t e  a r e a ,  mean and v a r i a n c e .  Hence what  e v e r
t h e  p r o b a b i l i t y  o f
x ^ ( t )  = a^  costüv, t  + b^  s in u )v ,t  ( C. 2—7 )
i t s  mean o v e r  K v a l u e s  ^
w i l l  have  a G-aussian d i s t r i b u t i o n  p r o v i d e d  K i s  l a r g e  enough 
and d e n s i t y  4 (x )  h a s  f i n i t e  a r e a ,  mean and v a r i a n c e ,
T he  i n p u t  s i g n a l  e q u a t i o n  ( C,2—1) may be t h o u g h t  o f  a s  su c h  
an  a v e r a g e  v a l u e  m u l t i p l i e d  by a  c o n s t a n t  i . e .
X( t ) =  H s a C i i  .K K
I t  i s  a l s o  t r u e  t h a t  some a v e r a g e s  a p p ro a c h  t h e  G a u s s i a n  
d i s t r i b u t i o n  f a s t e r  t h a n  o t h e r s ,  d e p e n d in g  on t h e i r  o r i g i n a l  
d i s t r i b u t i o n  e . g .  [ ?  ] p . 268,
r
0.50
T I T021T' 0
{a)
 / ( / )
F i g u r e  C. 2— 1
/(/)
( c )
An a t t e m p t  w i l l  be made to  show t h a t  t h i s  i s  t h e  c a s e  w i t h  
t h e  e x c i t a t i o n  X( t )
X( t )  = x ( t ) ( C .2 - 8 )
200
( t )  = COS + çp^  ) ( c .  2 - 8 )
I f  we s e l e c t  r andom ly  some x i ( t )  f rom t h e  sum t h e n  Xc ( t )  can  
be r e g a r d e d  as  a  f u n c t i o n  o f  a  random v a r i a b l e  which  i s
t h e  sum o f  t h e  random v a r i a b l e s  cp^, caJi F i g u r e  (C. 2—2 ) .  T h i s  
way we can  r e g a r d  wc as  a  random v a r i a b l e  u n i f o r m l y  d i s t r i ­
b u t e d  b e tw e e n  0 ,  and cJ k = 21 say .
F i g u r e  C. 2—2
Hence Z;_= cp^  + , cpt,w-, a r e  i n d e p e n d e n t  t h e r e f o r e
d e n s i t y
where
r . ( . )  -  /
fc^ (cp) =
0
fw (w) f, (^ z-w)dw
cp < 0 o r  cp > 2ti
0  <  cp £  2 71
hence
fy(u)) -
0
1 
2 f  7t
w <0 o r  w > 21 Tc
f.(z) = /  dz = z / 4 4 % , 0 < z < 2 %
/ IV 1#  TCr  dz 21 7T f 2% <  z
2 < 0 o r  z S: 2tc(^+1)
'Z-iH'TT 
=  0
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< z  > = < c p >  + = ( (  2 iz f  + ( 2i\ ,Kf ) / 3  -  H>k '^/2
f(w
/'/2 ll/Tt
CO
0 T^T
P i g u r e  0 .2 —3 
h e n ce  f%(z)  can  he d e s c r i b e d  i n  g e n e r a l  as
!az  0 < z < 2tcb  2% <  z  <  24;Tt ( 0 . 2 —1 0 )
— a z + f  ^ T r < z <  2 ( ^ + 1 ) %
x ^ ( t )  i s  a  f u n c t i o n  o f  t h e  random v a r i a b l e  z- ( s i n c e  t h e  
p r o c e s s  i s  s t a t i o n a r y  t  can  be i g n o r e d )
X-n — §( -^'^  ) — COs(z^)
d e n s i t y  f^^ (x^)  = f « ( g ( z ) )  = 2  f ,  ( z 0 / g ' ( )
where  z^ i s  t h e  s o l u t i o n  t o  e q u a t i o n  ( 0 . 2 —11)
( 0 . 2- 1 1 )
t h e r e f o r e
g  ( z )  = — s i n z  = — /  1—x l
f^^(Xv,) = ,  ^ )
V 1—X ^
E q u a t i o n  ( 0 .2 —11) h a s  two s o l u t i o n s  f o r  e v e r y  2iz i n t e r v a l  o f  
z  s a y  z, ,Z i  f o r  t h e  i n t e r v a l  0 < zl< 2ti and z, = 2% — z%, z ^
= cosT' x^ f o r  t h e  i n t e r v a l  2l  ix < z < 2 ( l»+ l)7i t h e r e  e x i s t  an
o t h e r  two s o l u t i o n s  say  ,z„ , t h e i r  d e n s i t y  e q u a l  t o  f  ( z , ) , :%^( zj 
r e s p e c t i v e l y ,  P i n a l l y  i n  t h e  i n t e r v a l  2n:< z < % we have
(i^—1 ) number o f  s o l u t i o n s .
f  (Xw) = -—==^[(4^—1) b + 2a  z .  + 2a z j
V
, = — [(4)—1 ) b + 2 a  +( 2tx— z ,) 2a] / \ / 1—
= [(4, - 1 ) b + 4 a%] / /  1—x^
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h e n ce
< x ^ >  = J  dx^  = 0
< x t  > = /  x ^ f ^ ( x ^ )  dXvi = 7t/ 2
00
= J  dx^= 1
(C .2 -1 2 )
a r e a
The shape  o f  f^^ (x^)  i s  s k e t c h e d  i n  F i g u r e  (C .2—4)
f(xj
- 7 0 1
F i g u r e  C. 2—4
A l th o u g h  t h e  sh ap e  i s  f a r  f rom  n o r m a l ,  t h e  c o n d i t i o n s  f o r  t h e  
c e n t r a l  l i m i t  th e o re m  t o  a p p l y  a r e  s a t i s f i e d  e q u a t i o n  
( C .2 - 1 2 )
P r o c e e d i n g  a s  above we can  s e l e c t  two x ^ ' s  and fo rm  a  new 
random v a r i a b l e  ( random s e l e c t i o n )
U =: X^ + X ^
t h e  pd f ( u )  i s  g i v e n  by t h e  c o n v o l u t i o n  i n t e g r a l
oc?
f ( u )  = f  4 ^ ( x . )  f^J \> -x^)dx„  (C .2 - 1 3 )
-CO
f o r  t h e  e a s e  o f  c a l c u l a t i o n  we s h a l l  p u t
f ( x ^ )  = f  ( x ^  =
\! 1—:X
i f  we u s e ,  t h e  c h a r a c t e r i s t i c  f u n c t i o n  o f  t h e s e  d e n s i t i e s  e . g .  
( C. 2—13) i s  e q u i v a l e n t  t o
G\(w) = $ ( w )  $ (w)X'\' ( 0 .2 - 1 4 )
(N ote  ; h e r e  w i s  n o t  t h e  random v a r i a b l e  mv )
— 20 3 —
where
4)
h e n ce
/
/wx ____
e . / \ f  1—x"" dx
— COGO OO
k j J  s i n w x / / l —x"" dx + k ^  coawx/^ 1—x^  dx
-  ÛD - C P
\
G0 3(jüx/ / 1—x"" d x
T h i s  i n t e g r a l  r e s u l t s  a  B e s s e l  f u n c t i o n  o f  t h e  f i r s t  k i n d  
[ 4 ] .
t h e r e f o r e  = k(%/2) Jc(w)
t h e r e f o r e  G-«. (w) =( 7:%4) k Jo( uj) Jo ( w)
The i n v e r s e  f o u r i e r  t r a n s f o r m  o f  G^(w) w i l l  g i v e  u s  t h e  
r e q u i r e d  d e n s i t y  o f  X( t )  = ^  x ^ ( t ) .
n--i
P r o c e e d i n g  a s  above and u s i n g  t h e  p r o p e r t i e s  o f  c o n v o l u t i o n  
one can  f i n d  an e x a c t  e x p r e s s i o n  f o r  t h e  d e n s i t y  o f  X( t )  =
I f  we d e n o t e  t h e  c o n v o l u t i o n  i n t e g r a l  o f  f , g  by f * g  and 
w i t h  b a r s  t h e  f o u r i e r  t r a n s f o r m s ,  t h e n
f * g ^ f h  = f - g - h  e t c .
Now i n  p r o d u c i n g  t h e  e x c i t a t i o n  s i g n a l  n u m e r i c a l l y  K was 
3 4 0 * t h u s  t o  o b t a i n  t h e  e x a c t  p r o b a b i l i t y  d e n s i t y  o f  t h e  
s i g n a l ,  a  c o n v o l u t i o n  o f  340 c h a r a c t e r i s t i c  f u n c t i o n s  i s  
n e c e s s a r y .
F i g u r e  (C .2—5) compares  t h e  d e n s i t y  f u n c t i o n  a f t e r  60 
c o n v o l u t i o n s  w i t h  t h e  n o rm a l .
* See F i g u r e  ( 0 . 3 —1) f o r  4096 p o i n t s  i n  t im e  dom ain ,  K = 2048 
MK = 340 K / 6 .
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0 , 3 ,  G én éra tion  o f  th e  E x c it a t io n  S ig n a l
G e n e r a l l y  s p e a k i n g ,  i f  we h a v e  a  l a r g e  s e t  o f  num bers  w hich  
a r e  assumed t o  be d i g i t i s e d  f rom  some t im e  h i s t o r y ,  t h e
i n d i v i d u a l  v a l u e s  d e t e r m i n e  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  o f  
t h e  r e c o r d ,  and t h e  o r d e r  i n  w h ich  t h e  num bers  a p p e a r  d e f i n e s  
t h e  ' f r e q u e n c y  c o m p o s i t i o n '  o f  t h e  sam ple .  I f ,  f o r  exam ple ,  
t h e  numbers  i n  t h e  sam ple  i n c r e a s e  and t h e n  d e c r e a s e  p e r i o d ­
i c a l l y ,  t h e  t im e  h i s t o r y  can  be c o n s i d e r e d  to  be a  n a r ro w  
band.  I f ,  h o w ever ,  t h e  numbers  e x h i b i t  no p e r i o d i c  p a t t e r n ,  
t h e y  w i l l  be r e p r e s e n t a t i v e  o f  wide band random. The s e t  
however  may be a r r a n g e d  i n  an i n f i n i t e  number o f  ways g i v i n g  
d i f f e r e n t  f r e q u e n c y  c o n t e n t s  when e ac h  number i s  a s s o c i a t e d  
w i t h  a  t im e  c o - o r d i n a t e .  I n  p a r t i c u l a r  f o r  t h e  i n p u t  p r o c e s s  
d e s c r i b e d  i n  S e c t i o n s  ( 3 . 2 )  and ( 0 . 2 ) ,  The i n p u t  s i g n a l  i s  
p ro d u ce d  as  f o l l o w s .
The s i n e  and c o s i n e  components  o f  t h e  s i g n a l  a r e  d e f i n e d  a s
An = a s i n  (cp^  ) 
Bn = a cos  (cp^  )
n  — 2, 3) #  « #
An = 0
Bn = 0
KMK1
F i g u r e  C , 3—1
Where cp^  i s  a  random a n g l e  u n i f o r m l y  d i s t r i b u t e d  b e tw ee n  
0 = 2%. The i n v e r s e  FFT o f  t h e s e  components  r e t u r n s  a 
s e r i e s  o f  numbers  (2K) w h ich  i s  r e g a r d e d  a s  a  d i g i t i s e d  
t im e  h i s t o r y .  When a  t im e  i n t e r v a l  At i s  d e f i n e d  f o r  
t h e s e  d a t a  t h e  p r o c e s s  i s  u n i q u e l y  d e f i n e d ,  i , e ,
T = At  2K, Aw = 2%Af 
A f  = l / l ,  wn = 27tKAf, uMK= 2% m A f
S(uj) = = 8 ,Aw f o r  nAu)<(j)<(n+l)Aiu and ^  u
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I t  i s  known t h a t  t h e  F o u r i e r  c o e f f i c i e n t  a t  a  p a r t i c u l a r  
f r e q u e n c y  n i s  t h e  c o n t r i b u t i o n  t o  t h e  mean s q u a r e  o f  t h e  
s i g n a l  a t  t h i s  f r e q u e n c y
= (Aj i  + B n ) /2  = [o^ s i n  (cp^  ) + &*cos ( cp^) ] /2 = a ' ' / 2
T h e r e f o r e  i f  t h e  d a t a  a r e  m u l t i p l i e d  by a  c o n s t a n t  D
D F ( t )  = D X a 2 2  cos(u)v,t+tpv, )
t h e r e f o r e
= ( D a f  / 2
t h e r e f o r e
8^(w) = d\ ^ T / 4 tï
t h e r e f o r e
(jü^vt / 2
I t  i s  o b v io u s  f rom  t h e  above t h a t  t h e  same s e r i e s  o f  numbers  
may be u se d  t o  r e p r e s e n t  s i g n a l s  o f  d i f f e r e n t  f r e q u e n c y  and 
e n e r g y  c o n t e n t s  b u t  o f  t h e  same p r o b a b i l i t y  d i s t r i b u t i o n ,  by 
a s s i g n i n g  t o  i t  d i f f e r e n t  v a l u e s  o f  At and B. I t  sh o u ld  be 
n o t e d  t h a t  t h e  number o f  p o i n t s  t r a n s f o r m e d ,  2K must  be 
l a r g e  enough to  p ro d u ce  d e n se  s p e c t r a l  d e f i n i t i o n  ( s m a l l  
band w id th )  and a l s o  s m a l l  enough to  be h a n d le d  e c o n o m ic a l l y  
by a  com p u te r .  T h i s  and t h e  need  f o r  2K t o  be e q u a l  t o  an  
e ven  power o f  two f o r  t h e  FFT a l g o r i t h m  l e a d s  to  v a l u e s  o f  
2£ i n  t h e  r e g i o n  256—8192.  At f i r s t  1024- p o i n t s  were c h o s e n ,  
b u t  when t h i s  p ro v ed  i n a d e q u a t e  i n  c e r t a i n  c i r c u m s t a n c e s  i t  
was i n c r e a s e d  to  4096. To o b t a i n  a  r e l a t i v e l y  smooth
s p e c t r u m  and more r e l i a b l e  s t a t i s t i c s  f o r t y  b l o c k s  o f  2K = 
4096  p o i n t s  were  u se d  w i t h  t h e  p h a se  a n g le  c o n t i n u i n g  to  be 
r an d om ised  b e tw e e n  them. These  a r e  t r e a t e d  a s  f o r t y  
i n d e p e n d e n t  e v e n t s .
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0 , 4 ,  L is t in g s  o f  S im u la tio n  Programs
The co m p le te  s i m u l a t i o n  p r o c e s s  i s  d e s c r i b e d  i n  F i g u r e ( C . 4—1) 
i n  t h e  form  o f  a  f l o w  d ia g ra m .
The e x c i t a t i o n  d a t a  a r e  p ro d u ce d  t h r o u g h  t h e  p rog ram  — c a l l e d  
IJSnPUTUN, ( t h e  l a s t  two l e t t e r s  i n  t h e  p rogram  name s i g n i f y  an  
u n f o r m a te d  p rogram  i n p u t - o u t p u t )  and s t o r e d  i n  a f i l e ( u s u a l l y  
on a d e m o un tab le  d i s c ) .  Next  t h e  e x c i t a t i o n  d a t a  a r e  r e a d  by 
p rog ram  PR6UN w h ich  h a n d l e s  t h e  n u m e r i c a l  i n t e g r a t i o n  and 
s t o r e s  t h e  r e s p o n s e  i n  a n o t h e r  d e m o u n tab le  f i l e .  P rog ram
REC6ETUN a c c e s s e s  t h e  r e s p o n s e  d i s p l a c e m e n t  and v e l o c i t y  d a t a  
and c a l c u l a t e s  t h e i r  s p e c t r a  and s t a t i s t i c a l  v a l u e s .  The
s p e c t r a l  d a t a  a r e  s t o r e d  on l i n e  f o r m a te d  t h i s  t im e  f o r  a c c e s s  
by t h e  f r e q u e n c y  a v e r a g i n g  p ro g ram  EEAV. Thus t h e  s p e c t r a l  
v a l u e s  a r e  r e a d y  t o  be p l o t t e d  by t h e  a p p r o p r i a t e  p rog ram  i n  
t h e i r  smoothed form,
a) The I n p u t  P rog ram .  (INPÏÏTXTN)
T h i s  p rogram  p r o d u c e s  t h e  i n p u t  s i g n a l  i n  t h e  manner d e s c r i b e d  
i n  S e c t i o n  (C. 3)  One d e f i n e s  t h e  s p e c t ru m  o f  t h e  r e q u i r e d  
s i g n a l  by s u p p l y i n g  i t s  s i n e  and c o s i n e  components  up  t o  t h e  
c u t  o f f  f r e q u e n c y  These  we s u p p l y  to  an  i n v e r s e  EFT sub
r o u t i n e  ( s u p p l i e d  by NAG) w i t h  a  random p h a se  b e tw e e n  them and 
w h ic h  i s  u n i f o r m l y  d i s t r i b u t e d  b e tw e e n  0 — 2% and t h e  FFT r e ­
t u r n s  t h e  t im e  s i g n a l .  The p r o c e s s  i s  r e p e a t e d  to  p r o d u c e  an 
e nsem b le  o f  M ( h e r e  M = 40) r e a l i s a t i o n s  o f  2K number o f
p o i n t s  e a c h  ( h e r e  2K = 4 0 9 6 ) ,  The random p h a s e  i s  s u p p l i e d  by 
a  NAG s u b r o u t i n e  w hich  p r o d u c e s  random numbers  u n i f o r m l y  d i s ­
t r i b u t e d  b e tw ee n  0 = 1. Hence t h e  s i n e  and c o s i n e  components  
s u p p l i e d  to  t h e  i n v e r s e  FFT ( c od e  name'(C6AAF) a r e
An = 1 sin((p ) \ f o r  n  = 1 , 2 , 3 , , , ,  , . K
Bn = 1 cos((p ) ^
and An = Bn = 0 f o r  n ^ K
where  cp^ ' = 2% r  and r  i s  a  random number u n i f o r m l y  d i s t r i b u t e d  
b e tw e e n  0 = 1  (NAG s u b r o u t i n e  C05CAF). The t im e  s i g n a l s  (2K) 
a r e  s t o r e d  i n  a  f i l e  (on  d e m o u n tab le  d i s c )  to  be a c c e s s e d  by
t h e  n u m e r i c a l  i n t e g r a t i o n  p rog ram  a s  u n f o r m a te d  num bers ,  A
f l o w  d ia g ra m  o f  t h i s  p rog ram  i s  shown i n  F i g u r e  ( C , 4—2) .
-  208 -
b) The N u m e r ic a l  I n t e g r a t i o n  Program  (PH6UN)
T h i s  p rog ram  r e a d s  t h e  d a t a  s t o r e d  i n  t h e  f i l e  - m ens ioned  
a b o v e ,  one r e a l i s a t i o n  a t  a  t im e .  M u l t i p l i e s  t h e  d a t a  by a  
c o n s t a n t  ( t o  i n c r e a s e  o r  d e c r e a s e  t h e  e n e rg y  c o n te n t ' ,  s e e
S e c t i o n  0 . 3 )  and u s i n g  a  u s e r  d e f i n e d  t im e  i n t e r v a l  and z e ro
i n i t i a l  c o n d i t i o n s ,  i n t e g r a t e s  t h e  s e t  o f  d i f f e r e n t i a l  eq­
u a t i o n s  d e s c r i b i n g  t h e  s y s te m  ( s u b r o u t i n e  PON),  a c c o r d i n g  to  
t h e  t e c h n i q u e  d e s c r i b e d  i n  S e c t i o n  3 .1  ♦ The r e s p o n s e  d a t a  
( d i s p l a c e m e n t  and v e l o c i t y  i . e .  2 x  2K p o i n t s )  a r e  s t o r e d  
u n f o r m a te d  i n  a  f i l e  and t h e  p rog ram  r e t u r n s  t o  r e a d  t h e
n e x t  e x c i t a t i o n  r e c o r d .  The p r o c e s s  i s  r e p e a t e d  u n t i l  a l l
M(= 40) e x c i t a t i o n  r e c o r d s  a r e  u s e d ,  A f l o w  d ia g ra m  i s  
shown i n  F i g u r e  (C.4—3) .
c) The R esponse  A n a l y s i s  P rogram  (REC6ETÜN)
The s t o r e d  r e s p o n s e  s i g n a l s  (2M) a r e  r e a d  and p r o c e s s e d  by 
t h i s  p rogram  two a t  a  t im e  ( d i s p l a c e m e n t  and v e l o c i t y ) .  The 
f i r s t  LTR number o f  p o i n t s  o f  e ac h  s i g n a l  a r e  . s c r a p e d  to  
a l l o w  f o r  t h e  s e t t l i n g  t im e .  T h ere  i s  a l s o  an o p t i o n  t o  
t a p e r  t h e  d a t a  b e f o r e  o b t a i n i n g  t h e  s p e c t r a .  The d a t a  a r e  
p r o c e s s e d  to  p r o d u c e  c e r t a i n  s t a t i s t i c a l  i n f o r m a t i o n  and 
t h e n  z e r o  padded b e f o r e  t h e  s p e c t r u m  i s  o b t a i n e d .  The p ro ­
c e s s  i s  r e p e a t e d  u n t i l  a l l  s i g n a l s  a r e  p r o c e s s e d  and an  
a v e r a g e  v a l u e  f o r  t h e  s p e c t r u m  o b t a i n e d .
The s t a t i s t i c a l  d a t a  o b t a i n e d  a r e  t h e  same f o r  d i s p l a c e m e n t  
and v e l o c i t y  r e c o r d s .  The l i s t  o f  t h e  d i s p l a c e m e n t  s t a t i s ­
t i c s  and t h e  way i n  w h ich  t h e y  a r e  o b t a i n e d  i s  a s  f o l l o w s .
a) F o r  e ach  i n d i v i d u a l  r e c o r d
1) Mean d i s p l a c e m e n t  o f  f r am e  j ( j = 1,M)
Xj = ( Xl ) 2 ^
Ui
2) Mean s q u a r e  v a l u e
IK .
, XT 1 . 1X'l ) 2^
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3) V a r ia n c e
Q j  =  X  — ( x )
4) Skewness
1  K.
Ss j =  ( 2 ^  ( X L "  x) ) ysA
5) K u r t 0 s i s
Kuj = ( Ë  ) 2 ï à r r
b) O v e r a l l  s t a t i s t i c s  were  o b t a i n e d  as  t h e  a v e r a g e  v a l u e s  
o f  t h e  above v a l u e s .  ’ .
e . g .  f o r  M number o f  r e c o r d s
M M.
X = ( 2 2  X j ) ^ , X ^  = ( 22 ^  j ) U e t c .
j - '  j  =  ‘
t h e  v a r i a n c e  o f  t h e  o v e r a l l  s t a t i s t i c s  i s  a l s o  c a l c u l a t e d  
e . g .
M
o f  mean a v e r a g e s  = ( 2 2  ( î j  ) g  — (x)^
j--'
The power s p e c t r u m  was o b t a i n e d  by t a k i n g  t h e  FFT o f  e ach  
z e r o  padded (LTE number o f  z e r o e s  t o  make 2K number o f  
p o i n t s  a g a i n )  s i g n a l  w h ich  p ro d u c e d  th e  s i n e  and c o s i n e  
components  o f  t h e  s i g n a l .  These  were sq u a r e d  and added 
t o g e t h e r  f o r  e ac h  f r e q u e n c y  ( r a w  s p e c t r a l  d e n s i t y ) .  The 
power s p e c t r u m  components  8.^  a t  e ac h  f r e q u e n c y  (w^ i s  
t h e  sum a v e r a g e  o f  t h e  above p r o c e s s  o v e r a l l  M r e c o r d s  
and d i v i d e d  by 2. The a r e a  u n d e r  t h e  s p e c t r u m  was ob­
t a i n e d  a s  t h e  sum o f  t h e s e  components
= E
Also  t h e  second  and f o u r t h  moments were d e f i n e d  as
= 2 2  Sy, , M4 = ^  II^  S.
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where L i s  t h e  l e v e r  ( i n t e g e r  number)  f rom  t h e  o r i g i n  w = 0 .  
The f o l l o w i n g  r e l a t i o n s  a p p l y
K
&  = A = 2 1 S V,
m^ = (Au)).Mi,  m^ = (Aw)
I t  must  a l s o  be n o t e d  t h a t  s i n c e  t h e  o u t p u t  i s  n o t  G a u s s i a n  
s t r i c t l y  s p e a k i n g  t h e  e r r o r  e s t i m a t i o n s  o f  t h e  s p e c t ru m  
b a se d  on  t h e  Chi s q u a r e  P o t h e s i s  do n o t  a p p ly .H e n c e  su c h  
s t a n d a r d  e r r o r  e s t i m a t i o n s  a s  £ = 1 / /  T where  B  ^ i s  t h e  
band w i d t h  o f  a n a l y s i s  and T t h e  r e c o r d  l e n g t h ,  w h ich  i s  
u s e d  t o  o b t a i n  an  e s t i m a t i o n  o f  t h e  random e r r o r  i n v o l v e d  
i n  t h e  s p e c t r a l  e s t i m a t e s ,  c a n n o t  be u s e d  c o n f i d e n t l y .
I n  t h i s  p ro g ram  t h e r e  a r e  a l s o  o p t i o n s  f o r  t a p e r i n g  t h e  d a t a  
s u b t r a c t i n g  t h e  mean and ensem ple  a v e r a g i n g .  However as  
d i s c u s s e d  i n  S e c t i o n  ( 5 . 3 )  i t  was n e c e s s a r y  t o  f r e q u e n c y  
a v e r a g e  t h e  r e s p o n s e  s p e c t r a .  T h is  was a c h i e v e d  t h r o u g h  
p ro g ram  PRAV l i s t e d  h e r e  w h ich  u s e s  a 21 p o i n t  moving 
a v e r a g e  t e c h n i q u e  t a k i n g  i n t o  a c c o u n t  t h e  symmetry o f  t h e  
s p e c t ru m  a b o u t  t h e  z e r o  f r e q u e n c y .  F i g u r e  ( C . 4^ 4.) shows 
a f l o w  d ia g r a m  o f  p rog ram  EEG6ETUN.
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40  X 4096
d a t a  p o i n t s
40  X 4096  X 2
R e sp o nse  d a t a  
p o i n t s
2 X  2048 
s p e c t r a l  
v a l u e s
P l o t s  o f  
non—d i m e n s i o n a l  
s p e c t r a
PPT and s t a t i s t i c s  
o f  r e s p o n s e  d k r  
P ro g .  REC6P1U2T
G e n e r a t i o n  o f  
e x c i t a t i o n  r e c o r d s  
P r o g .  INPUTUR
N u m e r ic a l  
i n t e g r a t i o n  
P ro g .  PR6UN
Sm ooth ing  s p e c t r a  
P r o g .  PRAY
c=00P 100
^OCP 1200
= OCP 50
F ig u re  04—1
Plow Diagram o f  Complete S im u la tio n
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I n p u t  S pec trum  
C o n s t a n t  Ho. o f  
R e c o rd s  (M)Ho-, o f  
P t s / E e o o r d ( 2 . K )
I n i t i a l i s e  Randoir 
Ho. G e n e r a t i o n  
(RHG)
Random Rhase  
t h r o u g h  
(EN&)
I n v e r s e  HPT o f  
E x c i t a t i o n  
Spec t rum
W r i t e  Time 
Record  i n  
P i l e  A
P ig u re  04^2
Plow Diagram o f  Program IHPUTUH
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P R  O S R  i Y  Î N P U T U N '
C T H I S  P R O G S i M  P  R 3  0  U  :  S  - E A L  T I M E  D A T A  F R O M  A  3 5 U A R S  S P E C T R U M  D E F  I N E O  E  Y  
C  U P P E R  : v A  L O W E R  F R ' Q ,  C U T  O F F - .  1 3  T H E  U P P E R  C U T  O ^ F  F R E O - ,  0  F  T H i
C  A  M K ]  I S  " H E  L O W  I S  T H E  M A X  F R  £ 3  O F  T H E  A N A L Y S I S - .
I M P L I C I T  R E A L * ' ’ < A - m ,  c - Z )
D I M E N S I O N  A (  2  3  5 0 )  ,  5  ( 2 0 5  0 )  , I L I S T ( 2 4 )  , r A N G ( 2 G 5 C )
R E A D  C f , * )  M < D , N K 1 , L K  
N K 2 = < ; 2  
N 1 = N K 2 f T
I F C L K . O O . j )  C A L L  G t S C S F C O )
I F  ( L K  . 5 3  . 0 )  W R I T E  ( 6  , 1  0  7 )
C  F O R  T H E  C O N T E N T S  0 =  A - ,  3 ,  I L I 3 T ,  N K 2 ,  M l ,  N l  
C  R E A D  N A G  S U B R O U T I N E  C O c A A F  
C  N \ 1  I S  T H E  N O  O F  3 ' ^ ‘^ P L E S  G E N E R A T E D
C  I F  L : < c £ a O  P I - F R E n T R U N S  w i l l  p r o d u c e  t h e  s a m e  N O S - a  
W R I T E C 3 , 1 0 S )  M < , N K 2  
0 0  1 1  1 1 = 1 , N K 1
D O  5  1 2 = 1 , M K 3  
A C I 2 ) = C  . 3  
3 C X 2 )  =  :  , 3  
5  C O N T I N U - E
D O  1  : = M K 0 f 1  , M <
F A N G  ( I )  =  2  ^ 3  , i 1  4 1  5 9 2 7 - t G C : C A F ( R )
C  G 0 5 C A F  P R O D U C E S  R A N D O M  N O S  U N I F O R M L Y  
C  D I S T R I B U T E D  3 E T ' w £ E N ‘ 0 - 1  
A C  I ) = C C S ( F A N G C  I ) )
3 ( I ) = 3 I N ( F A N G ( I ) )
1 C O N T I N U E
D O  2  I I  =  M K - M  ,  N 1  
ACn ) = ? .0 
3 ( n  ) = : ,0
2 c o n t i n u e
C A L L  C . : 6 A A F ( A , ,  6 , .  - r 1 ,  - . T R U E . ^  M l ,  I L I S T )  
l N O  =  t  
J N  D  =  6 v  
D O  5  1 3 = 1 , 3 2
W R I T c C ' )  ( A C  J )  , J  =  I N Ù , J N D )
I M D = I N : + 6 4  
4 N 0 = J N ) + 6 L
3  C O N T I N U E  
I N 3  =  1  
J N 3 = 6  &
0 0  4  1 4 = 1 , 5 2
W R I T E C g )  ( 3 (  j )  , J = I ' : 5 ,  J N S )
I M 3 = l N Ç - f - 6 4  
J N 5 = J N - + 6 4
4  C  0  N  r i  M ' J c
1 0 5  F 0 R M A T C / Î E 1 5  , 3 )
W R I T E  ( 6 , 1 3 3 )  ( A ( I ) ,  1 = 1 , S ) ,  ( S C I ) ,  1 = 1 , 3 )
1 1  C O N T I N U E
W R I T E C 6 , 1 3 2 )  M K ,  \ K 2  , N ! ( 1  , K  
1 0 2  F O R M A T  ( / / /  '  P ^ - ' O G R ' - M  I N P U T  = U N  F O R * /
S 2 Q X ,  •  C U T O F F =  •  ,  1 1 3 ,  ' M A X  F R = ' ,  1 1 2 /
S I  3 X , ' P - ^ O D U C i O  • ,  1 4 ,  ' S A M P L E ?  O F " ,  I I : ,  ' P  T $  E A C H ' )
1 0 8  F O R M A T ( 1 X , 2 I 1 G )
10 3 r 0 RM AT C /  /  /  ' ■ ' * ■ *  CGUMTcR SET « ' )
S T O P
E N D
— 2 I4  —
I n p u t . î Sys tem 
C o n s t a n t s ,  t , 
H o .o f  R e co rd s  
H o .o f  P t s / R e c o r d
I n p u t ; E x c i t a t i o n  
Record  f rom 
R i l e  A
S t o r e  E x c i t a t i o n  
i n  a r r a y .  
I n i t i a l  C o n d i t i o n s
n u m e r i c a l  
I n t e g r a t i o n  
f rom  
t  to  t+A t
W r i t e  R esponse  
D i s p l a c e m e n t  
and V e l o c i t y  
a r r a y s  i n  P i l e  B
F ig u re  CA-3
Plow Diagram o f  Program PR6XJH
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P R Ü S R A ' ^  P R 6 U N
C  T H I S  I S  A  N U P .  I N T E G R A T I O N  P R O G R  A M  :  A C C E P T S  l ' N A C R f ' A T E D  
C  ' S  I N P U T  T O  T H E  S Y S T E M  0  P  0 - ,  E Q - ,  * S  ^  ?  E  F I N  E D  c Y  F  (  D  < Z )  : N
C  S U 5 S 0 U T I N E  r C N , A N D  S T O R E S  T H E  R  E S P O N  C E S  I N  A R R A Y S  G ü T V i O ü T D
C  T H E  I N P U T  I S  R E A D  T H R O U G H  C H A N N E L  1 1  A N C  S T O R E D  I N  P =  R '• r  ' : i P
C  - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
C  N K 1 = N 0  O F  I N P U T  R  S C O T  O S
C  K  =  N O .  O F  P O I N T S  P E P  R E C O R D
C  A -  a v e r a g e  v a l u e  T O  S E  A D D E D  T O  I N P U T  V A L U E S
C  D A M P =  D A M P I N G  C O  c  " Z  S T  A "
C  S =  N O N L I N E A R  I T Y  C G ' F F - „
C  F R N =  N A T U R A L  F R E O - . C  R A D S )  /  P i
C  T I N T =  T I M E  i n t e r v a l  B E T W E E N  I N P U T  N O S
C  0 =  M A G N I F I C A T I O N  F A C T O R  F O R  I N P U T
C  K L 1  , K L 3  T O  S t  U S E D  S Y  P P Q G - .  R 5 C 6 E T U N  
C  S e t  A L S O  I N P L . D O C U M E N T  F O R  N A G  S U 3 R 0 U T I N E  0 G 2 5 ^ F
C  - - - - - - - - - - - - - - - - - - - - - - -  =  =  =  = = = = = =  =  =  = = =  =  =
C
I M P L I C I T  R E A L * E ( A - H , 0 - Z )
D I M E N S I O N  Y ( 2 ) , F ( 2 ) , W ( 2 , 1 3 ) , S N P ( 4 1 G 0 ) , 0 U T D ( A 1 0 0 ) ^ v U T V ( 4 l C C )  
& , S T ( 4 5 )
C O M M O N  F R N , o A M P , 8 , G R A O , C O N E W , A  
E x t e r n a l  f c n
R E A D ( 5 ^ * )  N K 1 , K , A , D A M P , 3 , p R N ^ T o L ^ T l N T ^ K L l , X L 3 , D
C A L L  I C L 9 H E W A S K  ( 6 4 ,  I J K L O
P I - A T A N ( 1 - , Q >  ^ 4 - . 0
F ' R N = P I  a F R N
N K 2 = K / 2
R E A D ( 1 1 , 1 0 3 )  M K , N K 1 2  
K 1 = K + 1
W R I T = (  J , 1 0 7 ) N K 1  , . < , N K 2 , K L 1  , K l 3  
W R I T S C  i , 1 0 7 ) N K l , K , N K 2 , K L 1  , K L 5
W R  I  I E  < 6  ,  1 0 1  )  F  R  N  ,  D  A M  P  ,  3  ,  T I N  T  , T 0  L  , A  ,  0  , M  K  ,  N <  1 2  
N = 2
I F A I L = a
D O  1 1  J J = 1 , N K 1
I N D - 1
J N 0 = 6 4
D O  1  1 - 1 , 6 4
R E A D  ( 1 1  )  C S N P  ( J O  , J  K = I N D ,  J N D )  
l N D = I N 0 + 6  4  
J N O - j N D + 6 4  
1  C O N T I N U E
S N P ( K + 1 ) = 0 . 0  
S T  C J J ) = S N P ( 1 )
Y ( 1 ) = 0 - . 0
Y ( 2 ) = 0 - . 0
W R I T E ( 6 , 1 C 6 ) ( S N P ( I ) , I - 1 , 3 )
C  L I N E A R  I N T E R P O L A T I O N  B E T W E E N  I N P U T  D A T A  P T S - .
C  - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
D O  2  J = 1 , K
X = ( J - 1 D E T I N T
D I F = ( S M P ( J  +  1 ) - S N P ( J ) )  * D
G R A D  =  O I F / T I N T   _ _
C O N E W = (  S ' n p (  J  )  ) i ” 0 - G P A b ’ * X  
X E N O s J  * T I M T  
O U T O ( J ) = Y ( 1 )
0 U T V ( J ) = Y ( 2 )
c a l l  ^ T 2 b a F ( X , X c N D , N , Y , t O L , F c N , W , : F A I L )  
T 0 L  =  A B S  ( T O D
I F  C T O L  c L T - . O  -  u ) W R I T T ( 6 , 1 C 4 )
C O N T I N U E
I N 1 = 1  
I N 2 = 6 4
D O  3  M L = 1 , 6 4
W R I T E C S )  C O U T D ( J Z ) , J Z = I N 1 , I N 2 )
I N 1 = I N 1 + 6 4
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Î N 2 - I N 2 + C A
3  C O N T I N U E  
I N 3  =  1
I N  4 = 6  +
0 0  4  y 9  =  1 , 6 4
W R Î T E ( - )  ( O U T V t J X ) , J X  =  î N 3  , X N 4 )
I N 3 = I N 3 + 6 4  
I N 4 = I N  i * + 6 * f
4  C O N T I N U E
1 1  C O N T I N U E
W R I T S ( ù , 1 ] 6 ) ( S T ( I ) , I = 1 , N K 1 )
1 Q 1  F O R M A T C /  * N A T - . r  R £ Q  =  *  ,  F 1 0 - . 7 ,  •  0  A N  P =  ’  ,  F  1  2 - .  7  ,  Z  X  ,  '  n L  T  Z f ' * =  •  ,  F 1 Z - o T  /  
a  •  N O  . O F  D A T A  P T S  =  * , I  5 , 2 X  , » T I M E  I  N T =  * ,  F 1  0 - . 7  ,  2 X  /
a *  T O L E F A N C E = * , F 1 0 - . 7 , 5 X , ’ M E A N  I N P Ü T =  * , F 1 G -  =  6 ,  F X , * F  ^ C T C ^ =  ’ , F 1 C - , f  
& / 5 X , ' C U T  O F F = • , 1 1  G , ’ M A X  F R = * , I 1 Û )
1 C  :  F O R M A T ( /  *  R A N G E  T O O  S H O R T  F O R  T O L * >
1 0 6  F 0 R M A T C / 3 E 1 5 . 3 )
1 0 7  F O R M A T C 3 1 4 )
1 0 3  F O R M A T C I X , 2 I 1 0 )
S T O P
E N D
s u b r o u t i n e  F C N ( T , Y , F )
I M P L I C I T  R £ A L * S ( A - « , 0 - Z )
D I M E N S I O N  F < 2 ) , Y C 2 )
C O M M O N  F R N , 0 A M ? , 5 , 3 R A 0 , C 0  N E W , A  
F 0 P $  =  G * ^ A D * T  +  C 0 n E W  
F ( 1 > = Y ( 2 )
F  C 2 ) = F C R S - Y  (  2  )  * O F M P * F R N  - F R N ^ F  R N  +  (  1  Y <  1 )  - " Y <  1  )  )  * Y  C 1 )
RETURN
E N D
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I n p u t ; W o , o f  R eco rd s  
N o .o f  P t s / R e c o r d  
N o .o f  T r a n s i e n t  P t s J
I n p u t ; D i s p l a c e m e n t  
and V e l o c i t y  
R e c o rd s  f rom  
P i l e  A
A s s i g n  i n  a r r a y  
S .S .  p a r t  o f  
R e c o rd s  o n l y
E x t r a c t  s t a t i s t i c s  
u p d a t e  o v e r a l l  
s t a t i s t i c s
P r i n t  
Record 
s t a t i s t i c s /
Zero p a d d in g ,  
PPT.
W r i t e  s p e c t r a l  
v a l u e s  i n  
s e l e c t e d  P i l e  B/
C a l c u l a t e  
o v e r a l l  s t a t i s t i c s  
and v a r i a n c e s
r i n t  o v e r a l l  
s t a t i s t i c s  
and v a r i a n c e s
Stop
F ig u re  C, 4—4
Plow Diagram f o r  Program REC6BTUN
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P R O G R A M  R : C 6  5 T U N  
I M P L I C I T  R E A L * a ( A - ^ , 0 - Z )
D I M E N S I O N  G U T D ( 4 1 0 G ) , S S 2 ( 2 G 5 0 ) , S S 5 ( 2 0 : 0 ) , I L I S T ( 2 4 ) ,  
A O U T V ( ^ i a O ) , 0 U T D 1 C 2 C 5 0 ) , 0 U T 0 2 ( 2 0 3 0 ) , 0 U T V 1 ( 2 0 5 0 ) , 0 U T V 2 C 2 Ü 5 0 )  
& , T S S 2 ( 2 0 5 0 ) , T S S 3 ( 2 : 5 0 ) , Ï M E 4 N D ( 4 1 0 0 ) , E M E A N V ( 4 1 0 G ) , T C O I F ( 5 C O )
C  T H I S  P R O G R A M  A C C E P T S -  N K 1  S A M P L E S  ,  S U 5 S T R A C T S  E A C H  T R A N S I E N T ,
C  C A L C U L A T E S  S T A T I S T I C S  - ' N D  O P T I O N A L /  T A P E R S  E A C H  T O  P R O D U C E  
C  S T A T I S T I C S  A R E  C A L C U L A T E D  A L O N G  E A C H  R E C O R D  A N D  A L S O  A 3  
C  S N S E M 9 L E  A V E R A G E S  D O W N  T H E  R ' E C O R O S ,  V A R I A N C E  V A L U E S  A R E  
C  C A L C U L A T E D  F O R  M O S T  S T A T I S T I C A L  E S T I M A T I O N S  
C  T H E  P O W E R  S P E C T R U M  O F  T H E  P R O C E S S E S  O U T O & O U T V _ .
C  N K 1  =  N O .  O F  S A M P L E S
C  K  =  N O .  O F  P O I N T S  I N  E A C H  S A M P L E
C  N K 2  =  1 / 2  X  K
C  T A P  =  1  =  Y E S  :  T A P  =  C  =  N O
C  L T R  =  N O -  O F  P O I N T S  B E F O R E  S E T L I N G
C  F O R  T H E  C O N T E N T S  O F  I L  I S  I  , M  I  , E T  C - ,  L O  O K  A L S O  I M P L . D O C U M E N T
C  F O R  N A G  S U B R O U T I N E  C Q c A A r
R E A D C 1  1 , 1 0 9 )  N K 1 , K , N K 2 , K L 1 , X L 3  
W R I T 5 ( 6 , 1 0 9 ) N K 1 , K , N K 2 , K L 1 , K L 3  
R E A D ( 5 , * )  T A P , L T R
C - - - - - - - - - - - - I F  K L 1 = 1  T H E  M E A N  : S  S U E S T R A C T E D  F R O M  T H  I  P R O C E S S E S
C - - - - - - - - - - - I F  K L 3 - 1  O U T V  I S  I G N O R E D
M l  = 2 . 4  
N1 =NK2+1 
K 2 = K - L T R  
D O  9  1 0 = 1 , N K 2  
E M  S A N D ( I C ) = Q - 0  
E M E A N D ( I O + N K 2 ) = C - 0  
E M S A N V ( I 0 ) = Q - 0  
E M  E A N V ( I 0 + N K 2 ) = 0 . 0  
S S 2 < I Q ) = 0 - Q  
S S 3 ( I 0 ) = 0 - 0  
9  C O N T I N U E
C
C  C O S I N E  T A P E R  O V E R  1 / 1 0  O F  R E C O R D  A T  B O T H  E N D S  
C
I F  ( T A P . = 0 - 0 . 0 ) .  G O  T O  3 3  
,  T A P E R = 0 . 0 0 3 8 3 1 2  
N T A P = K / 1 0  
0 0  2  I T = 1 , N T A P  
K T = I T - 1
T C O S = S I N ( K T * T A P S R )
T C G E F C I T ) = T C O S * T C O S  
2  C O N T I N U E
3 3  O V A 2 = G . O  
0 V A 3 = Q . 0  
0 V R 2 = 0  . 0  
O V  R 3 = 0  - 0  
O V S 2 = 0 . 0  
0 V S 3 = 0  - 0  
6vC2=G .0  
0 V C 3 = G . 0  
O V S Q 2 = 0 - 0  
0 V S a 3 = 0 - Q  
S 0 V A 2 = Q . Q  
S O V A 3 = Q . O  
S 0 V R 2 = Q - Q  
S O V R 3 = 0 . Q  
S O V C 2 = Q - 0  
S 0 V C 3 = 0 - Q  
S 0 V S 2 = 0 - 0  
S O V S 3 = 0 - Q  
S 0 V S Q 2  = G . J  
S O  V S  0 3  = 0 . 0
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cT M  E A N O - 0 - 3  
T M c A N V = O . J  
EMIN0=C.G 
S M A X O = 0 . 3  
E M I N V = 0 - 0  
= M A X V = a . Û  
D O  1 1 1  J j = 1 , N K l
I  N . 2  ~à  4  
I N 1 = 1
D O  4 4  j W l = 1 , 6 4
R Ê A O ( 1 1 ) C O U T D C  I N ) , I N 2 )
I N 1 = I N l + 6 4  
I N 2 = I N 2 + 6 4  
4 4  C O N T I N U E
I F ( K L 3 . E Q . 1 )  G O  T O  5 6  
I N 3  =  1  
I N 4 = 6 4
D O  5  5  J N 2 = 1 , 6  4
R S A 0 ( 1 1 ) ( 0 U T V ( I N ) , : N = I N 3 , I N 4 )
I N 3 = I N 3 + 6 4  
I N 4 = I N 4 + 6 4  
5 5  C O N T I N U E
5 6  A V 2 = 0 . 0  
A V 3 = Q . O  
VAR2-Ù-G 
V A R 3 = Q  - 0
D O  1 3  1 8  = L T R , K
E M E A N D ( I 8 ) = E M S A N 0 ( : 8 ) + 0 U T D ( I 8 )
I F ( K L 3 . £ Q - 1 )  G O  T O  1 3  
E M E A N V ( I S ) = E M £ A N V  C l â ) + 0 U  T V ( I 8 )
1 3  C O N T I N U E
D O  1  I = L T R , K  
A V 2 = A V 2 + Û U T D ( I )
V A R 2 = V A R 2 + 0 U T Û ( I ) * 0  Ü T D ( I )
I F ( K L 3 - £ 0 - 1 )  G O  T O  1  
A V 3 = A V 3 + 0 U T V ( I )
V A R 3  =  V A R 3 + 0 U T V ( I ) * Ü U T V ( r  )
C O N T I N U E  
A V 2 = A V 2 / K 2  
A V 3 = A V 3 / K 2  
S Q « 2 = V A R 2 / K 2  
S 0 M 3 = V A R 3 / K 2  
V A R 2 = S & M 2 - A V 2 * A V 2  
V A R 3 = S Q M 3 - A V 3 * A V 3  
S K 2 = 0 - Q  
S K 3 = 0 - 0  
C U R 2 = C  . 0  
C U R 3 = Ü . O  
X M 2 = 0 - ü  
X M 3 = 0 . G  
X M I 2 = Û  . 0  
X M I 3 = 0 - 0  
D O  3  I 2 = L T R , K  
O U T D ( I 2 ) = 0 U T D  C 1 2 ) - A V 2  
S K 2 = S K 2 + G Ü T D ( I 2 ) * Q U T D C 1 2 ) * 0 ü T D ( I 2 )  
C U R 2 = C U R 2 + O U T D C I 2 ) * O Ü T D C I 2 ) * O U T O C I 2 ) * O U T D ( I 2 )  
I F ( O Ü T D C 1 2 ) - G T - X M 2 )  X K 2 = 0 U T D ( I 2 )
I F ( Û U T D ( I 2 ) - L T - X M I 2 )  X M I 2 = 0 U T D ( 1 2 )  
I F ( K L 3 - = Q . 1 )  G O  T O  3  
0 U T V C I 2 ) = 0 Ü T V ( 1 2 ) - A V 3  
S K 3 = S K 3  +  O U T V  (  1 2 )  * 0 ! ; T V  ( 1 2  ) * 0 U T V ( I 2  )
C U R 3 = 0 U T V (  1 2 )  - k O U T V  (  1 2  ) * 0  L T V (  1 2 )  * 0  U T V  ( I 2 )  +  C U R 3  
I F ( 0 U T V C I 2 ) - 6 T - X M 3 )  X M 3 = C U T V ( I 2 )
I F ( O U T V ( 1 2 ) - L T - X M I 3 )  X M I 3 = 0 U T V ( 1 2 )
C O N T I N U E
I F ( K L 1 - E Q . 1 )  G O  T O  1 7
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cD O  5  i 1 = L T R , K  
O U T O  e n  ) = O U T D  C i l  )  + î  V 2  
I F C K L 3 . E Q . 1 )  G O  T O  S  
O U T V  C I 1 ) = 0 U T V V 3  
8  C O N T I N U S
1 7  I F  ( T A P  . z Q - ü  . 2 )  G O  7 0  &
D O  2 2  I T T = 1 , N T A P  
I T V = K - I T T + 1
O U T O C I T T + L T R ) = O U T D ( I T T + L T R ) *  T C O î F  ( I T T )
O U T D  C I T V ) = O U T D  C I T V ) * T C C S  F ( I T T )
Q U T V C I T T + L T R ) = O U T V ( I T T + t T R ) * T C O £ F ( I T T )
0 U T V 2 ( I T V ) = 0 U T V 2 ( I T V ) * T C 0 £ r ( I T T )
2 2  C O N T I N U E
C
C  Z E R O  R E D O I N G  T O  A C C O U N T  F O R  L T R
4  D O  1 5  I M = 1 , N K 2
0 U T 0 1 < I M ) = O U T D ( I M + L T R )
I F ( K L 3 . £ G . 1 )  G O  T O  1 5  
0 U T V 1 C I H ) = O U T V ( I M + L T R )
1 5  C O N T I N U E
D O  1 6  I N = 1 , N K 2 - L T R
0 U T D 2  C I N ) = Q U T D  ( I N + N K 2 + L T f i >
I F ( - X L 3 . . E S - 1 )  G O  T O  1 6  
0 U T V 2 (  I N ) = 0 U T V ( I N + N K 2 + L T R )
1 ô  C O N T I N U E
0 0  1 8  I N K = N K 2 - L T R , N K 2  
0 U T D 2 C I N K ) = Q . Q  
I F ( X L 3 . S a . 1 )  G O  T O  1 8  
0 U T V 2 ( I N K ) = 0 - G  
1 8  C O N T I N U E
**•**********-**
S K 2 = S K 2 / ( K 2 * V A R 2 + * ( 3 . / 2 . ) )
C U R 2 = C U R 2 / ( K 2 * V A R 2 * V A R 2 )
I F  ( K L 3 . E Q . 1 )  6 0  T O  1 1  
C U R 3 = C Ü R 3 / ( K 2 * V A R 3 * V A R 3 )
S K 3 = S K 3 / ( K 2 * V A R 3 * * ( 3 . / 2 _ ) )
1 1  W R I T E ( é , 1 Q 4 )  J J
W R Î T E ( 6 , 1 0 2 )  A V 2 , V A : - : 2 , S K 2  , C U R 2 , X M 2  , X M I 2 , S Q M 2  
I F ( K L 3 . E 0 . 1 )  G O  T O  5  
W R I T E ( 6 , 1 0 5 )  J J
W R I T E ( 6 , 1 0 2 )  A V 3 , V A S 3 , S K  3 , C U R 3 , X M 3 , X M I 3 , S Q M 5  
5  C A L L  C 0 6 A A F ( 0 U T D 1 , 0 U T Ü 2 , N I , - F A L S E . , « 1 , Î L X S T )  
I F ( K L 3 . E Q . 1 )  6 0  T O  6
C A L L  C 0 6 A A F C 0 U T V 1 , 0 U T V 2 , N I , - F A L S E - , M 1 , I L I 3 T )
> 0 0  7  1 3 = 1 , N K 2
S S 2 ( X 3 ) = S S 2 ( I 3 ) + 0 U T D 1  ( 1 3  )  * O Ü T  D 1  (  1 3 ) + O U T  0 2  ( 1 3  )  * 0  U T  0 2  ( 1 3  )  
I F ( K L 3 - E Q . 1 )  G O  T O  7
S S 3 ( I 3 ) = S S 3 ( I 3 ) + 0 U T V 1  ( I 3 ) * 0 U T V 1 ( I 3 )  +  0 U T V 2  ( 1 3 ) * 0 U T V 2 ( 1 3 )  
C O N T I N U E  
O V A 2 = O V A 2 + A V 2  
0 V R 2 = 0 V R 2 + V A R 2  
0 V S 2 = 0 V S 2 + S K 2  
0 V S Q 2 = 0 V S Q 2 + S Q « 2  
0 V C 2 = 0 V C 2 + C U R 2  
S 0 V A 2 = S 0 V A 2 + A V 2 * A V ?
S O V R 2 = S O V R 2 + V A R 2 * V a R 2  
S 0 V S 2 = S 0 V S 2 + S K 2 * S K 2  
S 0 V C 2 =  S O V C 2  +  C U R 2 * C U R 2  
S O V S Q 2 = S O V S Q 2  +  S O M 2 *  3 Q M 2  
I F ( K L 3 - £ 0 - 1 ) G O  T O  1 1 1  
0 V A 5 = 0 V A 3 + A V 3  
O V R 3 = O V R 3 + V A R 3  
0 V S 3 = 0 V S 3 + 3 K 3  
0 V C 3 = 0  V C 3 + C U P . 3  
0 V S Q 3 = 0 V S Q 3 + S Q M 3  
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